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Preface

The subject of special functions is one that has no precise delineation. This
book includes most of the standard topics and a few that are less standard.
The subject does have a long and distinguished history, which we have tried
to highlight through remarks and numerous references. The unifying ideas are
easily lost in a forest of formulas. We have tried to emphasize these ideas,
especially in the early chapters.

To make the book useful for self-study we have included introductory
remarks for each chapter, as well as proofs, or outlines of proofs, for almost
all the results. To make it a convenient reference, we have concluded each
chapter with a concise summary, followed by brief remarks on the history, and
references for additional reading.

We have tried to keep the prerequisites to a minimum: a reasonable
familiarity with power series and integrals, convergence, and the like. Some
proofs rely on the basics of complex function theory, which are reviewed
in Appendix A. The necessary background from differential equations is
covered in Chapter 3. Some familiarity with Hilbert space ideas, in the L>
framework, is useful but not indispensable. Chapter 11 on elliptic functions
relies more heavily than the rest of the book on concepts from complex
analysis. Appendix B contains a quick development of basic results from
Fourier analysis.

The first-named author acknowledges the efforts of some of his research
collaborators, especially Peter Greiner, Bernard Gaveau, Yakar Kannai, and
Jacek Szmigielski, who managed over a period of years to convince him that
special functions are not only useful but beautiful. The authors are grateful to
Jacek Szmigielski, Mourad Ismail, Richard Askey, and an anonymous reviewer
for helpful comments on the manuscript.
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Orientation

The concept of “special function” is one that has no precise definition. From
a practical point of view, a special function is a function of one variable that
is (a) not one of the “elementary functions” — algebraic functions, trigono-
metric functions, the exponential, the logarithm, and functions constructed
algebraically from these functions — and is (b) a function about which one can
find information in many of the books about special functions. A large amount
of such information has been accumulated over a period of three centuries.
Like such elementary functions as the exponential and trigonometric functions,
special functions arise in numerous contexts. These contexts include both pure
mathematics and applications, ranging from number theory and combinatorics
to probability and physical science.

The majority of the special functions that are treated in many of the general
books on the subject are solutions of certain second-order linear differen-
tial equations. Indeed, these functions were discovered through the study of
physical problems: vibrations, heat flow, equilibrium, and so on. The asso-
ciated equations are partial differential equations of second order. In some
coordinate systems, these equations can be solved by separation of variables,
leading to the second-order ordinary differential equations in question. (Solu-
tions of the analogous first-order linear differential equations are elementary
functions.)

Despite the long list of adjectives and proper names attached to this
class of special functions (hypergeometric, confluent hypergeometric, cylinder,
parabolic cylinder, spherical, Airy, Bessel, Hankel, Hermite, Kelvin, Kummer,
Laguerre, Legendre, Macdonald, Neumann, Weber, Whittaker,...), each of
them is closely related to one of two families of equations: the confluent
hypergeometric equation(s)

xu'(xX)+(c—x)u'(x) —au(x)=0 (1.0.1)
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and the hypergeometric equation(s)
x(1=x)u"x)+[c—(@+b+ Dx]u'(x) —abu(x) =0. (1.0.2)

The parameters a, b, ¢ are real or complex constants.

Some solutions of these equations are polynomials: up to a linear change
of variables, they are the “classical orthogonal polynomials.” Again, there are
many names attached: Chebyshev, Gegenbauer, Hermite, Jacobi, Laguerre,
Legendre, ultraspherical. In this chapter we discuss one context in which these
equations, and (up to normalization) no others, arise. We also shall see how
two equations can, in principle, give rise to such a menagerie of functions.

Some special functions are not closely connected to linear second-order
differential equations. These exceptions include the gamma function, the beta
function, and the elliptic functions. The gamma and beta functions evaluate
certain integrals. They are indispensable in many calculations, especially in
connection with the class of functions mentioned earlier, as we illustrate below.

Elliptic functions arise as solutions of a simple nonlinear second-order
differential equation, and also in connection with integrating certain algebraic
functions. They have a wide range of applications, from number theory to
integrable systems.

1.1 Power series solutions

The general homogeneous linear second-order equation is
p)u”"(x) +q(x)u'(x) +rx)ulx) =0, (1.1.1)

with p not identically zero. We assume here that the coefficient functions p, ¢,
and r are holomorphic (analytic) in a neighborhood of the origin.

If a function u is holomorphic in a neighborhood of the origin, then the
function on the left-hand side of (1.1.1) is also holomorphic in a neighborhood
of the origin. The coefficients of the power series expansion of this function can
be computed from the coefficients of the expansions of the functions p, ¢, r,
and u. Under these assumptions, equation (1.1.1) is equivalent to the sequence
of equations obtained by setting the coefficients of the expansion of the left-
hand side equal to zero. Specifically, suppose that the coefficient functions
P, q, r have series expansions

o]

o o0
p@) =Y pxt. g =) qxt. r@ =) nxk,
k=0 k=0

k=0
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and u has the expansion

o
u(x) = Z Uy xk.
k=0

Then the constant term and the coefficients of x and x2 on the left-hand side
of (1.1.1) are

2pouz + qour + rouo, (1.1.2)

6pous + 2p1uz + 2qouz + qiuy + riug + rouy,

12pous + 6prusz + 2pous + 3qous + 2q1uz + qouy + rouz +riuy + rauo,
respectively. The sequence of equations equivalent to (1.1.1) is the sequence

Y k+Dk+Dpjuga+ Y (ke Dgjies

jtk=n,k>0 j+k=n, k>0
+ > ru=0, n=0,12.. (1.1.3)
Jjt+k=n, k>0

We say that equation (1.1.1) is recursive if it has a nonzero solution u
holomorphic in a neighborhood of the origin, and equations (1.1.3) determine
the coefficients {u,} by a simple recursion: the nth equation determines u,
in terms of u,_; alone. Suppose that (1.1.1) is recursive. Then the first of
equations (1.1.2) should involve u but not u>, so pg = 0, go # 0. The second
equation should not involve u3 or ug, so r; = 0. Similarly, the third equation
shows that g = ro = 0. Continuing, we obtain

po=0, p;=0,j>3 ¢q;=0, j>2; r;=0, j>1
After collecting terms, the nth equation is then
[(n+ Dnpi + (n 4+ Dgo|uns1 + [n(n — 1) p2 4+ ng1 + ro] u, = 0.

For special values of the parameters p1, p2, qo, g1, ro one of these coefficients
may vanish for some value of n. In such a case either the recursion breaks down
or the solution u is a polynomial, so we assume that this does not happen. Thus

n(n—1)pr+nqi +ro
(n+ Dnp1 + (n+ 1)qo

Upt] = — Up. (1.1.4)
Assume ug # 0. If p; =0 but py # 0, the series Zzio u,x" diverges for
all x # 0 (ratio test). Therefore, up to normalization — a linear change of
coordinates and a multiplicative constant — we may assume that p(x) has one
of the two forms p(x) = x(1 — x) or p(x) = x.
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If p(x) = x(1 — x) then equation (1.1.1) has the form
x(1=x)u”(x) + (qo + q1x) u' (x) +rou(x) = 0.

Constants a and b can be chosen so that this is (1.0.2).

If p(x) =x and ¢g; # 0 we may replace x by a multiple of x and take
q1 = —1. Then (1.1.1) has the form (1.0.1).

Finally, suppose p(x) = x and ¢; = 0. If also rg = 0, then (1.1.1) is a first-
order equation for u’. Otherwise we may replace x by a multiple of x and take
ro = 1. Then (1.1.1) has the form

xu"(x)+cu'(x)+ulx)=0. (1.1.5)

This equation is not obviously related to either of (1.0.1) or (1.0.2). However, it
can be shown that it becomes a special case of (1.0.1) after a change of variable
and a “gauge transformation” (see exercises).

Summarizing: up to certain normalizations, an equation (1.1.1) is recursive
if and only if it has one of the three forms (1.0.1), (1.0.2), or (1.1.5). Moreover,
(1.1.5) can be transformed to a case of (1.0.1).

Let us note briefly the answer to the analogous question for a homogeneous
linear first-order equation

g)u' (x) +rx)ux) =0 (1.1.6)

with ¢ not identically zero. This amounts to taking p = 0 in the argument
above. The conclusion is again that ¢ is a polynomial of degree at most one,
with go # 0, while r = rg is constant. Up to normalization, ¢(x) has one of
the two forms g(x) = 1 or g(x) = x — 1. Thus the equation has one of the two
forms

W(x)—au(x)=0;, (x—Du'(x)—au(x)=0,
with solutions
ux) =ce”; ukx)=ckx-10)>4

respectively.

Let us return to the confluent hypergeometric equation (1.0.1). The power
series solution with ug = 1 is sometimes denoted M (a, c; x). It can be calcu-
lated easily from the recursion (1.1.4). The result is

o0

M@, c;ix)=Y @n_ . c#£0,—1,-2,... (1.1.7)

c)pn!
=5 (©n
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Here the “shifted factorial” or “Pochhammer symbol” (a),, is defined by
(@o=1, (@p=a@+D@+2)---(a+n-1), (1.1.8)

so that (1),, = n!. The series (1.1.7) converges for all complex x (ratio test),
so M is an entire function of x.

The special nature of equation (1.0.1) is reflected in the special nature of the
coefficients of M. It leads to a number of relationships among these functions
when the parameters (a, b) are varied. For example, a comparison of coeffi-
cients shows that the three “contiguous” functions M (a, c; x), M(a + 1, c; x),
and M (a, ¢ — 1; x) are related by

(a—c+ 1) M(@a,c;x)—aM@+1,c,x)+(c—1)M(a,c—1;x)=0.
(1.1.9)

Similar relations hold whenever the respective parameters differ by integers.
(In general, the coefficients are rational functions of (a, c, x) rather than simply
linear functions of (a, b).)

1.2 The gamma and beta functions

The gamma function
oo
I'(a) :f e "t Vdt, Rea >0,
0
satisfies the functional equation aI'(a) =T'(a + 1). More generally, the

shifted factorial (1.1.8) can be written

_ I'(a + n)
(@ = W.

It is sometimes convenient to use this form in series like (1.1.7).
A related function is the beta function, or beta integral,

1
B(a, b) =/ s 11 =s5)"'ds, Rea >0, Reb > 0,
0

which can be evaluated in terms of the gamma function

F@) ' (D)

B@.b) =TT
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see the next chapter. These identities can be used to obtain a representation of
the function M in (1.1.7) as an integral, when Rec > Rea > 0. In fact

@, T@+n) T

(©n I'(a) I'(c+n)

9 _Batnc-a
TT@rc—a) dThed
1
F(C) Sn-Hl—l(l —S)C_a_lds.

T T@rlc—a)

Therefore
. — L ! a—1 c—a—1 (sx)
M(a,c; x) = F@Te—a) Jy {s (1—yx) HZO
1
0 s (1 = 5)a 15 g (1.2.1)

T T@rc—a) Jo

This integral representation is useful in obtaining information that is not evi-
dent from the power series expansion (1.1.7).

1.3 Three questions

First question: How can it be that so many of the functions mentioned in the
introduction to this chapter can be associated with just two equations (1.0.1)
and (1.0.2)?

Part of the answer is that different solutions of the same equation may have
different names. An elementary example is the equation

u”(x) —u(x) =0. (1.3.1)

One might wish to normalize a solution by imposing a condition at the origin
like

u(0) =0 or u'(0)=0,

leading to u(x) = sinhx or u(x) = coshx respectively, or a condition at
infinity like

Iim u(x)=0 or Iim u(x) =0,
X—>—00 xX—> 400
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leading to u(x) = e or u(x) = e * respectively. Similarly, Bessel, Neumann,
and both kinds of Hankel functions are four solutions of a single equation,
distinguished by conditions at the origin or at infinity.

The rest of the answer to the question is that one can transform solutions of
one second-order linear differential equation into solutions of another, in two
simple ways. One such transformation is a change of variables. For example,
starting with the equation

u’(x) = 2xu'(x) + Au(x) =0, (1.3.2)

suppose u(x) = v(xz). It is not difficult to show that (1.3.2) is equivalent to
the equation

" 1 / 1 _
yv (y)+(§—y>v(y)+zkv(y)—0,

which is the case a = —}1)\, c= % of (1.0.1). Therefore, even solutions of
(1.3.2) can be identified with certain solutions of (1.0.1). The same is true
of odd solutions: see the exercises. An even simpler example is the change
u(x) = v(ix) in (1.3.1), leading to v 4+ v =0, and the trigonometric and
complex exponential solutions sin x, cos x, e'*, e ¥,

The second type of transformation is a “gauge transformation”. For exam-
ple, if the function « in (1.3.2) is written in the form

x2/2

ux) =e" “v(x),

then (1.3.2) is equivalent to an equation with no first-order term:
V() + (141 —xP)v(x) =0. (1.3.3)

Each of the functions mentioned in the third paragraph of the introduction to
this chapter is a solution of an equation that can be obtained from (1.0.1) or
(1.0.2) by one or both of a change of variable and a gauge transformation.

Second question: What does one want to know about these functions?

As we noted above, solutions of an equation of the form (1.1.1) can be
chosen uniquely through various normalizations, such as behavior as x — 0
or as x — o0o. The solution (1.1.7) of (1.0.1) is normalized by the condition
u(0) = 1. Having explicit formulas, like (1.1.7) for the function M, can be
very useful. On the other hand, understanding the behavior as x — 400 is
not always straightforward. The integral representation (1.2.1) allows one to
compute this behavior for M (see exercises). This example illustrates why it
can be useful to have an integral representation (with an integrand that is well
understood).
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Any three solutions of a second-order linear equation (1.1.1) satisfy a linear
relationship, and one wants to compute the coefficients of such a relationship.
An important tool in this and in other aspects of the theory is the computation
of the Wronskian of two solutions u, uy:

W (1, u2)(x) = uy (x) w5 (x) — uz(x) u) (x).

In particular, these two solutions are linearly independent if and only if the
Wronskian does not vanish.

Because of the special nature of equations (1.0.1) and (1.0.2) and the
equations derived from them, solutions satisfy various linear relationships like
(1.1.9). One wants to determine a set of relationships that generate all such
relationships.

Finally, the coefficient of the zero-order term in equations like (1.0.1),
(1.0.2), or (1.3.3) is an important parameter, and one often wants to know how
a given normalized solution like M (a, c; x) varies as the parameter approaches
+o00. In (1.3.3), denote by v;, the even solution normalized by v, (0) = 1. As
1+ 1 = u? — 400, over any bounded interval the equation looks like a small
perturbation of the equation v” 4+ v = 0. Therefore it is plausible that

vp(x) ~ A)(x)cos(ux + B;) as A — 400,

with A, (x) > 0. We want to compute the “amplitude function” A, (x) and the
“phase constant” B;. Some words about notation like that in the preceding
equation: the meaning of the statement

f(x)~Agx) as x —> o0

is

N AC
im =

x—00 g(x)

A.

This is in slight conflict with the notation for an asymptotic series expansion:

fx) ~g(x) Zanx_” as X —> 00
n=0

means that for every positive integer N, truncating the series at n = N gives

an approximation to order x ~V 1

N

£ v o ne
g(x)—ng(:)anx _0<x N 1) as x — oQ.
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As usual, the “big O” notation
h(x) = O(k(x)) as x — o0

means that there are constants A, B such that

h(x)
k(x)

The similar “small 0” notation

hx) = o(k(x))

<A if x>B.

means

Third question: Is this list of functions or related equations exhaustive, in any
sense?

A partial answer has been given: the requirement that the equation be “recur-
sive” leads to just three cases, (1.0.1), (1.0.2), and (1.1.5), and the third of these
three equations reduces to a case of the first equation. Two other answers are
given in Chapter 3.

The first of the two answers in Chapter 3 starts with a question of mathe-
matics: given that a differential operator of the form that occurs in (1.1.1),

2
p(x) dd? +q(x) % +r(x),

is self-adjoint with respect to a weight function on a (bounded or infinite)
interval, under what circumstances will the eigenfunctions be polynomials?
An example is the operator in (1.3.2), which is self-adjoint with respect to the
weight function w(x) = e™* on the line:

- w (x) —2xu' ()] v(x) e dx =
[ ) /

—00 —

o0

u(x) [v"(x) —2xv'(0)] e dx.

The eigenvalues are A = 2,4,6, ... in (1.3.2) and the Hermite polynomials
are eigenfunctions. Up to normalization, the equation associated with such an
operator is one of the three equations (1.0.1), (1.0.2) (after a simple change of
variables), or (1.3.2). Moreover, as suggested above, (1.3.2) can be converted
to two cases of (1.0.1).

The second of the two answers in Chapter 3 starts with a question of
mathematical physics: given the Laplace equation

Au(x) =0
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or the Helmholtz equation
Au(x) +Au(x) =0

say in three variables, x = (x1, X2, x3), what equations arise by separating
variables in various coordinate systems (cartesian, cylindrical, spherical,
parabolic—cylindrical)? Each of the equations so obtained can be related to one
of (1.0.1) and (1.0.2) by a gauge transformation and/or a change of variables.

1.4 Elliptic functions

The remaining special functions to be discussed in this book are also associated
with a second-order differential equation, but not a linear equation. One of the
simplest nonlinear second-order differential equations of mathematical physics
is the equation that describes the motion of an ideal pendulum, which can be
normalized to

20"(t) = —sinf(t). (1.4.1)
Multiplying equation (1.4.1) by 8’ (¢) and integrating gives
[0')] = a + cos6(1) (1.4.2)
for some constant a. Let u = sin %0. Then (1.4.2) takes the form
[/ )] = A[1 —u@?][1 = Eu)?]. (14.3)

By rescaling time ¢, we may take the constant A to be 1. Solving for ¢ as a
function of u leads to the integral form

“ d
= al . (1.4.4)
wo /(1 —x2)(1 — k2x2)
This is an instance of an elliptic integral: an integral of the form

/M R (x, \/%) dx, (1.4.5)

0

where P is a polynomial of degree 3 or 4 with no repeated roots and R is a
rational function (quotient of polynomials) in two variables. If P had degree 2,
then (1.4.5) could be integrated by a trigonometric substitution. For example

“o o dx .1
———— =sin" " u;
0 1—x2
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equivalently,

sint dx
- [ =
0 V1—x2
Elliptic functions are the analogues, for the case when P has degree 3 or 4,
of the trigonometric functions in the case of degree 2.

1.5 Exercises

1.1 Suppose that u is a solution of (1.0.1) with parameters (a, ¢). Show that
the derivative u’ is a solution of (1.0.1) with parameters (a + 1, ¢ + 1).

1.2 Suppose that u is a solution of (1.0.2) with parameters (a, b, ¢). Show
that the derivative u’ is a solution of (1.0.1) with parameters
(a+1,b+1,c+1).

1.3 Show that the power series solution to (1.1.5) with ug = 1 is

o)
1 n
“(x)=2m(—x) . c#0,-1,-2,...
n=0
1.4 In Exercise 1.3, suppose ¢ = % Show that

u(x) = cosh |:2(—x)%:| .

1.5 Compare the series solution in Exercise 1.3 with the series expansion
(7.1.1). This suggests that if u is a solution of (1.1.5), then

u(x) = xf%vv(Zﬁ), v=c-—1,

where v is a solution of Bessel’s equation (3.6.12). Verify this fact
directly. Together with results in Section 3.7, this confirms that (1.1.5)
can be transformed to (1.0.1).
1.6 Show that the power series solution to (1.0.1) with ug = 1 is given by
(1.1.7).
1.7 Show that the power series solution to (1.0.2) with ug = 1 is the
hypergeometric function
o
u(x) = F(a,b,c;x) = Z

n=0

(@)n(D)n o
(©nn! =7
1.8 In the preceding exercise, suppose that a = c. Find a closed-form

expression for the sum of series. Relate this to the differential
equation (1.0.2) when a = c.
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1.9

1.10

1.12

1.13

1.14

1.15

1.16

1.17

1.18

Orientation

Consider the first-order equation (1.1.6) under the assumption that ¢ and
r are polynomials and neither is identically zero. Show that all solutions
have the form

u(x) = P(x)exp R(x),

where P is a polynomial and R is a rational function (quotient of
polynomials).

Suppose that an equation of the form (1.1.1) with holomorphic
coefficients has the property that the nth equation (1.1.3) determines
U2 from u,, alone. Show that up to normalization, the equation can be
put into one of the following two forms:

' (x) = 2xu'(x) + 20 u(x) = 0;
A =xHu"(x)+axu'(x) +bu(x) = 0.

Determine the power series expansion of the even solution

(u(—x) = u(x)) of the first equation in Exercise 1.10, with u(0) = 1.
Write u(x) = v(x2) and show that v(y) = M(a, c; y) for suitable
choices of the parameters a and c.

Determine the power series expansion of the odd solution

(u(—x) = —u(x)) of the first equation in Exercise 1.10, with u’(0) = 1.
Write u(x) = x v(x?) and show that v(y) = M(a, c; y) for suitable
choices of the parameters a and c.

Let x = 1 — 2y in the second equation of Exercise 1.10 and show that
in terms of y, the equation takes the form (1.0.2) for some choice of the
parameters a, b, c.

When does (1.0.1) have a (nonzero) polynomial solution? What about
(1.0.2)?

Show thatI'(n) = (n—1)!,n=1,2,3,...

Show that one can use the functional equation for the gamma function
to extend it as a meromorphic function on the half-plane {Rea > —1}
with a simple pole at a = 0.

Show that the gamma function can be extended to a meromorphic
function on the whole complex plane with simple poles at the
non-positive integers.

Use the change of variables t = (1 — s)x in the integral representation
(1.2.1) to prove the asymptotic result

I'(c)
'(a)

xa—c ex

M(a,c; x) ~ as x — +oo.
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1.20

1.21

1.22

1.23
1.24

1.25

1.26

1.27
1.28
1.29

1.30
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Derive an integral representation for the series solution to (1.0.2) with
u(0) = 1 (Exercise 1.7), assuming Rec > Rea > 0.

Show that the change of variables u(x) = v(24/x) converts (1.0.1) to an
equation with leading coefficient 1 and zero-order coefficient of the
form r(y) — a.

Suppose the coefficient p in (1 .1.1)lis positive. Suppose that y = y(x)
satisfies the equation y’(x) = p(x)2. Show that the change of
variables u(x) = v(y(x)) converts (1.1.1) to an equation with leading
coefficient 1 and zero-order coefficient of the form r;(y) + ro(x(y)).
Suppose the coefficient p in (1.1.1) is positive. Show that there is a
gauge transformation u(x) = ¢(x)v(x) so that the equation takes

the form

p) V" (x) +ri(x) v(x) =0,

with no first-order term. (Assume that a first-order equation

p(x) f(x) = g(x) f(x) has a nonvanishing solution f for any given
function g.)

Eliminate the first-order term in (1.0.1) and in (1.0.2).

Show that the Wronskian of two solutions of (1.1.1) satisfies

a homogeneous first-order linear differential equation. What

are the possible solutions of this equation for (1.0.1)?

For (1.0.2)?

Find the asymptotic series ) -, a,x " for the function e~
What does the result say about whether a function is determined by its
asymptotic series expansion?

Use the method of Exercise 1.18 to determine the full asymptotic

series expansion of the function M (a, c; x) as x — 00, assuming that
Rec > Rea > 0.

Verify that (1.4.2) follows from (1.4.1).

Verify that (1.4.3) follows from (1.4.2).

Show that the change of variables in the integral (1.4.4) given by the
linear fractional transformation w(z) = (kz + 1)/(z + k) converts
(1.4.4) to the form (1.4.5) with a polynomial P(w) of degree 3. What
are the images w(z) of the four roots z = £1 and z = £k of the original
polynomial?

Suppose that P in (1.4.5) has degree 3, with no repeated roots. Show
that there is a linear fractional transformation that converts (1.4.5) to the
same form but with a polynomial of degree 4 instead.

Y ox — o0.
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1.6 Summary

Many special functions are solutions of one of two families of equations:
confluent hypergeometric

xu' )+ (c—x)u'(x) —aulx)=0
or hypergeometric
x(d=x)u"(x)+[c—(a+b+ Dxlu'(x) —abu(x) =0.

In particular, up to a linear change of variables, this is true of the “classical
orthogonal polynomials.” Other special functions include the gamma function,
the beta function, and elliptic functions.

1.6.1 Power series solutions
We say that the homogeneous linear second-order equation
pe)u”(x) +qx)u' () +rx)ux) =0
with holomorphic p, g, r is recursive if it has a solution with a power series

expansion

o]

u(x) = Zunx", uo =1

n=0

whose coefficients can be computed by a simple recursion

Upy1 = fn(un)

using the coefficients in the expansions of p, g, and r. Up to normalization, a
recursive equation is either the confluent hypergeometric equation, the hyper-
geometric equation, or an equation that can be transformed to the former.

In the confluent hypergeometric case, the solution is the Kummer function

— (@)
M(a,c;x)zz X", c#0,—1,-2,...,

!
n=0 (©nn!
where (a),, denotes the shifted factorial
(@o=1, (@p=a@+D@+2)---(@a+n-1).
These functions satisfy numerous relationships, e.g.

(a—c+ 1) M(a,c;x)—aM@+1,c,x)+(c—1)M(a,c—1;x)=0.
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1.6.2 The gamma and beta functions

The gamma function

o
I'(a) =/ e 't“Vdt, Rea >0,
0

satisfies

I'(a + n)

(@) = I'(a)

The beta function

1
B(a, b) =/ 5211 —=s5)"'ds, Rea >0, Reb > 0,
0

satisfies

T'(a)T'(b)

B(a, b) = m

It follows that the solution M (a, c; x) of the confluent hypergeometric equa-
tion has an integral representation

r 1
M(a,c;x) = ¢ s97H1 =) e ds, Rec > Rea > 0.
F@T(c—a) o

1.6.3 Three questions

Q. How can it be that so many of the functions mentioned in the introduction
to this chapter can be associated with just two equations (1.0.1) and (1.0.2)?

A. One equation can be transformed to another by a change in the indepen-
dent variable or by a gauge transformation u(x) = ¢(x) v(x) that changes the
dependent variable. Examples: the conversion of

u"(x) =2xu'(x)+ru(x)=0

to either of

1 1 / 1 _
yv (y)+<§—y)v(y)+zkv(y)—0 or

V') + (141 —x2)vx) =0.
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Q. What does one want to know about these functions?

A. Explicit formulas such as series expansions and integral representations;
behavior at finite or infinite endpoints of an interval; relations among solutions;
asymptotic behavior with respect to a parameter.

Q. Is this list of functions or related equations exhaustive, in any sense?

A. The “recursive” requirement leads to just three cases and the third reduces
to the first, leaving (1.0.1) and (1.0.2). Asking what second-order equations
that are symmetric with respect to a weight function have polynomials as
eigenvalues also leads to three cases, and again, ultimately, to (1.0.1) and
(1.0.2). A number of equations that arise from writing basic equations of
mathematical physics in special coordinates and separating variables reduce
to these same two equations, after gauge transformations and/or changes of
variable.

1.6.4 Elliptic functions

The pendulum equation
0" (t) = —2sin(t)
leads to the elliptic integral

u dx

t = s
uo /(1 —x2)(1 — k2x?)

a particular case of

u
/ R (x, \/P(x)) dx,
uo
where P is a polynomial of degree 3 or 4 with no repeated roots and R is
a rational function. Elliptic functions are the analogues of the trigonometric
functions: the case of degree 2.

1.7 Remarks

A comprehensive classical reference for the theory and history of special func-
tions is Whittaker and Watson [315]. The theory is also treated in Andrews,
Askey, and Roy [7], Hochstadt [133], Lebedev [179], Luke [190], Nikiforov
and Uvarov [219], Rainville [236], Sneddon [263], and Temme [284]. Many
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historical references are found in [315] and in [7]. The connection with dif-
ferential equations of the type (1.0.1) and (1.0.2) is emphasized in [219].
There are a very large number of identities of the type (1.1.9) and (1.2.1).
Extensive lists of such identities and other basic formulas are found in the
Bateman Manuscript Project [82, 83], Jahnke and Emde [144], Magnus and
Oberhettinger [195], Abramowitz and Stegun [3], Gradshteyn and Ryzhik
[118], Magnus, Oberhettinger, and Soni [196], and Brychkov [36]. A revised
and updated version of [3] is now available: Olver et al. [223, 224]. For
representations as continued fractions, see Cuyt et al. [60]. For emphasis on
applications, see Andrews [8] and Carlson [41]. For calculations, see van der
Laan and Temme [294] and Zhang and Jin [321]. For a short history and critical
review of the handbooks, see Askey [15].

Some other organizing principles for approaching special functions are:
integral equations, Courant and Hilbert [59]; differential-difference equations,
Truesdell [289]; Lie theory, Miller [204]; group representations, Dieudonné
[70], Miiller [209], Talman [281], Varchenko [298], Vilenkin [299], Vilenkin
and Klimyk [300], Wawrzyniczyk [307]; generating functions, McBride [200];
Painlevé functions, Iwasaki et al. [138]; singularities, Slavyanov and Lay
[262]; zeta-functions, Kanemitsu and Tsukada [151].

One of the principal uses of special functions is to develop in series the
solutions of equations of mathematical physics. See Burkhardt [38] for an
exhaustive historical account to the beginning of the 20th century, and Higgins
[127] and Johnson and Johnson [149] for related questions.

Most of the theory of special functions was developed in the 18th and
19th centuries. For a general introduction to the history of mathematics in that
period, see Dieudonné [69].

A comment on terminology: the fact that a mathematician’s name is
attached to a particular equation or function is often an indication that the
equation or function in question was first considered by someone else, e.g. by
one of the Bernoullis or by Euler. (There are exceptions to this.) Nevertheless,
we generally adhere to standard terminology.
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Gamma, beta, zeta

The first two of the functions discussed in this chapter are due to Euler. The
third is usually associated with Riemann, though it was also studied by Euler.
Collectively they are of great importance historically, theoretically, and for
purposes of calculation.

Historically and theoretically, study of these functions and their properties
provided a considerable impetus to the study and understanding of funda-
mental aspects of mathematical analysis, including limits, infinite products,
and analytic continuation. They also motivated advances in complex function
theory, such as the theorems of Weierstrass and of Mittag—Leffler on rep-
resentations of entire and meromorphic functions. The zeta function and its
generalizations are intimately connected with questions of number theory.

From the point of view of calculation, many of the explicit constants of
mathematical analysis, especially those that come from definite integrals, can
be evaluated by means of the gamma and beta functions.

There is much to be said for proceeding historically in discussing these
and other special functions, but we shall not make it a point to do so. In
mathematics it is often, even usually, the case that later developments cast
a new light on earlier ones. One result is that later expositions can often be
made both more efficient and, one hopes, more transparent than the original
derivations.

After introducing the gamma and beta functions and their basic properties,
we turn to a number of important identities and representations of the gamma
function and its reciprocal. Two characterizations of the gamma function are
established, one based on complex analytic properties, the other one based
on a geometric property. Asymptotic properties of the gamma function are
considered in detail. The psi function and the incomplete gamma function are
introduced.

18
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The identity that evaluates the beta integral in terms of gamma funtions has
important modern generalizations due to Selberg and to Aomoto. Aomoto’s
proof is sketched.

The zeta function, its functional equation, and Euler’s evaluation of ¢ (n) for
n=2,4,6,...are the subject of the last section.

2.1 The gamma and beta functions

The gamma function was obtained by Euler in 1729 [84] in answer to the
question of finding a function that takes the value n! at each non-negative
integer n. At that time, “function” was understood as a formula expressed
in terms of the standard operations of algebra and calculus, so the problem
was not trivial. Euler’s first solution was in the form of the limit of certain
quotients of products, which we discuss below. For many purposes the most
useful version is a function that takes the value (n — 1) ! at the positive integer
n and is represented as an integral (also due to Euler [84]):

o, dt
['(z) = e IZT’ Rez > 0. (2.1.1)
0

The integral is holomorphic as a function of z in the right half-plane. An
integration by parts gives the functional equation
zlN(z) =T(z+ 1), Rez>0. (2.1.2)
This extends inductively to
(@nT'(@) =T(z+n), (2.1.3)
where, as in (1.1.8), the shifted factorial or Pochhammer symbol (z), is
@n=z+1D---(z+n-—1). (2.1.4)
Since I'(1) = 1, it follows that
'e+1)=1),=n!, n=0,1,2,3,... (2.1.5)

Theorem 2.1.1 The gamma function extends to a meromorphic function on C.
Its poles are simple poles at the non-positive integers. The residue at —n is
(=1D)*/n . The extension continues to satisfy the functional equations (2.1.2)
and (2.1.3) forz #0, —1, =2, =3, ...

Proof The extension, and the calculation of the residues, can be accom-
plished by using the extended functional equation (2.1.3), which can be used
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to define I'(z) for Re z > —n. Another way is to write the integral in (2.1.1) as
the sum of two terms:

1 00
. dt dt
F(z)=/ 't —+/ et —.
0 ! 1 !

In the first term, the power series representation of e~ converges uniformly,
so the series can be integrated term by term. Thus

o= [ S et [t
1 t

i (=1 /Ooe,ttzg
—nl(z+n) t’

The series in the last line converges for z # 0, —1, —2, ... and defines a
meromorphic function which has simple poles and residues (—1)"/n!. The
integral in the last line extends as an entire function of z. The functional
equation represents a relationship between I"(z) and I'(z + 1) that necessarily
persists under analytic continuation. (]

Euler’s first definition of the gamma function started from the observation
that for any positive integers k and n,

m+k—D!=m—-D!0n)y =(k—-1)!k),.
k

As n — oo with k fixed, (n); ~ n”*, so
- 1! —1)ak
(k—1)!= lim (=Dt (= Din?
n—00 k), n—00 (k)

Thus, for k a positive integer,

I'(n) nk

(k) = lim (2.1.6)

—oo (k)n

As we shall see, the limit of this last expression exists for any complex k for
which (k), is never zero, i.e. k # 0, —1, —2, ... Therefore there is another way
to solve the original problem of extending the factorial function in a natural
way: define the function for arbitrary k by (2.1.6). In the next section we show
that this gives the same function I'.

The beta function, or beta integral, occurs in many contexts. It is the
function of two complex variables defined first for Rea > 0 and Re b > 0 by

1
B(a, b) = / s = s)P~ 1 gs. (2.1.7)
0



2.1 The gamma and beta functions 21

Taking r = 1 — s as the variable of integration shows that B is symmetric:
B(a, b) = B(b, a).

Taking u = s/(1 — s) as the variable of integration gives the identity

0 1 a+b d
B(a. b) =/ u“( ) a“
0 1+u u

Both the beta integral and Euler’s evaluation of it in terms of gamma
functions [85] come about naturally when one seeks to evaluate the product

['(a)(b):
@) I'®) = / / —(s+1) ga ;b dS dt

/ / ~t(14+u) a ja+b dt du
[T (5 i
0 0 1+u X U

o0 1Y du
=TI(a+b) u? —
0 14+u u

=TI'(a + b)B(a, b).
Summarizing, we have shown that any of three different expressions may
be used to define or evaluate the beta function.

Theorem 2.1.2 The beta function satisfies the following identities for Re a > 0,
Reb > 0:

1
B(a, b) =/ sl — )Pl ds
0

/00 1 YT du
" au
0 14+u u

_ T(@T(k)
T T(a+b)’

(2.1.8)

The beta function has an analytic continuation to all complex values of a and
b such thata,b # 0, —1, =2, ...

Proof The identities were established above. The analytic continuation fol-
lows immediately from the continuation properties of the gamma function. [J
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As noted above, for a fixed positive integer k,

% =n* [1 + 0 (n_l)]

as n — oo. The beta integral allows us to extend this asymptotic result to non-
integer values.

Proposition 2.1.3 For any complex a,

% — x¢ [1 +o0 (x_l>] (2.1.9)

as x — +oQ.

Proof The extended functional equation (2.1.3) can be used to replace a by
a + n, so we may assume that Rea > 0. Then

1
) _Bwa) _ |1 / 10— sy ds
[(x +a) [(a) [(a) Jo

—a X t X t —a o0
_— / 1= = -y~ 2 / 4 et dt
I'(a) Jo X X I'(a) Jo
—a

=X

This gives the principal part of (2.1.9). The error estimate is left as an exercise.
O

The extended functional equation (2.1.3) allows us to extend this result to
the shifted factorials.

Corollary 2.14 Ifa,b #0,—1, =2, ... then

lim % nb= = lb)

= . 2.1.10
n—00 (b), I'(a) ( )

2.2 Euler’s product and reflection formulas
The first result here is Euler’s product formula [84].

Theorem 2.2.1 The gamma function satisfies

. (m—D!n*
'z = lim ——— (2.2.1)

n—00 (Dn
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forRez > 0 and

1oo Z—l
I'(z) = EU( -0 O+;> (2.2.2)

for all complex 7 # 0, —1, =2, ... In particular, the gamma function has no
zeros.

Proof The identity (2.2.1) is essentially the case a = 1, b = z of (2.1.10),
since

Wpn*'=m=1)1n%

To prove (2.2.2) we note that

- ~1
S =) o2

Writing

n n—1 2 1 1
o= S 1+ (14D,
n—1 n—2

n—1n-2 1
we can rewrite (2.2.3) as
1= 1\? 2\
“TI(+=) (1+=) -
S J J

The logarithm of the jth factor is O (j~2). It follows that the product converges
uniformly in any compact set that excludes z = 0, —1, —2, ... Therefore (first
for Re z > 0 and then by analytic continuation), taking the limit gives (2.2.2)
forallz #0,—1,-2,... U

The reciprocal of the gamma function is an entire function. Its product
representation can be deduced from (2.2.1), since

n—1 n—1
s D 1S

k=1 k=1

The logarithm of the kth factor in the product (2.2.4) is O(k’z), so the product
converges uniformly in bounded sets. The coefficient of z in the exponential is

n—1

1 k+1 nolekdl o g
> A RN
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The kth summand in the last sum is O (k~2), so the sum converges as n — 00.
The limit is known as Euler’s constant

n—1 1 n—1 k4] 1 1

y = lim ZE —logn :nlinéoz/k [E - ;] dt. (2.2.5)
k=1 k=1

We have shown that (2.2.1) has the following consequence.

Corollary 2.2.2 The reciprocal of the gamma function has the product repre-
sentation

1 i Z\ _s/n
ro =" H(”Z) em3m, (2.2.6)

n=1
where y is Euler’s constant (2.2.5).

This (or its reciprocal) is known as the “Weierstrass form” of the gamma
function, although it was first proved by Schlomilch [251] and Newman [215]

in 1848.
The next result is Euler’s reflection formula [89].

Theorem 2.2.3 For z not an integer,

Frra -z = (2.2.7)

sinwz’

Proof For0 <Rez <1,

o sz=1 gy
'z)Td—z)=B(z,1—2)= .
(x)I'(1—2)=B(z 2) /0 T
The integrand is a holomorphic function of ¢ for ¢ in the complement of the
positive real axis [0, 400), choosing the argument of 7 in the interval (0, 27).
Let C be the curve that comes from +o0 to 0 along the “lower” side of the
interval [0, 0co) (argt = 2m) and returns to 400 along the “upper” side of the

interval (arg¢ = 0). Evaluating
/ = dt
c 1+t

, o 2=l gy ,
(1 — &27i%) / = 27i res(t*"!, —1) = —27iel ™,
0 1+1¢

by the residue calculus gives

see Appendix A. This proves (2.2.7) in the range 0 < Rez < 1. Once again,
analytic continuation gives the result for all non-integer complex z. t
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Corollary 2.2.4 (Hankel’s integral formula) Let C be an oriented contour in
the complex plane that begins at —oo, continues on the real axis (argt = —)
to a point —38, follows the circle {|t| = &} in the positive (counterclockwise)
direction, and returns to —oo along the real axis (argt = w). Then

1 1

—— = — | 't7%dr. (2.2.8)
F(Z) 2mi C

Here t % takes its principal value where C crosses the positive real axis.

Proof The function defined by the integral in (2.2.8) is entire, so it suffices
to prove the result for 0 < z < 1. In this case we may take § — 0. Setting
s = —t, the right-hand side is

ﬁ 000 e {(se_i”)_z - (sei”)_Z] ds = SH;TJTZ /000 e s %ds
= o rd-—z),
rora -z
where we have used (2.2.7). U

The contour C described in Corollary 2.2.4 is often referred to as a Hankel
loop.

Corollary 2.2.5 (Euler’s product for sine)

sinmz ad z2
= 1—=. 229
(- 5) 229

n=1
Proof This follows from (2.2.7) together with (2.2.2). (I
Corollary 2.2.6 I'(%) = /7.
Proof Takez = 1in(2.2.7). O

This evaluation can be obtained in a number of other ways, for example

2 1
1 11 /OO 12 dt
'l=) =B|=,=- )= —
2 2°2 o 141t
©  du 00
:2/ —2=tan_1u‘ =
0 14+u —00

F(l) /00 L, dt 2/00 Y
— | = e _— = e u
2 0 NG 0
1
00 00 2, .2 % 2w oo 2 2
=|:/ / e_(x+y)dxdy:| = / / e rdrdd| =7
—o00 J—0o0 0 0
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2.3 Formulas of Legendre and Gauss

Observe that

r(zn)z(zn—1)!=22"—11-1.(1+1)-2.-.(n—1)(1+n—1>
2 2 2

-l 1\ ont F(”‘*‘%)_zzw1 1
—2n=l(y 1)!(2>n_2 I'(n) = === rer(n+3)

This is the positive integer case of Legendre’s duplication formula [182]:

2z—1

JT
We give two proofs of (2.3.1). The second proof generalizes to give Gauss’s

formula for I"(mz). The first proof begins with Re z > 0 and uses the change
of variables t = 4s5(1 — s) on the interval 0 < s < l, as follows:

I'(2z) =

1
F(Z)F(Z-i-i), z7#0,—1,-2,... (2.3.1)

= B( )—/1[(1—)]Zd—s
IR AN R TR

—2/%[s(1—s)]z—ds —2/1(5)Z a
U s(l—s) " Jo \4) tJ/T—1

— 2]21B<Z9 l) — ZI—ZZF(Z) F(l%) .
2 F(z+3)

This gives (2.3.1) for Rez > 0; analytic continuation gives the result for

z#0,—1,-2,...
The second proof uses (2.2.1), which implies

I'(z2)?
'2z)

(2n) ! (2n)%—1

Now
1 F(1+n)F(n+1)
(2n)! = 2%" (—) (1), =222 (2.3.3)
2/ r'(s)
and

271F(Z+H)F(Z+%+n)
F@(z+1)

_pn T T@T(G+n)

~ 7 B@m) T(z+3)B(ai+n)

(22)2n = 22" (D) (z + %) =2

(2.3.4)
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According to the calculation at the beginning of Section 2.2,
B(z,n) ~n"*I'(2)

as n — 00, so in taking the limit in (2.3.2) we may replace the expression in
(2.3.4) with

1
21,22 FmI(; + ”)
F@(z+3)
Multiplying the quotient of (2.3.3) and (2.3.5) by (2n)*~! gives (2.3.1).

The previous proof can be adapted to prove the first version of the following
result of Gauss [103]:

(2.3.5)

L T@OTE+ D) rE+2) T+
FG)TG) T (%)
T(z+

FrO(z+L)r(+2) -

'(mz) =

mz—% mT)

(2.3.6)
(27_[)§(m—1)

To prove the second version we evaluate the denominator in the first version,
using the reflection formula (2.2.7):

rG) ) (5]

= = 2i
— — n,m—l ' ' .
]!:[1 sin(%k) ll:[l emk/m(l — e—27rlk/m)
Since 1 +2+---4+m—1= %m(m— D),
m—1
1—[ 21 _ 2m71
eTik/m ’
k=1
and since w = ¢>™'/™ is a primitive mth root of 1 it follows that
= = m—1
[T =) =1im [T (- o) =lim -
t—>1 t—1 t—1
k=1 k=1

Therefore

r(X\r(2)...r - : (2.3.7)
m m m mi

and we get the second version of (2.3.6).
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2.4 Two characterizations of the gamma function

The gamma function is not uniquely determined by the functional equation
I'(z+ 1) = zI'(2); in fact, if f is a function such as sin 2w x that is periodic
with period 1, then the product f I' also satisfies the functional equation. Here
we give two characterizations, one as a function holomorphic on the half-plane
{Re z > 0} and one as a function on the positive reals.

Theorem 2.4.1 (Wielandt) Suppose that G is holomorphic in the half-plane
{Rez > 0}, bounded on the closed strip {1 < Rez <2}, and satisfies the
equations G(1) = 1and 7 G(z) = G(z+ 1) forRez > 0. Then G(z) = I'(2).

Proof Let F(z) = G(z) — I'(z). Then F satisfies the functional equation and
vanishes at z = 1, so it vanishes at the positive integers. This implies that
F extends to an entire function. In fact, the functional equation allows us to
extend by defining

F(z+n)
F(z) = — "
@==0

This is clearly holomorphic where (z), # 0, i.e. except for z=0, —1, ...,
1 — n. These values of z are zeros of F(z + n) and are simple zeros of (z),, so
they are removable singularities for F. Therefore, the extension of F is entire.

The functional equation and the fact that F is regular at O and bounded
on the strip {1 < Rez < 2} imply that F is bounded on the wider strip S =
{0 < Rez < 2}. Therefore, the function f(z) = F(z) F(1 — z) is entire and
bounded on S. Moreover,

, —n<Rez<2-n, n=1,2,3,...

f@+1)=zF@)F(=2) = —F@)(—2)F(-2) = - f(2).

Thus f(z 4+ 2) = f(z). Since f is bounded on a vertical strip of width 2, this
implies that f is a bounded entire function, hence constant. But f(1) = 0, so
f =0. It follows that F = 0. (]

The next characterization starts from the observation that log I' is a convex
function on the interval {x > 0}. In fact, (2.2.6) implies that

logl'(x) = —yx —logx + i [f - log(l + )—C)] , (24.1)
= k k
from which it follows that
=
log)”(x) = _— 242
(log I (x) Z(x+k)2 (24.2)

k=0
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which is positive for x > 0. This implies convexity. The following theorem is
the converse.

Theorem 2.4.2 (Bohr—Mollerup) Suppose that G(x) is defined and positive
for x > 0, satisfies the functional equation x G(x) = G(x + 1), and suppose
that log G is convex and G(1) = 1. Then G(x) = I'(x) for all x > 0.

Proof Let f =logG.In view of the functional equation, it is enough to prove
G(x) =T'(x) for 0 < x < 1. The assumptions imply that G(1) = G(2) =1
and G(3) =2, so f(1) = f(2) < f(3). Convexity of f implies that f is
increasing on the interval [2, 00), and that for each integer n > 2,

R0
- X

fn)—=fn—1 =fn+1) = fn).

By the functional equation and the definition of f, this is equivalent to

- G(x +n) <t

n—1)°* n
( Y =—c w =
The functional equation applied to the quotient leads to

n—1D!'(n—-1* _ G(x) - (n—1!n*
X)n -G T (X)n .

By (2.2.1), the expressions on the left and the right have limit I" (x). ([l

Wielandt’s theorem first appeared in Knopp [157]; see Remmert [237]. The
theorem of Bohr and Mollerup is in [34].

2.5 Asymptotics of the gamma function

Suppose x is real and x — +00. The integrand e’ 1* for ['(x + 1) has its
maximum (x/e)* at t = x, which suggests a change of variables t = xu:

INEY)

1 X * —u\X
-I'x+1)=x (ue ) du
X 0

(E)x /000 (u 617“))6 du.

Now ue attains its maximum 1 at u = 1, so the part of the last integral

over aregion |u — 1| > 6 > 0 decays exponentially in x as x — oo. Note that
. 2,

ue' ™" agrees to second-order at u = 1 with e~®~D"; it follows that we can

1—u
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change variables # — s near u = 1 in such a way that
_lo >
uel™ =725, u(s) = Zans",
n=0

with agp = 1. Combining these remarks, we obtain an asymptotic expansion

9] . o0 ) 1,
f (uelfu) du ~ Za"/ L EC
0 =0 —00

> P U S % R,
=Za2mx m=3 e 2° sMds.
m=0

—00

(The odd terms vanish because their integrands are odd functions.) Since
ap =1, the first term in this expansion is /27 /x. The same considerations
apply for complex z with Re z — +o00. Thus we have Stirling’s formula [270]:

1
bl 27\2 _3
['(z) = — (—) +0 (z 2> as Rez — +oo. (2.5.1)
e Z

The previous can be made more explicit. Binet [31] proved the following.

Theorem 2.5.1 ForRez > 0,

1

2 /27\2
r@) =~ (—”) IC (2.5.2)

e z
where
o0 1 1 1 dt

0 = — — 4+ = R 253
@ /0 (e’—l t+2>e t (239

Proof We follow Sasvari [248]. By definition, (2.5.2) holds with 6(z)
replaced by

1 1
@(z) =logl(z) + z(1 — logz) + 3 logz — 3 log(2m).

The functional equation implies that

1 1
0G) — gz +1) = <z+§> log(Z+ )— 1.

Z
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and (2.5.1) implies that ¢(z) — 0 as Rez — +o00. Then
1
+log|1+-);
<

>/+ 1 1
z+1 z+1 z°

, , 1/1
w(z)—cp(z+1)=—§<—+
Z

z+1
1

" 7 _ 1 /1
w(z)—w(z+1)——5 -+
Z

With 0 given by (2.5.3), we have
I 11 _ _ dt
0(z) —0(z+1) = et == )= e ¥ =
0 2t t
o 1 1
- Tl )= e ar
/(; |:€ + <2 t) ( e )i| e
1/1 1 Sl |
—=\|-+ + Z(—=eHe Hds;
2 (z 7+ 1> /0 t ( )
1

1 /1 ! 1 1
0"(2) 0"+ 1) =—5 |-+ + -
2\z z+41 z+1 z

0'(z) —0'(z+ 1)

Since the various functions and derivatives have limit zero as Rez — oo,
it follows that 6 = . 0

The integrand in (2.5.3) includes the function

1 11 1242 1

i1 T2 T an_iE T

This function is odd and is holomorphic for || < 27, so it has an expansion

! —1+1—§:Bz’" 2=l ] < 2n (2.5.4)
e —1 2_m_1(2m)! ’ ’ -

The coefficients By, are known as the Bernoulli numbers [27]. They can be
computed recursively; see the exercises. Putting partial sums of this expansion
into (2.5.3) gives the asymptotic estimates

N
Bom 1-2 —2N-1
0y =Y 2 l-m 0(, ) Rez — 400, (25.5
(2) Z S om — 1)2 +0(z 7=+ ( )

m=1

Stirling’s formula (2.5.1) for positive integer z can be used in conjuction
with the product formula (2.2.6) to extend (2.5.1) to the complement of the

negative real axis. The method here is due to Stieltjes.
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Theorem 2.5.2 For |argz| < 7,
1

< 27\ 2 3
re) == <—n> o <z2) (2.5.6)
et Z
as |z| — oo, uniformly for |argz| <mw —§ < m.

Proof Let [s] denote the greatest integer function. Then
1L st s L Ry
[ (),
k s+z k s+z

1
= (k+§+z>[log(k—i-l—l-z)—log(k—i-z)]—l

= |:<k+%+z> log(k + 14 2)

1
— (k— 3 —i—z) log(k—i-z)} —log(k +z) — 1.

Summing,

”l—s—i— s
fz—[]ds
0 S+2
n—1

= ! 1 ! 1 log(k
_<n—§+z> 0g(n+z)—<—§+z> ogz—z og(k +z) —n.

k=0
Now
n—1 n—1 z
~> logk +2) = — Zlog(l n E) —log ['(n)
k=1 k=1
n—1 z z n—l1
= Z []; —log(l + E)] -z Z i logI'(n),
k=1 k=1
and

Z
log(n + z) = logn + p + O(n_z).

It follows from (2.2.5), (2.5.1), and (2.2.6), respectively, that

n—1

1
Z%zlogn—l—y—i—O(n*l);

k=1
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1 1 .

lOgF(l’l)z n—i logn—n+§10g2n+0(n );
00 z Z

logI'(z) = —zy —logz + kEZI [E — 1og(1 + E>] .

Combining the previous formulas gives

ol s +1s] 1 1
= —ds = logl'(z) — |z — < | logz — zlog2m +z. (2.5.7)
0 s+z 2 2

We estimate the integral by integrating by parts: let

f(s):/ (1—z+[z]>dt.
o \2

This function has period 1 and is therefore bounded. Then

1
© 5 —s+[s] _/OO f(s) B 0
/0 L ds = ; (S+Z)2ds—0(|z| )

uniformly for 1 4+ cos(argz) > & > 0, since z = re'? implies
Is + 2> = s>+ r>+2srcosf > (s2 + r2) min{1, 1 + cos6}.

Therefore, exponentiating (2.5.7) gives (2.5.6). U

Corollary 2.5.3 For real x and vy,

1 1
T+ iy)| = V2 Iy 2e 2" 1+ o(1y17)], (2.5.8)

as |y| — oo.

2.6 The psi function and the incomplete gamma function

The logarithmic derivative of the gamma function is denoted by v (z):

Most of the properties of this function can be obtained directly from the corre-
sponding properties of the gamma function. For instance, the only singularities
of ¥ (z) are simple poles with residue —1 at the points z =0, —1, =2, ...
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T

Figure 2.1 The v function.

The product formula (2.2.6) for 1/ I'(z) implies that

o0
1 1
= — - , 0,-1,-2,..., 2.6.1
V() V+Z<n+1 nH) z# (2.6.1)
n=0
and therefore, as noted in Section 2.4,
> 1
I
Z) = —_ 2.6.2
¥/ (2) Z:; Ty (26.2)

Thus v is a meromorphic function which has simple poles with residue —1 at
the non-positive integers.

The graph of 1 (x) for real x is shown in Figure 2.1.

Using (2.6.1), the recurrence relation

1
w(z—i-l):W(Z)sz

is readily verified and we have

1 1 1
Y(l) =—y, W(k+1)=—y+1+§+§+---+%, k=1,2,3,...

Taking the logarithmic derivative of (2.5.3) gives Binet’s integral formula
for :

Y(z) =1 ! /Oo ! 1+1 ~dt, R 0
=logz — — — ——+= , Rez>0.
=gty T \e 1T T 2)e ¢
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The incomplete gamma function y (o, z) is defined by
Z
y(o, z) = / 1 le'dt, Rea > 0. (2.6.3)
0

It is an analytic function of z in the right half-plane. We use the power series
expansion of e~ and integrate term by term to obtain

—  (—2)"
y(a,z)zz"‘E Tt Rea > 0.
n=0

The series converges for all z, so we may use this formula to extend the
function in z and « for o # 0, —1, =2, ... If « is fixed, then the branch of
y (@, z) obtained after z encircles the origin m times is given by

y (o, &™) = 2™y (a,2), o #0,—1,-2,... (2.6.4)

The complementary incomplete gamma function is defined by
o
MNa,z) = / e dr. (2.6.5)
Z

In (2.6.5) there is no restriction on « if z # 0, and the principal branch is
defined in the same manner as for y («, z). Combining with (2.6.3) gives

y(a,z2) + T'(a, 2) = T'(a). (2.6.6)
It follows from (2.6.4) and (2.6.6) that

[ (, ze?™™) = 2™ (@, 2) + (1 — ¥ T(@), m=0,£1,%2,...

(2.6.7)

The error function and complementary error function are defined respec-
tively by

2 T, 2 o
erfz = —/ e " dt, erfcz= —/ e " dt.
ﬁ 0 ﬁ z

Both are entire functions. Clearly
erfz+erfcz =1

and
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By a simple change of variable, one can show that

1 1 1 1
fz = — _. 72 s fcz=—T/|{-, 2 .
e ﬁy<2,z> eres JT <2Z>

2.7 The Selberg integral

The Selberg integral [257] is

1 rn
Sn(a,b,c>=/ f [Tx"'a—x"" TT by =™ - da,
0 0
i=1

1<j<k<n
(2.7.1)
where convergence of the integral is assured by the conditions
1 Re Reb
Rea >0, Reb>0, Rec > max{——, — a ,— . (27.2)
n n—1 n-1

In particular, S, (a, b, 0) = B(a, b)". Thus Selberg’s evaluation of S,,, stated
in the following theorem, generalizes Euler’s evaluation of the beta function in
Theorem 2.1.2. Note that

Sn(a’ b’ C) = S}’l(bv av C)‘
Theorem 2.7.1 Under the conditions (2.7.2),

n—1 . . .
S, (a.b.c) = l_[ T(a+ jo)T(+ jc) I‘.(l +[j+ l]c). (273
14 T@+b+ln—1+/l0T1+0)

For convenience we let x = (x1, x2, ..., X;), dX = dx| - - - dx,, and denote
the integrand in (2.7.1) by

n
we) =[x a-x" T ey —xl™
i=1 1<j<k<n

Note that w(x) is symmetric in x1, ..., x,. Let C,, denote the n-dimensional
cube [0, 1] x --- x [0, 1]. Then (2.7.1) is

Sy(a,b,c) =/ w(X) dx.

The proof of Theorem 2.7.1 outlined here is due to Aomoto [9]. It makes use
of the related integrals
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k
1k=/ w(x)l_[xidx, k=0,1,...,n. (2.7.4)
G i=1

Note that Iy = S,(a,b,c) and I, = S,(a+ 1,b,¢) = S,(b,a+1,c). We
may find a relation between I and Ix_; by integrating the identity

k k k
aix] (1—x1)w(x)1_[xj :a(l—xl)w(x)l_[xj —b w(x)]—[xj

j=1 j=2 j=1
n 1 k
+ (1 =x1)2cw(x) le_xj ij.
j=2 j=1
(2.7.5)

The left-hand side integrates to zero. The first two terms on the right integrate
to aly—1 — (a + b)I;. The remaining terms can be integrated with the use of
the following lemma, which is left as an exercise.

Lemma 2.7.2 Let I} be the integral (2.7.4). Then

w(x) 0, 2<j=<k
/ ]_[ xidx=1{1 (2.7.6)
Cy xl_'x] zlk—lv k<]§n1
and
x1 w(x) k 11 < i<k
f ! [Txd koo e=)=5 (2.7.7)
Co M1 = Xj i Ik. k<j<n.
Applying these identities to the integral of (2.7.5) gives the identity
—k
f=—atezbe o (2.7.8)

a+b+ 2n—k—1)c

It follows that
n—1

a+jc
S,(a+1,b,c) = — Sy(a, b, c).
it ) ]l:!)a—l—b—l—(n—l—l—])c w(a,b,c)

Iterating this k times with a and b interchanged gives

n—1 .
Soa,b, oy [ bt In= Lt jlon

Sy(a,b+k,c).
CESTR n(@ )

J=0
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We let k — oo and use (2.1.10) to conclude that

S}’l(aa ba C) =

n—1 ;
1_[ F(b+]C) [kna+n(n I)CS (a,b +k, c)]

Fa+b+[n—1+jlo) k—>oo

The expression in the limit can be rewritten as
Xi Xj

k kI xi\a—1 Xi\ k+b—1
kna+n(n—l)c/ / (ﬁ) (1 —_ _l)
0 0 l_[ k k H kK k
i=1 i<j
k k k+b—1
2/ / nxia_l ) Hlx,—x] %€ dx.
0 0 iz

i<j

2c dx
3

Taking the limit as k — oo, we obtain
'ﬁ T+ jo)
:OF(a—i—b—I—[n— 1+ jleo)

/ / Hxal ]l —xPdx. (2.7.9)

l<j

Sp(a, b, c) =

Denoting the last integral by G, (a, ¢) and using once again the symmetry in
(a, b), we find that

Gu(a,c) B G,(b,c)
[MiZoT@+jo)  TIiZTG + jo)

We denote the common value by D,,(c) and note that D1 (c) = 1. Returning to
(2.7.9), we obtain

n—1 . .
_ '@+ joyT'®d+ jo)
Sa(a, b, c) _E)F(a+b+[n— 0 Dy (c). (2.7.10)

To complete the proof of Theorem 2.7.1, we need to evaluate D,,(c). This
will be done by using the following two lemmas, which are left as exercises.

Lemma 2.7.3 For any function f continuous on the interval [0, 1],
1

lim [ at* ' f(t)dt = £(0).
a—0+ Jo
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Lemma 2.7.4 For any symmetric function f(X),

1 pl 1
ff(x)dx=n!f / / FX)dxy dxs - - dxy
Cn 0 Xn X2

It follows that
1
lim —S (a,b,c) = lim af xfl_l(l —x,)P7!
a—0+ -0+ Jo

1n—1

1
x/ / l_[xlf“l(l—xi)b_1 1_[ |xl-—xj|26dx
Xn X

2 =1 i<j<n
1 pl 1n-l .
=/ / / l_[xl.c_ (1—x)P! l_[ Ixi — x; 1% dxy -+ - dxp—
0 Jan— *2 i1 i<j<n
1
= mSn_l(Zc,b,c). (2711)
Since lim,_.g al'(a) = 1, it follows from (2.7.11) and (2.7.10) that
nI'(nc) I'(nc+1)
D, =—D,_ =—D,_1(c).
n(C) ') n—1(¢) Tc+ 1) n—1(¢)
But D =1, so
n .
C(je+ 1)
D, = _
@) =] R

j=1

Combining this with (2.7.10) gives (2.7.3).
The relationship (2.7.8) together with (2.7.3) and the fact that Iy =
Sn(a, b, c) gives Aomoto’s generalization of (2.7.3):

1 1 k n
/ / l_[xil_[xiafl(l—xi)b_l l_[ lxi — x| dxy ---dx,
0 0

i=1 i=1 I<i<j<n

k .
a+(n—i)c
= Sq(a, b,
1—[a—l—b—l—(Zn—l—l) n(a. b, c)

—ﬁ a+(n—ix "ﬁr(a+jc>r(b+jc>r<1+[j+1]c)
N a+b+2n—i—1)c i=0 Fa+b+n—14+jlo)Td+c) ’

I
-

if

1 Rea Reb
Rea >0, Reb>0, Rec>max{——, — ,— .
n n—1 n—1
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2.8 The zeta function

The zeta function is of particular importance in number theory. We mention
it briefly here because its functional equation is closely connected with the
gamma function.

For Re z > 1, the Riemann zeta function is defined by

=1
@)=Y — 2.8.1)
n=1

The uniqueness of prime factorization implies that each n~% occurs exactly
once in the product over all primes p of the series

L 1 (-
+E+ﬁ+'--+pmz+'--— —? )
so we obtain Euler’s product formula
1\"!
=[] (1 - ?) , Rez> 1. (2.8.2)
p prime

Euler evaluated the zeta function at even positive integer z [91]:

(_l)m—l (27T)2m

2m) =  aret , 2.8.3
¢(2m) > amy1 B (2.8.3)
where the Bernoulli numbers are given by (2.5.4). In particular,
1-|-1+1-|- +1+ _7r2. (2.8.4)
49 n? 6 o
I+ : + : + 1t : +-= 714_
16 81 n* - 90’
I+ ! + ! + 4t ! +-= u
64 729 n® 9457

The evaluation (2.8.3) follows from the product formula (2.2.9) for sine: taking
the logarithm gives

s 2
log(sinnx) = log(mx) + Zlog<1 — ;C_z) .

n=1
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Differentiating both sides gives

chosmc_l_i_oo 2x _ +Z 1 (2.8.5)
sinrx  «x n_lxz—n X+n x—n' o

n=1

The function
T COSTTX 1
f)=————

SN 7T Xx X

is holomorphic near the origin. It follows from (2.8.5) that the derivative

=§:(—l)kk![ ! - ! H
= (x + n)k+] (x — n)k+1 -0

0, k =2m;

F® )

x=0

o0
Qm—1)!
_22,7’ k=2m— 1.

Therefore, the McLaurin expansion is

T COSTTX

1 o0
: ——=-2) c@mx. (2.8.6)
SINTX X 1

On the other hand, expressing cos wx and sin wx in terms of exponentials and
making use of (2.5.4) gives

wcosmwx 1 X g pimy 1
sintx x| emx _e-imx
=2i7l’|:—.1 +l— : :|
emix — 1 2 2mix
2in Z (2 )‘ Qmix)?mL. (2.8.7)

Comparing coefficients of x>~

(2.8.3).
A change of variables in the integral defining I"(z) shows that

1_ 1 /we_mtzg
n*  T'(2) Jo t

© = 1 /°° et dt / tZldt
CWO=ro ), =" T TR

in the expansions (2.8.6) and (2.8.7) gives

Therefore
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The zeta function can be extended so as to be meromorphic in the plane. Set

[ (=¥ ldr
f(Z)—/CetT,

where C comes from 400 along the “lower” real axis (argt = —2m), circles
zero in the negative (clockwise) direction at distance § > 0, and returns to +00
along the “upper” real axis (argt = 0); we choose the branch of log(—t) that
is real for ¢ < 0. The function f is entire. If Rez > 0 we may let § — 0 and
evaluate the integral by the residue theorem to conclude that

f(@) =[e7™ =™ '(2) {(2) = —2isinwz ['(2) £(2)
(see Appendix A). Thus

f(@)

2iT(z) sinmz’

{(2) = (2.8.8)
This provides the analytic continuation to Rez < 1, and shows that the only
pole of ¢ in that half-plane, hence in C, is a simple pole at z = 1.

The functional equation for the zeta function can be obtained from (2.8.8).
We evaluate the function f by expanding the circle in the path of integration.
The integrand has simple poles at t = £2nmi, n € N, and the residue of
1/(e" — 1) at each pole is 1. The residues of the integrand of f at 2nwi and
—2nmi sum to

1 Lo 1
(2nn)zli(e_2”“ — e2”“> = 2%(nw)*"! sin(;rz) .
Suppose now that Rez < 0, so Re (z — 1) < —1. Letting the circle expand

(between successive poles), we get

o0

f@) = (=2mi) - 257! sin(%nz) 2

n=1

= —i(2n)* 2sin<%nz> (1 —2). (2.8.9)

This holds for other values by analytic continuation. Combining (2.8.8) and
(2.8.9) we obtain the functional equation

t(—2)=

1
cos(—nz) I'(z) ¢(2). (2.8.10)

Q2n)? 2
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2.9 Exercises

2.1 ForRea > 0 and Reb > 0, show that

1 _ 1 1
1= ar =B =a.b).
/0 (1=r) 22"

2.2 ForRea > 0 and Re b > 0, show that

7/2 1 11
/ sin 10 cos®10do = ~ B =a, =b ).
o 2 \272

2.3 Prove the functional relation

a+b
B(a,b) = TB(a,b—i— 1).

2.4 Complete the proof of Proposition 2.1.3 by showing that the error in the
appproximation is O (x4~ 1).

2.5 Carry out the integration in the proof of Theorem 2.2.3.

2.6 Verify the contour integral representation of the beta function, for
Rea > 0 and any complex b:

sinmb r 1
_ (a) N R
T I'a+b)I'l—=>b) 2mi Jc
Here the contour C is a counterclockwise loop that passes through the
origin and encloses the point s = 1. We take the arguments of s and
s — 1 to be zero for s > 1. Hint: assume first that Re » > 0 and move

the contour to run along the interval [0, 1] and back.
2.7 Use (2.2.7) to verify that for Rea < 1 and Re (a + b) > 0,

B(a, b)

F(a+b) B B e*irm “a b
m—(d+b 1) i /;t (1+t) dt,

where the curve C runs from +o0 to 0 along the upper edge of the cut
on [0, oo) and returns to 400 along the lower edge, and the principal
branch of 1~ is taken along the upper edge.

2.8 Use (2.2.2) and the evaluation of " (%) to prove Wallis’s formula [302]:

2n 2n +2
2n+1 2n+1

4 4 6
355

|
W

2.9 One of the verifications of the evaluation of ' (%) obtained the identity

o0 2
/ eV dx = 7,

—00
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by evaluating

o o 5 5
/ / e~ YD dx dy
—00 J —00

in polar coordinates. Turned around, this can be viewed as a way of
evaluating the length of the unit circle. Use a “polar coordinate”
computation of the n-dimensional version of this integral to show that
the (n — 1)-volume (area) of the unit (n — 1)-sphere is 271”/2/ r (%n)

2.10 Use the Wielandt Theorem or the Bohr—Mollerup Theorem to prove
Gauss’s multiplication theorem, the first line of (2.3.6). Hint: replace z
by z/m on the right-hand side and define G (z) as the result.

2.11 Forreal y # 0, show that

) T 1 .
rnl-=————, '\ 5+1iy
ysinhmwy 2

2.12 If x and y are real, prove that

ro [ o y2 }
—| = 1+ — —1,-2,...
‘F@+W) LM o 02

and hence |I'(x +iy)| < [T'(x)].
2.13 If a and b are not negative integers, show that

2

~ coshmy’

T

o]

l—[ k(@+b+k)  T(a+DLGB+1)
(a+k)b+k)  T@+b+1)

k=1

2.14 Prove (2.5.5).
2.15 Find the value

o0
/ ¥ e 088 cog(As sinb) dit,
0

where A > 0, x > 0, and —%n <0 < %n.
2.16 Let z be positive, and integrate ww~*cosec wz/ I'(1 — z) around the
rectangle with vertices ¢ £ iR, —R £ i R, where ¢ > 0. Show that
1 c+ioo
— w T'()dz =e ™.
270 Je—ico
Prove that this formula holds for | arg w| < %71 — 8, where § > 0.
2.17 (Saalshiitz) Prove that for Rez < 0,

oo [2 tk
F(z)=f F e 14t — = - (=D by,
0 2! k!

where k is an integer between Re (—z) and Re (—z — 1).
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2.18 Show that fors > 1,

IOgg(s) = Z Z m pms

p prime m=1

2.19 (a) The Hurwitz zeta function is defined by

oo

1
C(x,s) = Zm for x > 0.
n=0

Show that ¢(x + 1,5) = ¢(x,s) — x~%, and hence

<8§(x+1,s)> _<3§(x,s)> — logr
ds s=0 ds s=0_ e

(b) Establish that for Res > 1,

92 e
T =0 Y

)H—Z

and

d? a;(x $) i
dx? = (et (x +n)?
(c) Show that the results (a) and (b), together with (2.4.2), imply that

(ag(x,s)

) =C +logI'(x).
ds s=0

(d) Prove that
, 1
£'0) = —5 log 2.

Use this and the result in (c) to prove Lerch’s theorem:
<3§(x,S)) ) I"(x)

=1lo .
ds s=0 & Y% 21

1 00 ts—le—xt
,8) = dt.
§09) = 5 /0 et

Then use the idea of Hankel’s loop integral for the gamma function to
derive the contour integral representation

e—iﬂsr(l _ S) ts—le—xt
$(x,s) = . dr,
2mi

C 1 —et

2.20 First prove that
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where C starts at infinity on the positive real axis, encircles the origin
once in the positive direction, excluding the points +2nmi, n > 1, and
returns to positive infinity.

2.21 Deduce from (2.6.2) that for x > 0, I'(x) has a single minimum, which
lies between 1 and 2.

2.22 Show thatforz #0, —1, =2, ...,

Yv(1—z)—¥(z) =mcotmz

and

Y+ v <Z + %) +2log2 = 2¥(2z).

" 1 dog2, 1 1,
— )| = -y — 0 — | ==-7T".
5 Y g2, 5 5

2.24 Show that for Rez > 0,

o0 e—l e—Zl
= —_— = dt.
o [ (50
This is known as Gauss’s formula. Deduce that

Vet D =41 /m Lot (20) = Y= ar
z =5, tlogz ; 5 coth 5 ol .

2.25 Show that y(«, z)/z*T" () is entire in both « and z. Furthermore, prove
that

2.23 Prove that

n

ylo,2) . z
“T(@)  © ;r(a+n+1)'

2.26 Prove that

2 [ e
;'/0 mdt:ez[l—erf(\/z)]

2.27 The generalized exponential integral is defined by

e e} e—Zt
B@= [ Sdn n=12
1
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Show that

(@) En(z) =2""'T(1 —n, 2);

o0 00 0O 00—ty
(b) En(Z)Z/En_l(l‘)dl‘=~~=/ / / ¢
z Z 1 th—1 tn

dt, ---dtry dty;

(C) P ( )_ e % /oo efttnfl s
=00 )y, 4 O
228 Let0 <A <landk=1,2,...Put
CTk+2) =
f(k)_l“(k+1)(k+a)
and
fk+1)
N=21"""7
g(k) 0

(a) Show that
lim g(k) = lim f(k) =1
k—o00 k— 00

and

k+x (k+oa+1\"*
gk) = ( ) .

k+1 k+o
Considering k as a continuous variable, show also that

Ar(h; )
(k+a)>*(k + D2(k + o+ 1)

g'k) =
where
AcGua) = (1—2) (—Ak+2ak—k+a2+a).

(b) When o = 0, prove (i) g’ (k) is negative for 0 < A < 1 and
k=1,2,...;@Gi) gk) > land f(k) < 1fork=1,2,...;and (iii)
I'(k+ 1) 1
< .
Fk+1)  ki=*

(¢c) When @ = 1, prove (i) g’ (k) is positive for 0 < A < 1 and
k=1,2,...;@Gi) gk) < land f(k) > 1 fork =1, 2,...;and (iii)

T'k+A) 1
Thk+1)  (k+ DI+
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2.29
2.30
2.31
2.32
2.33

2.34

2.35

2.36

2.37

Gamma, beta, zeta

These inequalities were first given by Gautschi [107], but the argument
outlined here is taken from Laforgia [169].

Use the symmetry of the function w(x) to prove Lemma 2.7.2.

Prove Lemma 2.7.3.

Prove Lemma 2.7.4. Hint: partition the domain C, and use symmetry.
Use the product formula (2.2.9) to prove the first of the

equations (2.8.4).

Use the product formula (2.2.9) to prove the second of the

equations (2.8.4).

Multiply both sides of (2.5.4) by ¢ (e’ — 1) and show that By, satisfies

2m\ Boyu—2 2m\ Boy—4 By 1
By — _ —
am [(2) 3 +<4> s T +2m+1j|+2

m=1,2,...,

with By = 1.
Compute the Bernoulli numbers By, B4, and Bg and use (2.8.3) to verify
each of the equations (2.8.4).

The Bernoulli polynomials { B,(x)} are defined by the identity
te’ N Ba(x) |,
I—IZZTI’ |[|<27T.

n=0

Thus By, (0) = Bj,,. Set B_1(x) = 0. Prove the identities
(a) B, (x) =n B, 1(x);

I
(b) / Bo(x)dx = 1;
0

1
© / By (x) dx = 0;
0

(d) By(x +1) = By(x) +nx"";

Buy1(m +1) — By 1(0)

e 14+2"+3"+...+m" =
n+1

Verify that the first six Bernoulli polynomials are
Bo(x) = 1;
Bi(x) 2x — 1
X) = ;
! 2
6x2 —6x + 1
By(x) = ;
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2x3 —3x2 +x

B3(x) = ——
2

30x% — 60x3 +30x2 — 1

By(x) = ;
30

6x5 — 15x* + 10x3 — x

Bs(x) = G .

2.38 The Euler polynomials { E,,(x)} are defined by the identity

26! >\ En(x)
= — 1", |t < 7.
el +1 ’;) n! 1

Prove that
(@) Ep(x)=nEp_1(x);

(b) En(x + 1) + En(x) =2x";

) 1=2"4+3"—...+ (_1)m—lmn=

2
2.39 Verify that the first six Euler polynomials are

Eo(x) = 1;
E()_Zx—l_
1(xX) = 7
_ W2 .
Er(x) = x7 —x;
453 —6x2 4+ 1
Es(x) = —— T

4 9

Es(x) = x* =253 + x;

2x° —5x* 4+ 5x% — 1
3 .

Es(x) =

2.40 The Euler numbers {E,} are defined by

Prove that

2.41 Prove that {(—2m) =0,m =1,2,3...

49

E,(1) + (=)™ 'E,(m + 1)
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2.10 Summary

2.10.1 The gamma function

The gamma function can be defined by the integral
o dt
I'(z) =/ e '"t*—, Rez>0.
0 t
It is holomorphic on the right half-plane, takes the values
'n)y=mn-1)!

on the positive integers, and extends to a meromorphic function on the complex
plane, with simple poles at the non-positive integers and residue (—1)"/n!
at —n. It satisfies the functional equations

M) =T+, @.T@=TE+n), z#0,-1,-2,...,
where (z),, is the shifted factorial
@o=1, @Dn=z@+1)--z+n=-2@E+n-1), n=1,2,...,

and has the representation

o0

N
F(Z)_Zn!(z+n)+/l et

n=0

The beta function or beta integral is

1
B(a, b) = B(b, a) =/ sl —s)Plds
0

o0 ; 1 a-+b du
= u —, Rea >0, Reb > 0.
0

1+u u
The identity
I'a)T(b
B(a.b) = WO
I'(a+b)

allows analytic continuation to all a, b # 0, —1, —2, ... The beta function can
be used to show that for any fixed a,

Fz+a) a —1
—— =74+ 0( as Rez — +oo.
I'(2) =)



2.10 Summary 51

2.10.2 Euler’s product and reflection formulas

Two more characterizations of the gamma function are

—nf
r@ = tim 2= Res s o

n—o0 (Dn

1 s 1 Z Z —1

—]_[(1+—) (1+—) , z#£0,-1,-2,...
Zn:] n n

The reciprocal of the gamma function is an entire function with product
representation

L L 10_0[ (1 + E) e—i/n
I'(z) n ’

n=1

where y is Euler’s constant

n—ll

k=1

Euler’s reflection formula is

T —7) = —— 7#0,41,42,...
SINTTZ

Hankel’s integral formula is

b = L et dr,
I'(z) 2niJe
where C is an oriented contour in the complex plane that begins at —oo,
continues on the real axis, circles the origin in the counterclockwise direction,
and returns to —oo.
The reflection and product formulas give Euler’s product for the sine
function

Taking z = % in the reflection formula is one of several ways to obtain the
evaluation
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2.10.3 Formulas of Legendre and Gauss

Legendre’s duplication formula is

22z—1

N

A more general result is due to Gauss:

1
I'2z) = F(Z)F<z+§), 72#£0,—1,-2,...

m

-1 F@Or(z+ ) C(z+2) - T(z+21)

Z

[(mz) =m™ ;
Q27)z2m=D

2.10.4 Two characterizations of the gamma function

Wielandt’s characterization: Suppose that G is holomorphic in the half-
plane {Re z > 0}, bounded on the closed strip {1 < Rez <2}, G(1) =1, and
7G(z) =G(z+ 1) forRez > 0. Then G(z) = I'(2).

The gamma function is logarithmically convex on {x > 0}: (2.2.6) implies
that

o]

1
(logI)(x) = ke 0 for x > 0.
k=0

Conversely, Bohr and Mollerup proved that if a function G is such that G(x) is
defined and positive for x > 0, G(1) = 1, G satisfies the functional equation
xG(x) = G(x + 1), and log G is convex, then G(x) = I'(x).

2.10.5 Asymptotics of the gamma function

Stirling’s formula is

1

b 2m\ 2 .3
I'z) = —~ (—) + O (z 2> as Rez — +o0.
e z

A more precise version is due to Binet:

1

2w\ 2
I'(z) = = (-) /D Rez >0,
e z

o0 1 1 1 dt
0(z) = ——t =) e —.
@ /0 (e’ -1 t + 2) ¢ t

where
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The integrand in (2.5.3) includes the function

o0

1 Bzm 2m—l
a1 1127 2:(2m)v o <2

where the coefficients By, are the Bernoulli numbers. Putting partial sums of
this expansion into Binet’s formula gives estimates

N

Bam 1-2 —2N—-1
0(z) = —_— "+ 0 , R .
(2) E_l mam —1° T (z ), as Rez — +oo

An asymptotic result valid on the complement of the negative real axis is the
uniform estimate
1

Zt 27\ 2 _3
I'(z)=— (—) +0(z 2) , largzl|<m—-8<m &>0.
z

In particular, for real x and y,

1 1
DG +iy) = V2 [y 2e 2P+ oy )], as |yl — oo.

2.10.6 The psi function and the incomplete gamma function

The psi function is the logarithmic derivative of the gamma function:

1 1
n+1 n4+z

d o0
l/f(z)=EIOgF(Z)=—y+nX_(:)( ) 7#0,—1,-2,...

It satisfies the recurrence relation

1
Y(z+1) =y + Z’

SO

11 1
Y =—y, Ph+D=—y+l+o+z+ 42, k=123

Binet’s integral formula is

v =1 ! foo LoV N g Rezso
=logz — — — ——+-)e¥dt, Rez>0.
¢ gz 2z 0 er—1 t 2 ¢

The incomplete gamma function is

Z
y(a,z) = / “le7"dt, Rea > 0.
0
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It is analytic in the complement of the negative real axis and has the series
expansion

— (2"
V(Ol,Z)zzaZm, a#0,—1,-2,...
n=0

for all z.
The complementary incomplete gamma function is

I'(a, 2) =/ e~ dt
=I'(a) —y(e,2).

The error function and the complementary error function are

f 2 /Z 4t erf 2 /OO—
erfz = — e , erfcz=—
ﬁ 0 ﬁ z

They satisfy

erfcz =

o )n 2n+1 1 1 )
fz=1—erfcz=— _ - .
erf z erfc z \/_Xz: n2n + 1) ﬁy(Z’Z)’
! r

T

2.10.7 The Selberg integral
The Selberg integral is

1 1.n
Sutabeer= [ oo [ TTxra=xo" [T by =l doed,
0 0 =1

1<j<k<n

1 Rea Reb
n n—1 n—-1]"

Rea>0, Reb>0, Rec> max{——, —

The value is given by

n—1

Su(abo) =] M@+ jo)T(b+jo T +1[j+1]c)
" e b - tr 0T+ o

Aomoto’s generalization, under the same conditions on the indices
(a,b,0),is
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n

1 1k
-1 b—1 2
/ ||x,~||x? (1 —xp) 1_[ lxj — x| dxy---dxy,
0 .
i=1 i=1

1<i<j<n

S—

k .

a+n—i)c
= Sn(a, b,
l—[a+b+(2n—l e n(a. b, c)

_ﬁ a+(n—iec ’ﬁF<a+jc)r(b+jc)r(1+[j+1]c>
B a+b+@n—w%k‘ﬂ Fa+b+n—1+jlo)Id+c)

2.10.8 The zeta function

The Riemann zeta function is

oo

1
dz)zZ;, Rez > 1,

n=1

and is also given by Euler’s product formula

—1
{(z) = l_[ (1—%) , Rez>1.

p prime p

Euler’s evaluation of the zeta function at even positive integers is
(="' @n)*"
2 2m)!

where the By, are the Bernoulli numbers (2.5.4). In particular,

¢@2m) =

2m

1+l+l+...+i+...:ﬂ_2

4 9 n? 6
PR AP AU ISV o
16 81 n4 90
1+l+L+ _|_i_|_...—7-[_6.
64 729 no 945

An integral representation is

ootz ldt R 0
{(z) = F(Z)/ ez > 0.

The formula

1 (=)L ar
;(Z) = T3 B 5
2iT(z) sinwz Jo e —1
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where C comes from +4-oc along the real axis, circles zero in the negative
(clockwise) direction, and returns to 4-oc along the real axis provides the
analytic continuation to Re z < 1 and shows that the only pole of ¢ in the plane
is a simple pole at z = 1.

The functional equation for the zeta function is

t=2)=

cos(%nz) I'(z) ¢(2).

(2m)*

2.11 Remarks

The history and properties of the gamma function are discussed in detail in
the book by Nielsen [217]; see also articles by Davis [64], Dutka [76], and
Gautschi [109], and the books by Artin [13], Campbell [39], and Godefroy
[115]. Copson’s text [56] has an extensive list of exercises with identities
involving the gamma function and Euler’s constant.

It has been remarked that the beta function might better be termed the
“beta integral.” Selberg’s generalization and its further elaborations have been
utilized in a number of areas, including random matrix theory, statistical
mechanics, combinatorics, and integrable systems. See the chapter on the
Selberg integral in [7] and the extensive survey by Forrester and Warnaar [98].
For a probabilistic proof of Selberg’s formula, see the book by Mehta [202].

The literature on the zeta function and its generalizations is copious. See in
particular the books of Titchmarsh [285], Edwards [79], Ivi¢ [137], Patterson
[226], and Motohashi [207]. The celebrated Riemann hypothesis is that all the
nontrivial zeros of ¢(s) lie on the line {Res = %} (The “trivial zeros” are at
s = —2,—4, —6, ...) A number of consequences concerning analytic number
theory would follow from the truth of the Riemann hypothesis.



3

Second-order differential equations

As noted in Chapter I, most of the functions commonly known as “special
functions” are solutions of second-order linear differential equations. These
equations occur naturally in certain physical and mathematical contexts. In
a certain sense there are exactly two (families of) equations in question: the
confluent hypergeometric equation (Kummer’s equation)

xu (x) +(c—x)u'(x) —au(x) =0, (3.0.1)
with indices (a, ¢), and the hypergeometric equation
x(1=x)u"(x) + [c = (@a+b+ Dx]u'(x) —abu(x) =0, (3.0.2)

with indices (a, b, ¢), where a, b, ¢ are constants. The various other equa-
tions (Bessel, Whittaker, Hermite, Legendre, .. .) are obtained from these by
specialization, by standard transformations, or by analytic continuation in the
independent variable.

In this chapter we give a brief general treatment of some questions concern-
ing second-order linear differential equations, starting with gauge transforma-
tions, L? symmetry with respect to a weight, and the Liouville transformation.

The basic existence and uniqueness theorems are proved, followed by a
discussion of the Wronskian, independence of solutions, comparison theorems,
and zeros of solutions.

A natural classification question is treated: classify symmetric problems
whose eigenfunctions are polynomials. This question leads, up to certain
normalizations, to the equations (3.0.1) and (3.0.2). General results on local
maxima and minima of solutions of homogeneous equations are obtained and
applied to some of these polynomials.

Another source of equations related to (3.0.1) and (3.0.2) is physics: prob-
lems involving the Laplace operator, when one seeks to find solutions by

57
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separating variables in special coordinate systems. We discuss the various
equations that arise in this way and how they are related to (3.0.1) and (3.0.2).

3.1 Transformations, symmetry

Throughout this chapter, p, g, r, f, u, v, ... will denote real functions defined
on the finite or infinite open real interval I = (a,b) = {x : a < x < b}, and
we assume that p(x) > 0, all x € I. All functions will be assumed to be
continuous and to have continuous first and second derivatives as needed.

The general linear second-order differential equation on the interval 7 is

P u”(x) +q ) u'(x) +rx)ux) = fx). (3.1.1)
The corresponding homogeneous equation is the equation with right-hand side
f=0:
p)u’(x) +gx)u'(x) +r(x)u(x) =0. (3.1.2)
The associated differential operator is
L=po Lt gL e (3.13)
=pkx)— x) — +r(x). 1.
P TI gy
In (3.1.3) the functions p, ¢, and r are identified with the operations of

multiplication by p, by ¢, and by r.
A gauge transformation of (3.1.1) is a transformation of the form

u(x) = px)v(x), @x) #0. (3.1.4)

The function u satisfies (3.1.1) if and only if v satisfies

1 §0/(x) ’
pxX) v (x) + | 2p(x) +qx)| v'(x)
@(x)
+ [p(x) LA N A r(x)} v =19 G
p(x) @(x) @(x)

Note that the left-hand side of this equation is not changed if ¢ is replaced by
Co, C constant, C # 0. The corresponding transformed operator is

d? ! d
Ly = p0) + [2p(x> AN q(x)} -

@(x)
+ [p(X) v +q(x) v () +r(x)]. (3.1.6)
p(x) p(x)
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The usefulness of gauge transformations comes from the fact that the homo-
geneous linear first-order differential equation

@' (x) = h(x) p(x) (3.1.7)

always has a solution

X
p(x) = exp{f h(y) dy}, (3.1.8)
x0
where x¢ is any point of the interval /. This solution has no zeros in the
interval. Note that if ¢ is a second solution of (3.1.7), then the quotient /¢
has derivative 0 and therefore is constant.

In particular, a gauge transformation can be used to eliminate the first-order
term gu’ of (3.1.1) by taking ¢ such that ¢'/p = —q/2p. A second use is
to symmetrize the operator (3.1.3). Suppose that w > 0 on /. The associated
weighted L2 space sz consists of all measurable real-valued functions f
such that

b
/ f(x)2 w(x)dx < oo.

The inner product (f, g) between two such functions is

b
(fr8) = (fr ) = / £ 200 w(x) dx.

The operator L of (3.1.3) is said to be symmetric with respect to the weight
function w if

(Lu,v) = (u, Lv)

for every pair of twice continuously differentiable functions u, v that vanish
outside some closed subinterval of 1. The proofs of the following propositions
are sketched in the exercises.

Proposition 3.1.1 The operator L is symmetric with respect to the weight w
if and only if it has the form

> (pw) d 1 d d
L:pm+ —+r = pw— | +r. 3.1.9)

w  dx w dx dx

Proposition 3.1.2 [f L has the form (3.1.3) then there is a weight function w,
unique up to a multiplicative constant, such that L is symmetric with respect
fo w.
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Proposition 3.1.3 Given an operator (3.1.3) and a weight function w on the
interval 1, there is a gauge transformation (3.1.4) such that the corresponding
operator L is symmetric with respect to w.

An invertible transformation 7 from an L? space with weight w; to an L?
space with weight w» is said to be unitary if

(Tfs Tg)wz = (f» g)wl

for every pair f, g in Li .- Operators L and L in the respective spaces are
said to be unitarily equivalent by T if

Ly=TL, T ".

Proposition 3.1.4 An operator symmetric with respect to a weight w on an
interval 1 is unitarily equivalent, by a gauge transformation, to an operator
that is symmetric with respect to the weight 1 on the interval I.

A second useful method for transforming a differential equation like (3.1.1)
is to make a change of the independent variable. If y = y(x) and u(x) =
v(y(x)), then

W' () =y @), W)= [y/(X)]zv"(y(X)) +" )V (y(x).

In particular, we may eliminate the coefficient p by taking

*oodt
= ) 3.1.10
y(x) /XO >0 ( )

Then equation (3.1.1) becomes

v+ | L P vVrv=f.
NN

This involves an abuse of notation: the primes on v refer to derivatives with
respect to y, while the prime on p refers to the derivative with respect to x.
To rectify this we consider p, g, r, and f as functions of y = y(x) by taking
p(x) = p1(y(x)), etc. The previous equation becomes

a(» i
vpi(y)  2pi(y)

If we then eliminate the first-order term by a gauge transformation, the result-
ing composite transformation is known as the Liouville transformation.

V() + [ } V) +rmuee = A1) Gl
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3.2 Existence and uniqueness
The following standard fact about equations of the form (3.1.2) is crucial.
Theorem 3.2.1 The set of solutions of the homogeneous equation
p)u"(x) +qx)u'(x) +r(x)ulx) =0 (3.2.1)
is a vector space of dimension two.

Proof The set of solutions of (3.2.1) is a vector space, since a linear combi-
nation of solutions is again a solution (the “superposition principle”).

To simplify notation, let us assume that the interval / contains the point
x = 0. A gauge transformation is an invertible linear map, so it does not change
the dimension. Therefore, we may assume that ¢ = 0 and write the equation in
the form

r(x)
p(x)
We show first that there are two solutions u and v characterized by the condi-
tions

W'(x) =s(x)ux), skx)=-—

(3.2.2)

u@ =1, 40 =0; v0) =0, V(0 =1. (3.2.3)

Solutions of (3.2.2) that satisfy these conditions would be solutions of the
integral equations

X pry
ux) =1 +/ f s(z)u(z)dzdy, (3.2.4)
0o Jo

x y
v(x) :/ {1 +/ s(2) v(z) dz} dy, (3.2.5)
0 0

respectively. Conversely, solutions of these integral equations would be solu-
tions of (3.2.2).

The equations (3.2.4) and (3.2.5) can be solved by the method of successive
approximations. Let ug = 1, vgp = 0, and define inductively

X py
Upy1(x) =1 +f / s(2)up(z)dzdy;
o Jo

y

Vg1 (x) =/ {1 +/J s(2) vn(z)dz} dy, n>0.
0 0

It is enough to show that each of the sequences {u,} and {v,} converges uni-
formly on each bounded closed subinterval J C I. We may assume 0 € J. Let
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C = sup|s(x)|.

xelJ
It is easily proved by induction that for x € J,

Cnx2n

|tpg1(x) — up(x)] < T (3.2.6)

cr |x|2n+l

V41 (0) = va(0)] < e+l

It follows that the sequences {u,} and {v,} are Cauchy sequences. They con-
verge uniformly on J to the desired solutions # and v. The conditions (3.2.3)
imply that # and v are linearly independent, so the dimension of the space of
solutions of (3.2.2) is at least two.

Suppose now that w is a solution of (3.2.2). Replacing w by

w(x) = w(0) u(x) — w'(0) v(x),

we may assume that w(0) = w’(0) = 0. The proof can be completed by show-
ing that w = 0 on each subinterval J as before. Let

M = sup |w(x)].

xelJ

Now

x ry
w(x) =/ / s(z)w(z)dzdy.
0 0

It follows that for x € J,

C Mx?
< .
utn| < <
Inductively,
C"Mx?"
lw)| = ——— 3.2.7)
2n)!
for all n. The right-hand side has limit 0 as n — o0, so w(x) = 0. O

These arguments lead to a sharpened form of Theorem 3.2.2.

Theorem 3.2.2 Given a point xq in the interval I and two constants cg, c1,
there is a unique solution of the homogeneous equation

p@)u"(x)+qx)u'(x) +r(x)u(x) =0 (3.2.8)
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that satisfies the conditions
u(xo) = co;  u'(xp) = ci.

In particular, if u(xg) = 0, then either it is a simple zero, i.e. u’(xg) # 0, or
else u = 0 on /. Moreover, if u is not identically zero, then wherever r(x) # 0,
zeros of u” are simple: if u’(x) and u”(x) both vanish, then (3.2.8) implies that
u(x) = 0. This proves the following.

Corollary 3.2.3 If u is a solution of (3.2.8) that does not vanish identically,
then any zero of u in I is a simple zero. Moreover, u’ has only simple zeros
wherever r # (.

3.3 Wronskians, Green’s functions, comparison

Suppose that u1 and u, are two differentiable functions on the interval /.
The Wronskian W (uy, u») is the function

up(x) uz(x)

W(uy, uz)(x) = u (x) ub(x)
1 2

= 11 () uh (x) — 1t} (¥) ua (x).

Proposition 3.3.1 Suppose that u| and uy are solutions of the homogeneous
equation (3.1.2). The Wronskian W (uy, us) is identically zero if uy and u»
are linearly dependent and nowhere zero if uy and uy are independent.

Proof The assumption on ©1 and u» implies
p W' = puuy —ujuy) = —qW,

so W is the solution of the first-order homogeneous equation W' = —gp~'W.
It follows that W is either identically zero or never zero. Clearly, W = 0 is
implied by linear dependence. Conversely, if W = 0, then in any subinterval
where u1 # 0 we have

[u_z]’_ W) _
ui u% ’
Therefore, us/u; is constant. [l

Let us look for a solution of equation (3.1.1) that has the form

u(x) =/ Gx,y) f(y)dy. (3.3.1)

0
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Then

X

u'(x) = G(x,x) f(x) +/ Grl(x,y) f(y)dy.

X0
To getrid of f’(x) in taking the second derivative, we need G (x, x) = 0. Then

X

W(x) = Galr, x) £ (1) + / Grr(r,y) f(0)dy.

X0

Therefore, Lu = f provided
LG(x,)=0, Gx,x)=0; pkx)Gyi(x,x)=1. (3.3.2)

Suppose that u; and u, are linearly independent homogeneous solutions of
Lu = 0 on the interval. The first equation in (3.3.2) implies that foreach y € I,

Gx,y) = vi(y) ui(x) + v2(y) ua(x).
The remaining two conditions in (3.3.2) give linear equations whose solution is

Gx.y) = u(yuz(x) — uz(y)m(x)’ (333)

p(y) W(y)

where W = W (uy, uy) is the Wronskian.
We may now generalize Theorem 3.2.2 to the inhomogeneous case.

Theorem 3.3.2 Suppose that xq is a point of 1. For any two real constants
co, C1, there is a unique solution u of (3.1.1) that satisfies the conditions

u(xg) =co, u'(x9) =cy. (3.3.4)

Proof The solution (3.3.1), (3.3.3) satisfies the conditions u(xg) =0,
u'(xp) = 0. We may add to it any linear combination of u; and uj. The
Wronskian is not zero, so there is a unique linear combination that yields the
conditions (3.3.4). O

In order to satisfy more general boundary conditions, we look for a solution
of the form

w= [ Giensod+ [ ey rod. 639
y<x y>x
where G_(-, y) satisfies a condition to the left and G (-, y) satisfies a con-
dition to the right. If u4 are linearly independent solutions that satisfy such
conditions, then G4 (x, y) = v+(y)ux(x), and the previous argument shows
that
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1 () u_(x)
G , = 3.3.6
+x: ) p(yY) W(y) ( )
u_(y) s (x)
G_(x, = —
N =W

The Wronskian also plays a role in the proof of the following important
result of Sturm [277].

Theorem 3.3.3 (Sturm comparison theorem) Suppose that u; and uy are
solutions of the equations

p(x) u/j’(x) +g(x) u/j ) +ri@ujx)=0, j=1.2, (3.3.7)
on the interval I, neither uy nor uy is identically zero, and
ri(x) <rx), al xel.

Suppose that uy = 0 at points ¢, d in I, ¢ < d. Then uy(x) = 0 at some point
x of the interval (c, d).

Proof The assumptions and the conclusion are unchanged under gauge trans-
formations and under division of the equations by p, so we may assume for
simplicity that p = 1 and ¢ = 0. We may assume that «; has no zeros in (¢, d);
otherwise, replace d by the first zero. If u; has no zeros in (c, d), then up to a
change of sign we may assume that u1 and u» are positive in the interval. The
Wronskian W = W (u1, u») satisfies

W' = (ri —rp) uiuz,

S0 it is non-increasing on the interval. Our assumptions to this point imply that
ui(c) > 0and u'(d) <0, so

W(c) = —uf(c)uz(c) <0, W(d) = —uj(d)uz(d) = 0.

It follows that W = 0 on (c, d), so up/u is constant. But this implies that u;
satisfies both of the equations (3.3.7), j = 1, 2, which is incompatible with the
assumptions that r; < r and u» # 0 on the interval. U

This proof also serves to prove the following generalization:
Theorem 3.3.4 Suppose that uy and u; are solutions of the equations

PO uj(x) +qx)u;(x) +rjx)uj(x) =0, j=1,2,
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on an open interval I, neither is identically zero, and
r(x) <rx), al xel.

Suppose that ui(c) = 0 at a point c in I and that the Wronskian u (x)u/z(x) —
uz(x)u'y (x) has limit zero as x approaches one of the endpoints of I. Then
uz(x) = 0 at some point between c¢ and that endpoint.

Corollary 3.3.5 Suppose that u(x,t), 0 <t < T, is a solution of the equation
pu"(x, 1) +q)u’(x, 1) +r(x, Hulx, 1) =0,

on an open interval I, where the primes denote derivatives with respect to x.
Suppose that at a point a € 1,

u(@,t)=0 or u'(a,t)=0.

Let a < x1(t) < x2(t) < ... denote the zeros of u(x,t) to the right of a.
If r(x,t) is continuous and increases with t, then xi(t) decreases as t
increases.

Another useful result about zeros is the following.

Theorem 3.3.6 Suppose that w is positive and r is negative on (c, d), and the
real function u satisfies

[wul(x)+rx)ux)=0, c<x<d,

and is not identically zero. Then u has at most one zero in (c, d).
If uu' is positive in a subinterval (c, ¢ + ¢) or if limy_ g u(x) =0, then u
has no zeros in (c, d).

Proof Suppose that u(a) = 0 for some a in the interval. Replacing u by its
negative if necessary, we may assume that u’(a) > 0. Then u(x) and u’(x)
are positive on some interval @ < x < b < d. The equation shows that wu’
is increasing on the interval, so u’ > 0 on (a, b). Taking b to be maximal
with respect to these properties, it is clear that b = d. It follows that u has at
most one zero in (c, d). This argument also shows that either of the additional
conditions implies that there are no zeros. O

3.4 Polynomials as eigenfunctions

It is of interest to extend the symmetry condition of Section 3.1 to a largest
possible “allowable” class of functions. In general this requires the imposition
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of boundary conditions. Suppose that / is a bounded interval (a, b) and sup-
pose that w, w’, p, p/, ¢, and r extend as continuous functions on the closed
interval [a, b]. Suppose that # and v are twice continuously differentiable on
(a, b), belong to L%}, and suppose that u, u’, v, v" are continuous on the closed
interval. Suppose also that L is symmetric. A previous calculation shows that

b

(Lu,v) — (u, Lv) = (pwu’v —pwuv/) .
If pw vanishes at both endpoints then we do not need additional constraints
at the boundary; otherwise additional conditions must be imposed on the
functions u, v. Similarly, if 7 is a semi-infinite interval (a, o), conditions must
be imposed at x = a unless pw = 0 atx = a.

Suppose that we have symmetry for such a maximal allowable class of func-
tions. An allowable function u that is not identically zero is an eigenfunction
for L with eigenvalue —X if Lu + Au = 0.

If u; and u; are eigenfunctions with different eigenvalues —A; and —Ap,
then

=M (uy,u2) = (Luy, up) = (uy, Luz) = —ia(uy, uz),

s0 (u1,uz) = 0: u1 and uy are orthogonal.
In a variation on a question of Routh [242] and Bochner [33], we ask under
what conditions it is the case that the set of eigenfunctions of L includes
polynomials of all degrees, or at least of degrees 0, 1, and 2. The symmetry
condition implies that L has the form (3.1.9):
2 /
d N (pw) d

Pt T

Suppose that there are polynomials of degrees O, 1, and 2 that are eigenfunc-
tions of L. This is equivalent to assuming that the space of polynomials of
degree < k is in the domain of L and is taken into itself by L, k =0, 1, 2.
In particular, constant functions belong to Lﬁ,, so w has finite integral:

b
/ w(x)dx < oo. 34.1)

Applying L to the constant function ug(x) = 1 gives Lug = r, so r must be
constant, and (up to translating the eigenvalues by —r) we may take r = 0.
Applying L to uj(x) = x gives

_ (pw) _ w

Lu, p+p—, (3.4.2)
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so the last expression must be a polynomial of degree at most 1. Taking

1
up(x) = 3x2,

!/
, w
Luy =p—+x (p —l—p;).

Since Luy must be a polynomial of degree at most 2, it follows that p is a
polynomial of degree at most 2.
The symmetry condition requires that

b
0= (Lu,v) — (u, Lv) = / [pw('v — uv/)]/

for every u, v in the domain. As noted above, a necessary condition is that
pw — 0 at each endpoint of the interval.

By normalizations (affine maps of the line, multiplication of the weight,
the operator, and/or the polynomials by constants), we reduce to five cases, of
which two turn out to be vacuous.

Case I. p constant. We take p(x) = 1. It follows from (3.4.2) that w’/w has
degree at most 1, so we take w = e/ where  is a real polynomial of degree
at most 2. After another normalization, w(x) = e¢~* or w(x) = ¢ In the
former case, the condition (3.4.1) requires that / be a proper subinterval, but
then the condition that pw = w vanish at finite boundary points cannot be
met. In the latter case the endpoint condition forces I = R = (—o0, 00) and
the condition (3.4.1) forces the sign choice w(x) = e"‘z. Thus, in this case
(3.1.9) is the operator
d? d . 5 2

L= T2 2x I in Ly(R); wx)=e". (3.4.3)
This operator takes the space of polynomials of degree < n to itself for each
n, and it follows that for each n there is a polynomial v, of degree n that is an
eigenfunction. Consideration of the degree-n terms of ¥, and of L, shows
that the eigenvalue is —2n:

Ly, +2ny, =0.

Since the eigenvalues are distinct, the v, are orthogonal in L%(R, e‘xz dx).
Up to normalization, the associated orthogonal polynomials i, are the
Hermite polynomials.

The functions

Yn() 2

are an orthogonal basis for L>(R). They are eigenfunctions for the operator
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d2

%) + (1 —x?). (3.4.4)
Case II: p linear. We may normalize to p(x) = x. Then (3.4.2) implies
that w’/w = b + «/x, so up to scaling, w = x%¢?*. The endpoint condition
implies that the interval is either R_ = (—o00, 0) or R+ = (0, 0o) and we may

assume / = R, . Condition (3.4.1) implies » < 0 and « > —1. We may rescale
to have b = —1. Thus in this case (3.1.9) is the operator

d2
L=x—— +a+1) —x] — in L2Ry); w@)=x%e", a>-—1.
(3.4.5)
Once again, the space of polynomials of degree < n is mapped to itself, so
there is a polynomial v, of degree n that is an eigenfunction. Consideration of
the degree-n term shows that

Ly, +ny, =0.
Therefore the v, are orthogonal. Up to normalization, the v, are the Laguerre
polynomials. The functions
1, _1
Yn(x) x2% 2%
are an orthogonal basis for L?(R..). They are eigenfunctions of the operator

d2+d X a2+a+l
X—sF+— — - — — .
dx?  dx 4 4x 2

(3.4.6)

Case III: p quadratic, distinct real roots. We normalize to p(x) = 1 — x°.
Then (3.4.2) implies w’/w = B(1 + x)~ ! —a(l —x)~!, for some constants
a and B, so the weight function w(x) = (1 — x)%(1 +x)P. The endpoint
condition forces I = (—1, 1) and condition (3.4.1) forces «, 8 > —1. Thus in
this case (3.1.9) is the operator

2
L_(l—xz) S+ [B—a—(@+pB+2)x] ‘i (3.4.7)

in L2w((—1,1)); w@) =1-0*(1+07 ap>-1L

Again the space of polynomials of degree < n is mapped to itself, so there is
a polynomial i, of degree n that is an eigenfunction. As before, consideration
of the degree-n term shows that

Lyp+nin+a+p+1D)y,=0.

Therefore the v, are orthogonal.
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Up to normalization, the associated orthogonal polynomials are the Jacobi
polynomials.

We may rescale the interval by taking %(1 — x) as the new x variable so
that the interval is (0, 1). In the new coordinates, up to a constant factor, the
weight is x* (1 — x)# and the operator is

L=x(1 )d2 +la+1—( +ﬁ+2)]d
=x xX) o5+ la a x] -

in L2(0.1), w@ =x*(1-xf o p>-1

This is the hypergeometric operator corresponding to equation (3.0.2) with
indices (a,b,c) = (¢ + B+ 1,0, + 1).

Case IV: p quadratic, distinct complex roots. We normalize to x2 + 1. Then
(3.4.2) and the assumption that w > 0 implies that w would have the form
wkx) =1+ x4, The endpoint condition rules out bounded intervals I, and
condition (3.4.1) rules out unbounded intervals.

Case V: p quadratic, double root. We may take p(x) = x2. Then (3.4.2)
implies that w would have the form w(x) = x“ exp(b/x), and once again the
endpoint condition and the condition (3.4.1) cannot both be satisfied.

We have proved the following (somewhat informally stated) result.

Theorem 3.4.1 Up to normalization, the classical orthogonal polynomials
(Hermite, Laguerre, Jacobi) are the only ones that occur as the eigenfunctions
for second-order differential operators symmetric with respect to a positive
weight.

(To account for other names: up to certain normalizations, Gegenbauer or
ultraspherical polynomials are Jacobi polynomials with « = §; Legendre poly-
nomials are Jacobi polynomials with « = B = 0; and Chebyshev polynomials
are Jacobi polynomials in the two cases @ = B = —%, a=p= %.)

There is a sense in which Case I reduces to two instances of Case II.
The operator (3.4.3) and the weight w(x) = e~ are left unchanged by the
reflection x — —x. Therefore, the even and odd parts of a function in L%)
also belong to sz, and (3.4.3) maps even functions to even functions and odd
functions to odd functions. An even function f can be written as f (x) = g(x2)
and f belongs to sz if and only if g? is integrable on (0, co) with respect to

1

the weight x "2 e*. An odd function f can be written as f(x) = xg(x?), and
f belongs to L? if and only if g? is integrable on (0, co) with respect to the

1
weight x2e™*. It follows from these considerations that, up to multiplicative
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constants, Hermite polynomials of even degree must be Laguerre polynomials

in x2, with index o = —%, and Hermite polynomials of odd degree, when
divided by x, must be Laguerre polynomials in x> with index o = %
These polynomials are related also by certain limiting relations. In Case III,

we may normalize the weight function by taking

2—(a+B+1)

e S SR B
wa’ﬂ(x)_B(oz—i—l,,B—i—l) (1 —x)*(1+x)

_o-Gtprn L@+ B+2)
Fl@+ DB +1)

(1 —x)%(1 + x)P. (3.4.8)

The change of variables x = 1 — 2y shows that

1
/ We,p(x)dx = 1.
-1

Now take 8 = a > 0 and let x = y/./a, so that

Qo +2 2\ d
We,o(X)dx = 2—(2a+1) —( @+2) 1— y— _y’
* a4+ 1)2 a) Ja

and the interval —1 < x < 1 corresponds to the interval —/o <y < J/a.
Taking into account the duplication formula (2.3.1) and (2.1.9), we see that
as o — +o0, the rescaled weight on the right converges to the normalized
version of Case I:

I _pe
wy(x) = ﬁ e . (3.4.9)
It follows from a compactness argument, which we omit, that the orthonormal
polynomials for the weight (3.4.8) with o =  (normalized to have positive
leading coefficient) converge, under the change of variables x = y/\/«, to the
orthonormal polynomials for the weight (3.4.9). Thus Hermite polynomials are
limits of rescaled equal-index Jacobi polynomials.
To obtain Laguerre polynomials as limits of Jacobi polynomials, we take
the version of Case III transferred to the interval (0, 1):

~ 1

_ b a8
Beh = 5@ 1 FTD " (1 —x)P. (3.4.10)

Assume f > 0 and make the change of variables x = y/f, so

Do+ B +2) a<1_y>ﬂd
Ta+ DB+ 1) patt” Y

We,p(x) dx =
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Taking into account (2.1.9), as f — 400, the rescaled weight on the right
converges to the normalized version of Case II:

1 o ,—X
wa(x)zmx e . (3411)

Again, the orthonormal polynomials for weight (3.4.10) converge to the
orthonormal polynomials for weight (3.4.11) under the change of variables

x=y/B.

3.5 Maxima, minima, estimates

In order to study solutions of the eigenvalue equations
p@)u” (x) + q)u’'(x) + ru(x) =0, 1>0, (3.5.1)
it is convenient to introduce the auxiliary function

X
Vx) = u@x)?® + # W (x)?. (352)
Proposition 3.5.1 The relative maxima of |u(x)| are increasing as x increases
on any interval where p' —2q > 0 and decreasing on any interval where

p' —2q <0.

Proof Tt follows from earlier results that zeros of u’ are simple (u’ satisfies
an equation of the same form), so they determine relative extrema of u. At a
relative extremum of u(x), V(x) = u(x)2. Equation (3.5.1) implies that

P'(x)—2q(x) ,
—_— U

- (x)%.

V(x) =

Thus V is increasing where the function p’ — 2¢ is positive and decreasing
where it is negative. O

A similar idea applies to equations in a somewhat different form.
Proposition 3.5.2 Suppose that w(x) > 0, r(x) > 0, and
[wu'l (x) +r(x)u(x) =0.

Then as x increases, the relative maxima of |u(x)| are increasing in any
interval where (w r) < 0 and decreasing in any interval where (wr)" > 0.
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Proof Here let

a2
W) = u(x)> + %
Then
: o W)
W) = ~[wrl () 5
At the relative extrema, u(x)? = W (x). ([l

This argument proves the following.
Proposition 3.5.3 Suppose that w(x) > 0, r(x) > 0, and
[wu'l'(x) +rx)ulx) =0

inan interval a < x < b. If (wr)’ < 0 in this interval, then

ux)> <u)?*+ w® u'(b)?, a<x<b.
r(b)

Let us apply these observations to the three cases in Section 3.4. In the
Hermite case, p’ — 2g = 4x, so the relative maxima of | H, (x)| increase as |x|
increases. In the Laguerre case, p —2g =1 —2(a + 1 —x) = 2x — Qa +
1), so the relative maxima of |L® (x)| decrease as x increases so long as x <
o+ %, and increase with x for x > o + % In the Jacobi case,

p(x) =2q(x) = —2x = 2[ —a — (& + B + 2)x]
=2[a — B+ (¢ + B + Dx].

It follows that the relative maxima of |P,§a’ﬂ ) | are either monotone, if one of «,

Bis> —% and the otheris < —%, or decrease fromx = —1 until (¢ + 8 + 1)x

= B — « and then increase to x = 1 if both & and 8 exceed —%. Thus

sup |P*P (x)| = max {|P{*P (=), [P@P (D)} if max{e, B} > —%.

lx|=<1

The results on relative maxima for Hermite and Laguerre polynomials
can be sharpened by using Proposition 3.5.2 with w(x) = 1. As noted in
Section 3.4, the gauge transformations

2
Hy(x) = ¢ uy (x);

LE[D[)(X) — ex/Zx—(a+l)/2 Un(x)
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lead to the equations

ul(x) 4+ @2n +1 = x?) uy(x) = 0;

l—a? 2n+a+1 1
v;’(x>+[4x2 +— —ﬂvnm:o.

It follows from Proposition 3.5.2 that the relative maxima of |u,(x)| are
increasing away from the origin, and that the relative maxima of |v,(x)| are
increasing on the interval

a?—1
x > max{0, ——— .
2n+a+1

Moreover, Theorem 3.3.6 gives information about the zeros of u, and v,,
which are the same as those of H, and Lf,a). Since H, and Lif‘) are poly-
nomials, u,, and v, have limit zero as x — o0. The coefficient r(x) for u, (x)
is negative for x > /2n + 1, so H,(x) = (—1)" H,(—x) has no zeros x with
x2>2n+1. Similarly, the coefficient  (x) for v, (x) is negative for

x>2n+a+1+VCn4+a+D2+1—a2,

50 L' has no zeros in this interval.

3.6 Some equations of mathematical physics

A number of second-order ordinary differential equations arise from partial
differential equations of mathematical physics, by separation of variables in
special coordinate systems. We illustrate this here for problems involving the
Laplacian in R3. In Cartesian coordinates x = (x1, x2, x3) the Laplacian has
the form

A =
0x] +

Because it is invariant under translations and rotations, it arises in many
physical problems for isotropic media. Four examples are the heat equation,
or diffusion equation

v (X, 1) = Av(x, 1),
the wave equation

vtl‘(xa t) = AU(X7 t)a



3.6 Some equations of mathematical physics 75

and the Schrodinger equations for the quantized harmonic oscillator
iv, = Av — |x|%v (3.6.1)
and for the Coulomb potential

iv, = Av — Ifc_l . (3.6.2)

Separating variables, i.e. looking for a solution in the form v(x,t) =
o(t)u(x) leads, after dividing by v, to the four equations

¢ Aux).

o)~ u@®
o0 _ Au.
o) ulx)
PO Aum
P = — Ix/%;
o)~ u®

9 Aux)  a
i = - —.
ey  ux x|
In each of these equations the left-hand side is a function of ¢ alone and the

right-hand side is a function of x alone, so each side is constant, say —A. Thus
we are led to three equations involving the Laplacian, the first of which is

known as the Helmholtz equation:

Au(x) + A u(x) = 0; (3.6.3)
Au(x) — |X[Pu(x) + A u(x) = 0; (3.6.4)
Au(x) —a % +Au(x) = 0. (3.6.5)

The case A = 0 of the Helmholtz equation is the Laplace equation:
Au(x) = 0. (3.6.6)

One approach to these equations is to choose a coordinate system and
separate variables once more to find special solutions. One may then try to
reconstruct general solutions from the special solutions. For this purpose, in
addition to Cartesian coordinates we consider the following.

Spherical coordinates (r, ¢, 0):

(x1,x2,x3) = (rcosgsiné, rsingsinf, r cos9), (3.6.7)
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in which the operator A takes the form

2 29 1 9 1 a9 . 9

A=—4+-"—F— 4+ sinfh—.
arz  r dr  r2sin?0 0¢? + r2sinf 90 RL]

(This is the notation for spherical coordinates commonly used in physics and
often used in applied mathematics. It is common in the mathematical literature
to reverse the roles of 6 and ¢ here.)

Cylindrical coordinates (r, 0, z):
(x1,x2,x3) = (rcosf, rsiné, z), (3.6.8)
in which the operator A takes the form

A0 Lo 19 @
Car2 o ar o r?290% 0 9%

Parabolic cylindrical coordinates (€, ¢, z):

1
(x1, %2, x3) = (5[52 — ;2J,sc,z), (3.6.9)

in which the operator A takes the form

Ao ] 9? N 9’ N 9
- %-2 + ;2 3;);2 3@-2 972"
Separating variables in the Helmholtz equation (3.6.3) in Cartesian coordi-
nates, by setting u(x) = u1(x1)uz(x2)u3(x3), leads to

4 4

u, U3
+-2+24a=0.
Ui ur» U3

"
"y

If we rule out solutions with exponential growth, it follows that

4

J 2 2 2 2
u—j:—kj, ky + k5 + k3 = A.

<

Therefore the solution is a linear combination of the complex exponentials
u(x) = e**,  |k|* = A

Separating variables in the Laplace equation (3.6.6) in spherical coordinates
by setting u(x) = R(r)U (¢)V () leads to

2R// 2 R/ U// : QV”
R e { [sin0 V] }:o. (3.6.10)

R sin oU sinf vV
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Each of the summands must be constant. It follows that R is a linear combina-
tion of powers r” and »~!~" and

U// : Qv/ /
T + {sin@ % + vy + 1)sin29} =0.
Once again each summand is constant, and U” = — ,uzU leads to
L4 o™ ho 41 L
—— — {sinf0— v(v — =0.
sin6 do do sin2 0

The change of variables x = cos@ converts the preceding equation to the
spherical harmonic equation:

2

1 —x2

[(1—x2)u’]’+[v(u+1)— i|u=0, 0<x<l (3611
The case u = 0 (solution-invariant under rotation around the vertical axis) is
Legendre’s equation; the solutions are known as Legendre functions.

Separating variables in the Helmholtz equation (3.6.3) in cylindrical coor-
dinates, u(x) = R(r)T (0)Z(z), leads to

’,ZR// 4 }’R/ T// rZZ//

Arr= 0.
R +T+Z+r

It follows that Z”/Z + » = and T”/T are constant. Since T is periodic,
T")T = —n? for some integer n and

r2R'(r)+r R (r)+ ur* R(r) —n* R(r) = 0.

Assuming that u = k2 is positive, we may set R(r) = u(k~'r) and obtain
Bessel’s equation

2u () 4+ xu' () + [x2 = n?]ux) = 0. (3.6.12)

Solutions of (3.6.12) are known as cylinder functions.

Separating variables in the Helmholtz equation (3.6.3) in parabolic cylindri-
cal coordinates, u(x) = X (£§)Y(¢)Z(z), leads to the conclusion that Z"/Z +
A = u is constant and

4 "

A 2 2y _
X+Y+,U«(§+C) 0.

It follows that there is a constant v such that

X'+ (uE? =X =0=7"+ >+ 7.
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Assuming that ;1 = —k? is negative, the changes of variables £ = k~'x and
¢ = k~'x convert these to the standard forms

u”(x) — x*u(x) £vux) = 0. (3.6.13)

Solutions are known as parabolic cylinder functions or Weber functions.
Separating variables in (3.6.4) in Cartesian coordinates leads again to
(3.6.13). Separating variables in spherical or cylindrical coordinates leads to
equations in the radial variable r which are not of classical type; in parabolic
cylinder coordinates equation (3.6.4) does not separate.
Equation (3.6.5) separates in spherical coordinates, leading to an equation
in the radial variable:

i 2, a K _
v (r)—i—;v(r)—i—()»—;—i—r—z)v(r)—o.

Taking v(r) = r~'w(r), followed by a change of scale, converts this to the
Coulomb wave equation

u” (p) + [1 - %’7 - 1(1; 1)} u(p) = 0. (3.6.14)

Solutions are known as Coulomb wave functions.

3.7 Equations and transformations

Let us begin with a list of the second-order equations encountered in this
chapter. We claimed at the outset that all are related to the pair consisting of
the confluent hypergeometric equation

xu"(x)+(c—x)u'(x) —aulx)=0 (3.7.1)
and the hypergeometric equation
x(1=x)u"(x) 4+ [c =@+ b+ Dx]u'(x) —abu(x) =0, (3.7.2)

in the sense that they can be reduced to one of these equations by a gauge
transformation and changes of variables.
Each of the equations has, up to multiplication by a function, the form

L r—02 u=0, (3.7.3)
P p

where p and r( are polynomials of degree at most 2 and ¢ is a polynomial of
degree at most 1. This general form is preserved under a gauge transformation
u(x) = @) v(x),
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/
LA (3.7.4)
¢ p
where ¢ is any polynomial of degree at most 1. The polynomial ¢; can be
chosen (not necessarily in a unique way) so that the equation for v has the

canonical form
pv' +qgv +Arv=0, (3.7.5)

where g has degree at most 1 and X is constant. To accomplish this one is led
to three equations for the two coefficients of g and the constant A.

Classifying symmetric problems with polynomials as eigenfunctions led to
equations of the form

u’ —2xu’ 4+ 2au = 0; (3.7.6)
xu' +(@+1—x)u +ru=0; (3.7.7)
(1 —xHu" +[f—a—(@+B+2)x]u' +ru=0. (3.7.8)

A unitary equivalence (to a symmetric problem with weight 1) mapped the first
two of these three equations to

V4 2h+1=xHu=0; (3.7.9)

x2+a2

xv//+v/_

1
v—i—()»—i-a—; >v=0. (3.7.10)
As noted in Section 3.4, letting x = 1 — 2y takes (3.7.8) to the form (3.7.2).

Separating variables in problems involving the Laplacian in special coordi-
nate systems led to the equations

(A —xu" —=2xu’ +ru — p>(1 — x> lu = 0; (3.7.11)
2w’ 4 xu' + (2= vHu=0; (3.7.12)

W —x*utvu=0; (3.7.13)

x2u” + [x2 = 2nx = 1+ D]u = 0. (3.7.14)

The spherical harmonic equation (3.7.11) is in the general form (3.7.3).
As noted above, it can be reduced to the canonical form by a gauge transfor-
mation, in this case

1

ulx) = (1 — x2> 24 v(x),
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leading to the equation

(1 - xz) V(x) = 20 + Dxv/ () + [A — 1 = 1] v(x) =0,

which is the special case « = B = u of (3.7.8) and thus a particular case of
(3.7.2).

Equation (3.7.7) is a particular case of the confluent hypergeometric equa-
tion (3.7.1), so the gauge-equivalent equation (3.7.10) is also.

Bessel’s equation (3.7.12) is in the general form (3.7.3) with p(x) = x.
Corresponding gauge transformations are

u(x) = e x v (x),
leading to the canonical form
x4+ Qu+1£2ix)vV+£iQRv+1)v=0.

Letting y = F2ix converts this, in turn, to
1
yw' +Quv+1-—y)w — <v+§> w=0.

Thisis (3.7.1) withc =2v + L, a = v + 3.

Up to the sign of the parameter, (3.7.9) and (3.7.13) are identical. Moreover,
(3.7.9) is related to (3.7.6) by a gauge transformation. We can relate them to the
confluent hypergeometric equation (3.7.1) by noting first that the even and odd
parts of a solution u(x) of (3.7.6) are also solutions. Writing an even solution
asu(x) = v(xz) converts (3.7.6) to the form

1 1 / 1
xv+|l=-—x)vV+=-Av=0, (3.7.15)
2 2
the particular case of (3.7.1) with ¢ = %, a= —%)L. Writing an odd solution as
u(x) = xv(x?) converts (3.7.6) to the form
3 1
xv”—i—(i—x) v’—i—z(k—l)v:O, (3.7.16)

the particular case of (3.7.1) with ¢ = %, a= %(1 —A).
Finally, the gauge transformation u(x) = X x!t1y(x) converts (3.7.14) to

x 0" (x) + (21 + 2 + 2ix) V' (x) + [(21 +2)i — 2;7] v(x) =0,
and the change of variables v(x) = w(—2ix) converts this equation to
yw' M+ @ +2=yw'(y) =+ 1+inw(y) =0,
whichis (3.7.1)withec =2 +2,a=1+1+1in.
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3.8 Exercises

Verify that equations (3.1.1) and (3.1.5) are equivalent under the gauge
transformation (3.1.4).

Show that if ¢ and v are two solutions of (3.1.7) and ¢(x) # 0, x € I,
then ¥ (x) = C ¢(x), C constant.

Prove Proposition 3.1.1 by showing first that the symmetry condition is
equivalent to

b
0= (Luv) = .20 = [ [p(a'v =) + g (u'v — )] wd

b
= / (u'v—uv')[qw — (pw)'] dx. (3.8.1)

In particular, if u = 1 wherever v # 0, then

b b
0= —/ V' [qw — (pw)1dx = f v[qw — (pw)'] dx;

conclude that gw — (pw)’ = ¢, constant. If u(x) = x wherever v # 0,

then
b b
0=c/ (v—xv’)dx:Zc/ vdx
a a

for all such v, so ¢ = 0. Therefore symmetry implies gw = (pw)’.
Conversely, show that the condition gw = (pw)’ implies symmetry.
Prove Proposition 3.1.2 by finding a first-order equation that
characterizes w up to a constant.

Prove Proposition 3.1.3 by finding a first-order equation that
characterizes ¢ up to a constant.

Prove Proposition 3.1.4 by finding a unitary map that has the form
Tf(x) = hx) f(x).

Prove (3.1.11).

Complete the Liouville transformation, the reduction of (3.1.1) to an
equation of the form

w' () +riwiy) + s wy) = HL0),

by applying a gauge transformation to (3.1.11).
Deduce Theorem 3.2.2 from the proof of Theorem 3.2.1.
Prove the estimates (3.2.6) and (3.2.7).
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3.11

3.12

3.13

3.14
3.15
3.16

Second-order differential equations

Find an integral formula for the solution of the equation
u’ (x) + 2 2u(x) = f(x), —o0o<x <00

that satisfies the conditions u(0) = u'(0) = 0, where A is a positive
constant.
Find an integral formula for the solution of the equation

W) +ux)=fx), —-m<x<mw

that satisfies the conditions u(—m) = 0 = u(xw).

Suppose that I = (a, b) is a bounded interval of length

L = b — a, suppose that r(x) is continuous on / and |r(x)| < C, all
x € I. Suppose that A > 0 and u is a nonzero real solution of

u”(x) 4 [r(x) + 2] ux) =0

on I. Let N()) denote the number of zeros of u in the interval. Use
Theorem 3.3.3 to prove that for sufficiently large A,

‘N(k) . % <2

Prove Theorem 3.3.4.
Prove Corollary 3.3.5.
Verify that the gauge transformation

Ha() = €2 Iy ()
converts the equation for the Hermite function H, to the equation
R(x) 4 21 + Dhy(x) = x% by (x).
Deduce from this that /,, is the solution of the integral equation
h,(x) = A, cos («/Mx + bn)

2 /"‘ sin[v2n 4+ 1 (x — y)]
Y 0 V2n+1

for some choice of the constants A,, and b,,; determine these constants.
As shown in Chapter 10, this implies the asymptotic result

h,(x) = A, [cos (\/Zn +1x+ bn) +0 (n_%>:|

asn — oQ.

hy(y)dy
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Determine the Liouville transformation that reduces the equation (3.7.7)
for Laguerre polynomials to an equation of the form

V') +2v(y) = r()vy).

Find the form of an integral equation for the corresponding modified
Laguerre functions l,(la) (y) analogous to that for the modified Hermite
functions h, (x). Can this be used to obtain an asymptotic result?
(Specifically, can the constants A,, b, be determined?)

Determine the Liouville transformation that reduces the equation (3.7.8)
for Jacobi polynomials to an equation of the form

V() +2v(y) =r(y)v(y).

Verify that an equation in the general form described in connection with
(3.7.3) can be reduced to the canonical form (3.7.5) by a gauge
transformation as described in connection with (3.7.4).

Show that Riccati’s equation [238]

u(x)+ux)>+x"=0

can be converted to a second-order linear equation by setting
ulx) = u’l(x)/ul(x). Show that the change of variables u1(x) = u2(y)
with

2 x(m+2)/2
T
leads to the equation
" m /
uy(y) + m uy(y) +ua(y) =0.

Show that eliminating the first-order term in the last equation in
Exercise 3.20 leads to the equation

_ 2

7 r r m
uz(y) + |1+ 2 us(y) =0, r=

2m+ 4"

Show that the gauge transformation u3(y) = y% v(y) converts this to
Bessel’s equation (3.6.12) with n = 1/(m + 2). Combined with results
from Section 7.1, this proves a result of Daniel Bernoulli [24]: solutions
of Riccati’s equation can be expressed in terms of elementary functions
when 2/(m + 2) is an odd integer.
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3.9 Summary

Various real functions defined on a finite or infinite real interval I = (a, b) are
denoted by p, g, r, f, g, w,... The functions p and w are assumed to be
positive on 1.

3.9.1 Transformations, symmetry
The general linear second-order differential equation on the interval 7 is
pE)u"(x) +q(x)u' (x) +r(x)ux) = fx).

The corresponding homogeneous equation is the equation with right-hand side

f=0:
pe)u”(x) +q(x)u'(x) +r(x) ulx) = 0.
A gauge transformation is a transformation of the form

u(x) = p(x)v(x), @x)#0.
Then u satisfies the equation above if and only if v satisfies
¢’ (x)
@(x)
9" (x) ¢’ (x)

o 919 00

p)v"(x) + [ZP(X) + q(X)} v'(x)

fx)
o)’

The homogeneous linear first-order differential equation ¢’(x) = h(x) ¢(x)
has a solution, unique up to a multiplicative constant,

+ |:P(X) + r(x)] v(x) =

X

@(x) = exp {/ h(y) dy}, x0 € 1.

X0

This solution has no zeros in the interval. Therefore a gauge transformation can

be used to eliminate the first-order term gu’ or to symmetrize the operator L.
The weighted L? space sz has inner product

b
(i) = (fr)w = / F00) 2(0) wx) dx.

The operator L is symmetric with respect to the weight w if (Lu, v) = (u, Lv)
for every pair of twice continuously differentiable functions u, v that vanish
outside some closed subinterval of 7. An equivalent condition is that



3.9 Summary 85

. > (pw) d 1 d <

d

=p—+-— —4r=——pw— | +r
Paxz w  dx wdx \P dx>

Given L, there is always a weight function, unique up to a multiplicative

constant, such that L is symmetric with respect to w.

The coefficient p can be eliminated by a change of variables

yx) = / L
x VPO
Then the original equation becomes
v |4 Pl
v +[ﬁ_ﬁi| vV +rv=f.

The first-order term can be eliminated by a gauge transformation; the resulting
composite transformation is the Liouville transformation.

3.9.2 Existence and uniqueness

The set of solutions of the homogeneous equation

pe)u" () +g(x)u'(x) +r(x)ulx) =0

is a vector space of dimension two.
Given a point x¢ in the interval / and two constants co, c1, there is a unique
solution of the homogeneous equation that satisfies the conditions

u(xo) =co; u'(x0) = ci.

It follows that if u is a solution that does not vanish identically, then any zero
of u in I is a simple zero.

3.9.3 Wronskians, Green’s functions, comparison

The Wronskian of two functions is

ur(x) wua(x)

W, u) ) =\ ot ()
1 2

= (x) uy(x) — u} (x) usr(x).

If u1 and u; are two solutions of the homogeneous equation, the Wronskian is
either identically zero, if the solutions are linearly dependent, or never zero, if
they are independent.
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The equation pu” + qu’ + ru = f has a solution
X

u(x) = / G(x,y) f(y)dy,
X0

with the Green’s function G given by

ur(yuz(x) — uz(y)ui(x)
Gx,y) = ,
(x.7) P W()

where u and u; are independent solutions of the homogeneous equation and

W = W(u1, up) is the Wronskian. A consequence is the general existence and
uniqueness theorem for the inhomogeneous equation pu” +qu’ +ru = f
with conditions

u(xo) =co, u'(x0) =ci.

To satisfy more general boundary conditions, we use the form

u(x)=f G+(x,y)f(y)dy+/ G_(x,y) f() dy,
y<x y

>X
where

uy(y)u_(x) u_(y)uy(x)
Gi(x,y)= —2 "2 G_(x,y)= —22 7
+5.3) p(Y) W(y) (x.7) p(y) W(y)

Zeros of solutions of the homogeneous equation with different zero-order
coefficients can be compared using Sturm’s theorem: if | and u, are solutions
of the equations

P U () + ) u; () +rj()uj(x) =0, j=1,2
on the interval 7, neither is identically zero, and
ri(x) <rx), al xel,

then between any two zeros of u in [ there is a zero of u5.
Zeros of solutions of equations in the form

[wu'l'(x) +r(x)u(x) =0

can be located by noting that if » < 0 on an interval (¢, d) and u(x) — 0 atd
and u is not identically zero, or if u(x)u’(x) > 0 for x close to c, then u has no
zeros in (c, d). Otherwise there is at most one zero in (c, d).
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3.9.4 Polynomials as eigenfunctions

To extend the symmetry condition for a second-order differential operator L to
a larger class of functions in the weighted L? space L%} requires imposing con-
ditions such as pw — 0 at the boundary points. An allowable function u % 0
is an eigenfunction for L with eigenvalue — if Lu + Au = 0. Eigenfunctions
corresponding to different eigenvalues are orthogonal.

Up to certain normalizations (linear transformations, translations, multipli-
cations by constants) there are only three cases of weights and symmetric
operators for which there are polynomials of degrees O, 1, and 2 that are
eigenfunctions. In each case the set of eigenfunctions consists of polynomials
of all degrees:

CaseI: I = (—00, +00), w(x) = exp (—xz),
d
L=———2x—, in LR, e dx).
dx? dx

The eigenfunctions {y,} have eigenvalues {—2n}. Up to normalization, they
are the Hermite polynomials. The functions

_1
Yn(x) e 2"
are an orthogonal basis for L?(R, dx). They are eigenfunctions for the operator

d? )
ﬁ%—(l—x ) (3.9.1)
Case Il: I = (0, 400), w(x) = x* exp(—x), ¢ > —1,

d? d

L=x-—+le+D—x]-— in L*(Ry, x* e dx).

The eigenfunctions {y,,} have eigenvalues {—n}. Up to normalization, they are
the Laguerre polynomials. The functions

1 1
Yn(x) x2% 2%
are an orthogonal basis for L?(R,,dx). They are eigenfunctions of the
operator
d? n d x o n a+1
dx?  dx 4 4x 2
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Caselll. I = (—1,1), w(x) = (1 —x)*(1 +X)'B,Dl,ﬂ > —1,

L_(l—xz) +[ﬂ a—(a+ﬂ+2)x]d—

The eigenfunctions {y,} have elgenvalues {—n(n +a + B+ 1)}. Up to nor-
malization, they are the Jacobi polynomials. We may rescale the interval by
taking %(1 — x) as the new x-variable so that the interval is (0, 1). In the
new coordinates, up to a constant factor, the weight is x*(1 — )c)/3 and the

operator is
2

d d
L=x(1-x)— ~|—[a~|—1—(a+ﬂ+2)x]

dx?
This is the hypergeometric operator corresponding to equation (3.0.2) with
indices (a,b,c) = (¢ + B8+ 1,0, + 1).

Up to certain normalizations, Gegenbauer or ultraspherical polynomials are
Jacobi polynomials with o = 8, Legendre polynomials are Jacobi polynomials
with « = B = 0, and Chebyshev polynomials are Jacobi polynomials in the

twocasesa = 3 = —%,a == %
A Hermite polynomial of even degree is a multiple of a Laguerre polyno-
mial of index & = —% in x2; a Hermite polynomial of odd degree is the product

of x and a Laguerre polynomial of index o = % in x2.

If the weight function in Case III is normalized to have mass 1, then the
limita = B — +00, x = y//« is the normalized weight for Case 1. A conse-
quence is that the Hermite polynomial H,, is a limit of rescaled Jacobi polyno-
mials P,f“’“). If Case 111 is transferred to the interval (0, 1) and normalized, the
limit B — +o00, x = y/p is the normalized weight for Case II. A consequence
is that the Laguerre polynomial L,(,a) is a limit of rescaled Jacobi polynomials
PP For specifics, see Section 4.2.

3.9.5 Maxima, minima, estimates
The relative maxima of |u(x)|, where
pOu”(x) +q()u’(x) + ru(x) =0, Ar>0,

are increasing on any interval where p’ — 2¢ is positive and decreasing on any
interval where p’ — 2g is negative.
If w(x) is positive and

[wu'] () +r(x)ux) =0,

then the relative maxima of |u(x)| increase with x where (wr) < 0 and
decrease as x increases where (wr)’ > 0.
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Consequences of these results and Theorem 3.3.6 for the three cases in
Section 3.4:
1

sup |PP) (x)| = max {| PP (=), | PP (D]} if oz Lorps L
xI<1 2 2

. . 2 . . .
The relative maxima of |e=* /2 H,, (x)| increase as |x| increases. The relative
—x/2y(a+D)/ ZLE,‘Y) (x)| increase with x on the interval

a?—1
x >max {0, ——¢.
{ 2n+a+1}

maxima of |e

The zeros of H,(x) lie in the interval x2 < 2n + 1, and the zeros of L,(fl) (x) lie
in the interval

x<2nt+a+l+V/Cn+a+1)2+1—a2

3.9.6 Some equations of mathematical physics
The Laplacian in Cartesian coordinates is
32 32 9?
9xo2 + ax32’

It occurs in Laplace’s equation and the Helmholtz equation:
Au(x) =0,
Au(x) + Au(x) = 0;
the heat (diffusion) equation and the wave equation:
vr(X, 1) = Av(x, 1),
v (X, 1) = Av(X, 1);

and the Schrodinger equations for the quantized harmonic oscillator and for
the Coulomb potential:

vy = Av — |X|2 v,

. a
vy = Av — — 0.
x|
Various linear second-order ordinary differential equations are obtained by
writing such equations in special coordinate systems and separating variables
(looking for solutions that are products of functions of a single coordinate).
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In spherical coordinates (r, ¢, 6), cylindrical coordinates (r,6,z), and
parabolic cylindrical coordinates (&, ¢, z), respectively,

92 29 1 92 1 9 . 9

A=—4+-—Ft—mor—— — sinf—;
8r2+r8r r2sin26 0¢?  r2sind 00 00

32+1a+1 a2+32'
ar2 rar  r?2ae?r  9z%

1 9? N 9? N 9?

- §2+§2 352 34-2 972"
Separating variables in the Helmholtz equation in Cartesian coordinates leads
to the plane-wave solutions

ux) =, kP =x.

Separating variables in the Laplace equation in spherical coordinates leads to
the spherical harmonic equation

2
[(l—xz)u/]/+|:v(v+1)—%i| u=0, O0O<x<l.
— X

The case i = 0 is Legendre’s equation; the solutions are known as Legendre
functions.

Separating variables in the Helmholtz equation in cylindrical coordinates
leads to Bessel’s equation

2u" () + x ' (1) + [x2 = n?]ux) = 0.

Solutions are known as cylinder functions.
Separating variables in the Helmholtz equation (3.6.3) in parabolic cylin-
drical coordinates leads to

u”(x) — x2u(x) £vulx) = 0.

Solutions are known as parabolic cylinder functions or Weber functions.
Separating variables in the Coulomb equation (3.6.5) leads to

2 I(I+1
u”(p>+[1——”— s )} u(p) =0,
p P

Solutions are known as Coulomb wave functions.
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3.9.7 Equations and transformations

Classifying symmetric problems with polynomials as eigenfunctions led to
equations of the form

w' —2xu' 4+ 2au = 0;
xu' + @+ 1—x)u' +ru=0;
(I —xHu" +[f—a—(@+B+2)x]u' +ru=0.

The second of these equations is the confluent hypergeometric equation. Gauge
transformations take the first of these three equations to

v”—i—(ZA—i—l—xz)v:O

and the second, which is the confluent hypergeometric equation, to

2 2
1
xv//+v/_x:_a U+<)\‘+Ol—2i’- )U:O
X

As noted in Section 3.4, letting x = 1 — 2y takes the third equation to the
hypergeometric equation.

Separating variables in problems involving the Laplacian in special coordi-
nate systems led to

(l —x2)u”—2xu’+)»u — 2(1 —x2)7]u =0
2u” + xu' +( )u—O;
u —xPutvu=0;

xu’ + [x* = 2npx — 1+ D]u = 0.
A gauge transformation takes the first of these to
(1- xz)v”(x) —2(u+ Dxv'(x) + [A — W — plv@x) =0,

and taking x =1 — 2y gives a hypergeometric equation. The second is
Bessel’s equation. A gauge transformation and an imaginary coordinate change
convert it to a special case of the confluent hypergeometric equation. The
third equation is the parabolic cylinder equation, which is gauge equivalent
to the first equation in the first set of three equations above. These two can
also be related to special cases of the confluent hypergeometric equation by
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considering even and odd solutions. A gauge transformation and an imaginary
coordinate transformation convert the fourth equation, the Coulomb wave
equation, to the confluent hypergeometric equation.

3.10 Remarks

The general theory of second-order equations is covered in most textbooks
of ordinary differential equations. Three classic texts are Forsyth [99], Ince
[135], and Coddington and Levinson [55]. The book by Ince has an extensive
discussion of the classification of second-order linear equations with rational
coefficients. The book by Hille [129] is concerned specifically with equations
in the complex domain. For some indication of the modern ramifications
of the study of equations in the complex domain, see the survey article by
Varadarajan [296]. Explicit solutions for many second-order equations are
collected in the handbooks by Kamke [150], Sachdev [244], and Zwillinger
[322].

The idea of solving partial differential equations by separation of variables
developed throughout the 18th century, e.g. in the work of D. Bernoulli,
D’ Alembert, and Euler. Fourier [100] was the first to put all the ingredients
of the method in place. For a discussion of this, Sturm-Liouville theory, and
other developments, see Painlevé’s survey [225] and Liitzen [191].

Separation of variables for the Laplace, Helmholtz, and other equations
is treated in detail by Miller [205]; see also Miiller [209]. There are other
coordinate systems in which one can separate variables for the Helmholtz or
Laplace equations, but the functions that arise are not among those treated
here: Mathieu fuctions, modified Mathieu functions, prolate spheroidal func-
tions, etc.

The Wronskian appears in [134]. The concept of linear dependence of
solutions and the connection with the Wronskian goes back to Christoffel
[52]. The idea of the Green’s function goes back to Green in 1828 [119]. The
use of the method of successive approximation to prove existence of solutions
originated with Liouville [186] and was developed in full generality by Picard
[230]. The Liouville transform was introduced in [187]. Sturm’s comparison
theorem appeared in [276]. The systematic study of orthogonal functions is due
to Murphy [211]. Techniques for estimating relative extrema were developed
by Stieltjes [272] for Legendre polynomials, Sonine for Bessel functions [265],
and others.

For extensive coverage of the 19th-century history, see [225] and Part 2
of [198].
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Orthogonal polynomials

It was shown in Chapter 3 that there are three cases in which the eigenfunctions
of a second-order ordinary differential operator that is symmetric with respect
to a weight are polynomials. The polynomials in the three cases are the classi-
cal orthogonal polynomials: Hermite polynomials, Laguerre polynomials, and
Jacobi polynomials.

Each of these sets of polynomials is an example of a family of polynomials
that are orthogonal with respect to an inner product that is induced by a
positive weight function on an interval of the real line. The basic theory of
general orthogonal polynomials is covered in the first section: expressions as
determinants, three-term recurrence relations, properties of the zeros, and so
on. It is shown that under a certain condition on the weight, which is satisfied in
each of the three classical cases, each element of the L? space can be expanded
in a series using the orthogonal polynomials, analogous to the Fourier series
expansion.

We then examine some features common to the three classical cases, includ-
ing Rodrigues formulas and representations as integrals. In succeeding sections
each of the three classical cases is considered in more detail, as well as some
special cases of Jacobi polynomials (Legendre and Chebyshev polynomials).
The question of pointwise convergence of the expansion in orthogonal polyno-
mials is addressed.

Finally we return to integral representations and the construction of a
second solution of each of the differential equations.

4.1 General orthogonal polynomials

We begin with some properties common to any sequence of orthogonal poly-
nomials. Let w(x) be a positive weight function on an open interval I = (a, b)
and assume that the moments
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b
An:/ x"wx)dx, n=0,12,...
a

are finite.
Let A_; = 1andlet A,,, n > 0, be the determinant

Ag A1 ... A,

Al Ay ... A
A, = ) . 4.1.1)

Ap Aps1 ... Az
The associated quadratic form

2
n

Z Aj+kajak=f Zajxf w(x)dx
a

J-k=0 j=0

is positive definite, so the determinant A,, is positive.
Consider the Hilbert space Lﬁ), with inner product

b
(i) = (fr 9w = / F00) 2(0) wx) dx.

The polynomial

Ao Al ... Agy 1
Al Ay .. Ay x
0n(x) = ) (4.12)

Ap At .. Agp_y x"

is orthogonal to x, m < n, while (Q,, x") = A,. To see this, expand the
determinant (4.1.2) along the last column. Computing the inner product of Q,
with x™ results in a determinant in which the last column of the determinant
(4.1.1) has been replaced by column m + 1 of the same determinant. Thus
if m < n there is a repeated column, while m = n gives A,. Now Q,(x) =
A, —1x" modulo terms of lower degree, so

(On, On) = (Qns An—lxn) = Ap—1 (an xn) = Ap—1 Ay

Therefore the polynomials

Pu(x) = On(x)

1
VAR-14Ay
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are orthonormal. They are uniquely determined by the requirement that
the leading coefficient be positive. The leading coefficient of P, is h, =
VA1 /A

Note that x P, (x) has degree n + 1 and is orthogonal to x”, m <n — 1. It
follows that for some constants a,,, b, c;,

X Py(x) = an Ppy1(X) + by P (x) + ¢ Py—1(x). (4.1.3)
Comparing coefficients of x"1 we see thata, = hy, / hp+1. On the other hand,
taking the inner product with P,_1, we have

hp—1

=Py, Pi1) = (P, xPyq) = h
n

=dn—1-

For later use, we note that the existence of a three-term recurrence formula of
the form (4.1.3) depends only on the orthogonality properties of the P,, not on
the fact that they have norm one (so long as we do not require that ¢, = a,,—1,
as we do in the following calculation).

It follows from the previous two equations that

(x —y) Py(x) Py(y) = an[Pn-i-l(x)Pn(y) - Pn(x)PrH—l()’)]
= n 1 [Pa(6) Pac1 (v) = Pa1 (0) Pa(y)].

Iterating, summing, and dividing by x — y, we get the Christoffel-Darboux
formula

=Y Pi(x)P;(y). (4.1.4)

j=0

u [Pn+1(x)Pn(y) - Pn(X)Pn+1(Y)}
n x—y

Recall that the coefficient on the left is the ratio of the leading coefficient of
P, to the leading coefficient of P, .

This has an interesting consequence. Suppose that ¢ is any polynomial of
degree < n. Then ¢ is a linear combination of the Py, k < n, and orthonormal-
ity implies that

n
q=Y (q.P))P;.
j=0

Thus (4.1.4) implies the following.

Proposition 4.1.1 If g is a polynomial of degree < n, then

b
g(x) = / Ko(r. ) g () w(y) dy. .15
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where

Prp1 () P (y) — Pp(x) Pry1 ()
Kn(x,y) = an
X =y
and a, is the ratio of the leading coefficient of P, to the leading coefficient

Oan+1-

The kernel function K, plays the same role with respect to expansions in
orthogonal polynomials as the classical Dirichlet kernel plays with respect to
the classical Fourier expansion, so we refer to it as the Dirichlet kernel for the
polynomials {P,}.

The kernel function K, can be realized as a determinant:

01 x x* ... x"
1 Ay A1 Ay ... A,
1
Kn(r,y) = = | Ar Ay Az Ang) (4.1.6)

n

YVAL Auyl Anga oo Ay

See the exercises.
Taking the limit as y — x in (4.1.4) gives

an [P,/H_l(x)Pn(x) — P,H_](x)P,é(x)] = Z Pj(x)z. 4.1.7)
j=0

A first consequence of (4.1.7) is that the real roots of the P, are simple: if
xo were a double root, the left side of (4.1.7) would vanish at x = xg, but Py is
a nonzero constant, so the right side of (4.1.7) is positive.

The next result locates the zeros.

Proposition 4.1.2 P, has n real zeros, all lying in the interval I.

Proof This is trivial for n = 0. Suppose n > 1 and let xy, ..., x;,;, be the real
roots of P, lying in I. Set ¢(x) = [[(x — x;). The sign changes of P, and
q in the interval I occur precisely at the x;. Therefore the product g P, has
fixed sign in I, so (P,, g) # 0. This implies that g has degree at least n, so
m = n. O

A second consequence of (4.1.7) is that the roots of successive polynomials
P,_1 and P, interlace.

Proposition 4.1.3 Between each pair of zeros of Py is a zero of P,—1.
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Proof For n < 2 there is nothing to prove. For n > 2, (4.1.7) implies that
Py (x) Py—1(x) — Py(x) Py_(x) > 0.

Suppose that x| <xp are two successive zeros of P,. Then the previous
inequality implies that

Pr:(x./') P,1(xj) >0, j=1,2

Since P, (x1) and P,(x2) must have different signs, it follows from the pre-
ceding inequality that the P,_;(x;) have different signs. Therefore, P,_; has
a zero in the interval (xp, x2). ([l

We turn to the question of completeness: can every element of the Hilbert
space sz be written as a linear combination of the P,? Suppose that f belongs
to L2 . Consider the question of finding an element in the span of {P;};<, that
is closest to f, with respect to the L? distance

1
d(f,e)=Ilf —gll=(f—-¢& f—28?2.
Proposition 4.1.4 Let
n b
fo= YR = [ Kawn) F umdy. @18)
Jj=0 “
Then f, is the closest function to f in the span of { Py, P1, ..., P,}.

Proof Write

f—eg=(—fw+h—9.

Computing inner products shows that f — f;, is orthogonal to every element
of the span of {P;} <y, so if g is also in the span, then f — f, and f,, — g are
orthogonal, so

f—gll> =11f = fall?> + 11 fn — gl (4.1.9)

The left-hand side is minimal exactly when g = f;,. O

Taking g =0 in (4.1.9) and using orthonormality of the P,, we obtain
Bessel’s inequality

AP =D (A PP+ IIF = falP = D PO (4.1.10)
j=0

j=0
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The following completeness theorem applies to all the cases we shall
consider.

Theorem 4.1.5 Suppose that w is a positive weight on the interval (a, b) and
suppose that for some ¢ > 0,

b
/ My (x) dx < . (4.1.11)
a

Let { P,} be the orthonormal polynomials for w. For any f € sz,

o0

f=Y_(fP) Py
n=0
in the sense that the partial sums of the series on the right converge to f in
norm in Lﬁj. Moreover, one has Parseval’s equality

o0

1112 =" (f. Pa)™. (4.1.12)
n=0
If the interval (a, b) is bounded, then the condition (4.1.11) is redundant
and one may use the Weierstrass polynomial approximation theorem to show
that polynomials are dense in L%U. A proof that remains valid in the general
case is given in Appendix B.

4.2 Classical polynomials: general properties, I

We return to the three cases corresponding to the classical polynomials, with
interval I, weight w, and eigenvalue equation of the form

(pw)

PO Y () +q(0) Y, (0) + A ¥n(x) =0, ¢ = (4.2.1)

Or, equivalently,

(pwiy) + Aawih, = 0.
The cases are

X

I =R =(-00,00), wkx)=e" g px) =1, gx) = —2x;
I =R, =(0,00), wkx)=x% " a>—-1, pkx) =nx,

gx) =a+1—x;
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I=(1,1), wkx)=({-x)*1 —i—x)ﬂ, a>—1, g>—1,
p(x):l—xz, gx)=B—a—(a+ B +2)x.

The derivative of a solution ¥, of (4.2.1) satisfies a similar equation:
differentiating (4.2.1) gives

plw]" + @+ ) [v,] + (@ + )y, =0.
Now

gy =P PP 2ppw [p(pw))
w pw pw

Thus the function pw is also a weight. Since ¢’ is a constant in each of the three
cases, ¥, is an orthogonal polynomial of degree n — 1 for the weight pw.
Continuing, ¥, is an orthogonal polynomial of degree n — 2 for the weight
p*w, with eigenvalue

—dn—q =P +q) == —2¢ - p".

By induction, the mth derivative I/J,Em) corresponds to weight p™w, with
eigenvalue

)\‘ !/ 1 1
—Ap —mgq —zm(m—l)p.

Since 1//,5") is constant, the corresponding eigenvalue is zero and we have the
general formula

1
hn = =ng' = S n(n—1)p’",

which corresponds to the results obtained in the three cases above:

A=2n, I=n, Ap=nn+aoa+pB+1), 4.2.2)
respectively.
Equation (4.2.1) can be rewritten as
wir, = —h, ' (pwy)’. 4.2.3)

Since pw is the weight corresponding to ¥/, this leads to
—1
W = [An(n + )] (P00,

and finally to

n—1

1 ! "
wy, = (=" [ | [An +mg' + smm — 1)/’} (p"wyp ). (4.2.4)

m=0
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Since w,(,") is constant, we may normalize by taking

dﬂ
dxn

Y () = wx) T — 1 p()"wx)}. (4.2.5)

This is known as the Rodrigues formula. In view of (4.2.4), with this choice of
Yy, we have

Y (x) = a,x" + lower order, (4.2.6)

n—1
1
nla, = (—1)" ]_[ [/\n +mq + Smm — 1)p”].

m=0

In our three cases the product on the right is, respectively,
(=2)"n!l,  (=D"nl, (=D"nla+p+n+ D,
so the leading coefficient a,, is, respectively,
(2", D", (=D"a+B+n+1),. 4.2.7)

As a first application of the Rodrigues formula, we consider the calculation
of weighted inner products of the form

b
o) = (f V) = / F00) () w(x) dx.

By (4.2.5), ¥,w = (p"w)™. The function p"w vanishes fairly rapidly at the
endpoints of the interval /. Therefore, under rather mild conditions on the
function f, we may integrate by parts n times without acquiring boundary
terms, to obtain

b b
/ Y () () w(x) dx = (—1)" / P fP ) w)dx.  (4.2.8)

a

This idea can be used in conjunction with (4.2.6) to calculate the weighted L?
norms:

b b
/ V20w() dx = (—1)" / U p(x) w(x) dx

n—1 b
1
=11 [kn +mq' + Smm — l)p"] / p()"w(x)dx.
m=0 a

(4.2.9)
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The preceding integral, in the three cases considered, is respectively

o 2
/ e dx = Jm;

—00

o0
f X" dx =T(n+a+1);
0

1 1
/m(1——xY”“<1+un"+ﬁdx==2”+”+ﬂ+1/m5”*“<1—-sw+ﬂds
_1 0

=27t BG ta+ 1,n+ B+ 1).

Thus the square of the weighted L? norm of v, in the three cases is,
respectively,

1Wull? = 2" n !/,
Wull> =n!T(n +a+ 1),

_ el Fn+a+DHI'n+B+1)

¥ ll? ! .
Cn+a+B+1DHI'n+a+B+1)

The standard normalizations of the classical polynomials differ from the
choice given by the Rodrigues formula (4.2.5). The Rodrigues formula for the
Hermite, Laguerre, and Jacobi polynomials, respectively, is taken to be

2d" o
H,(x) = (=1)"e" ﬁ(e * ); (4.2.10)
L@(x) = ix—“ex d- (e7*x"T); (4.2.11)
n T ! dx" ’ o
@p) =D" —a -8
PP () = (1= 07 (1 +x)
n
X o [ =)t (1 +x)" P (4.2.12)

In view of these normalizations, the previous calculation of weighted L?
norms gives

| Hall* = 2" n /7, (4.2.13)
r 1
L3211 = (n+—a,+) (4.2.14)
n:.
PAREARS nr 1
IPEP|? = (irat DEntprh — y, 55

n!'Cn+a+B+H)I'n+a+B8+1)



102 Orthogonal polynomials

The normalizations, together with (4.2.7), imply that the leading coeffi-
cients of H,, L'“, and P\*? are

(=D"  (@+B+n+ Dy

’ 2% pn!

", , (4.2.16)

n!

respectively. The discussion at the end of Section 3.4 shows that Laguerre and
Hermite polynomials can be obtained as certain limits of Jacobi polynomials.
In view of that discussion and this calculation of leading coefficients, it follows
that

2'n!
o, .
Hy(x) = lim =7 Pn (ﬁ) (4.2.17)
. 2x
L@ (x) = , lim pp) (1 — F) : (4.2.18)

4.3 Classical polynomials: general properties, 11

We may take advantage of the Cauchy integral formula for derivatives of wp”

to derive an integral formula from (4.2.5); see Appendix A. Let I" be a curve

that encloses x € I but excludes the endpoints of /. Then (4.2.5) shows that
Yn(x) 1 w(z) pR)"  dz

= — . 4.3.1)
n! 2w Jr wx) (z—x)" z —x

The generating function for the orthogonal polynomials {v,,/n !} is defined as

s) = Z Tﬁn(X) §

The integral formula (4.3.1) allows the evaluation of G:

G(x,s) =

1 f >, s p(2)" w) dz

2mi r :O(z—x)".w(x) z—X

1w ds
S 2mi Jrwx) z—x—spi)’

‘We may assume that I" encloses a single solution z = ¢ (x, s) of z — x = sp(2).
Since the residue of the integrand at this point is w({)w()c)_1 [1-— sp’({)]_l,
we obtain

Grs=28 1 @) =x (4.3.2)
w(x) 1—sp'(¢)
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In the following sections we give the explicit evaluation in the case of the
Jacobi, Hermite, and Laguerre functions. In each of the latter two cases we
give a second derivation of the formula for the generating function.

The integral formula (4.3.1) can also be used to obtain recurrence relations
of the type (4.1.3) for the polynomials . It will be slightly more convenient
to work with

Y (X) w(x)_L p(@)"w(z)dz
n! C2wi Joo (z—x)nt]

n(x) =

and look for a three-term recurrence relation

ApPn1(x) = by (x) @ (x) + cpn—1(x),  by(x) = bpo + bp1x. (4.3.3)

If a is constant then an integration by parts gives

/[ap(z)"“w(z) b(z)p(2)"w(z) CP"_I(Z)W(Z)]
C

(z — x)”+2 (z — x)n+1 (z —x)"
_f [5[p"+1w]’(z) —b@)p()"wi) — (2 —X)CP(Z)"_IW(Z):| dz
- c (z— )C)”+1 ’
~ a
a = .
n+1

Constants a, by, by, and ¢ can be chosen so that for fixed x the last integrand
is a derivative:

d { 0(z) p(2)" w(z)

dz (z —x)" } 0z) = Qo+ 01z — x),

where Qg and Q| are constants. Since (pw)’ = qw it follows that

[p"w] = [p" L (pw)] = [m — Dp' +q]p" ' w.

Applying this to both previous expressions we find that the condition on @, b, ¢
and Q is:

anp' +q)p—bp —c(z—x)=—nQp+{Q'p+ Ol(n — D)p' +ql}(z — x).
(4.3.4)

Expanding p, ¢, and Q in powers of z — x leads to a system of four linear
equations for the four unknowns b/a, c/a, Qo, and Q1. The results for the
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three cases we have been considering are the following, respectively:

Ap@Pn1(x) = by (X)@n (x) + cr@n—1(x); 4.3.5)

—)Cz.

px)=1, wkx)=e
a,=n+1, by(x)=-2x, c,=-2;

px)=x, wk)=x%"":

a,=n+1, b,x)=Qn+a+1)—x, c¢,=—-(n+a);
px)=1-x% wx)=0-x)%1+x)"?:
ap=mn+Dn+a+p+1D2n+a+p);

bax)=Qn+a+B+ D[ —a>—Qn+a+pQ2n+a+p+2)x];
cp=—4Cn+a+B+2)(n+a)(n+ B).

Taking into account the normalizations above, the three-term recurrence rela-
tions in the three classical cases are

Hy1(x) = 2x Hy(x) — 2n Hy—1 (x); (4.3.6)
4+ DL ) =Cn+a+1-0)LPw) —n+a) L (x): 43.7)

2n+2)n+a+B+1) p@h .

2nt+a+p+1 w1 &)
R @B)
_[m+(2n+a+ﬁ+2)x] PP (x)

_2ntat D+ )0+ P) Lwp
Cnitatpntatprl n-l

(x). (4.3.8)

The starting point in the derivation of the Rodrigues formula (4.2.5) was
that if ¥, is the degree-n polynomial for weight w, then the derivative v, is a
multiple of the degree-(n — 1) polynomial for weight pw. In the Hermite case,
pw = w; in the other two cases going to pw raises the index or indices by 1.
Taking into account the leading coefficients of the v, given in (4.2.7) and the
normalizations, we obtain

H, (x) =2n H,_1(x); (4.3.9)

(LT ) = =L (43.10)

[PeP] (x) = E(n +a+p+ D PT ), (4.3.11)
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The method used to derive (4.3.3) can be used to obtain derivative formulas
of a different form:

P(x) @, (x) = an(x) @n(X) + by Pa—1(x).

In fact,

1 n d
PO @ () = o /C p(x) p)" w(z) dz

2mi (z — x)nt2

For fixed x we may expand p(x) in powers of (z — x) and integrate one
summand by parts to put the integrand into the form

Po(p"w) (2) + p1p@)"w(z) + pa(z — x) p(2)"w(z) 50— P

(z — x)ntl O

where po = p(x), p1 = —p'(x), p2 = %p”. Using the integral forms of ¢,
and ¢,—1 as well, we may treat the equation

P)@, (x) — a(x)n(x) = bpu—1(x) =0 (4.3.12)

in the same way as we treated the equation (4.3.3). The resulting formulas are

H,(x) = 21 Hy—1 (x); (4.3.13)
LT ) =n L) — (1 + @) LY, (0); (4.3.14)

(1 —x2)[Pn<a,ﬁ)]/(x) = [% _ nx:| Prfa,ﬂ)(x)

2(n+oa)(n+ pB) pp)

2n+a+ﬁ n—1 ()C) (4315)

The recurrence formulas and the calculation of the norms allow us to
compute the associated Dirichlet kernels. To see this, suppose that we have
the identities

X@p(x) = ap@p1(x) + bp@n(x) + cpgn—1(x) (4.3.16)

for a sequence of orthogonal polynomials {¢,}. The associated orthonormal
polynomials are

@n = llgnll ™ on.
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The Christoffel-Darboux formula (4.1.4) implies that the Dirichlet kernel
n
Kn(x,y) =Y 308 ()
j=0
= [10nll"%0n () pn (y) + Kn—1(x. y)

is given by

u [$n+1(x)$n(y) — @n (x)5n+l()’):| _5 |:§0n+1(x)§0n()’) - <Pn(x)</’n+1()’)i|
! x—y - xX—y

for some constants «;,, ;. It follows from these equations together with (4.3.5)
that the constant 8, is a,/||¢n||*>. These observations lead to the following
evaluations of the Dirichlet kernels associated with the Hermite, Laguerre, and
Jacobi polynomials respectively:

. 1
5 [Hn+1(x)Hn(y) - Hn(x)HnH(y)} : (4.3.17)
i : 3.
(n+1)!

@, y) = — T

Ky = e
) |:L,(10_‘£1(x)L§la)(y) _ L}g«)(x)Lfffl(y)} ; “43.18)

x—y

27 B4+ DITn+a+B+2)
Cn+a+B+2)T(n+a+DHI'n+6+1)

(a,B) (a,8) (o, B) (a,8)

P x)P, — P, x)P

X[ @R () = PP ()P (y)] (43.19)
X =Yy

Ky P y) =

The discriminant of a polynomial P(z) =a ]_[;'-Il(z—zj) is the
polynomial

D@ =a"? [] -

1<j<k<n

The discriminants of the Hermite, Laguerre, and Jacobi polynomials are,
respectively:
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n
DH = 2=V T ji; (4.3.20)
j=1

n
Dlga) — Hjj—2n+2(j +a)]—1;
j=1

pep _ L TG+ G
" 2nn=1) e n+j+a+pi"

For a proof, see for example Section 6.71 of [279].
The next three sections contain additional results and some alternate deriva-
tions for these three classical cases.

4.4 Hermite polynomials

The Hermite polynomials {Hn} are orthogonal polynomials associated with

the weight ¢~ on the line R = (—00, 00). They are eigenfunctions
H,/(x) — 2x H, (x) + 2n Hy(x) = 0, (4.4.1)
satisfy the derivative relation
H, (x) = 2n H,— (x),
and can be defined by the Rodrigues formula

Hn(x)=(—1)"ex2d—n{e—x2}= - L) .
dx" dx

It follows that the leading coefficient is 2" and that
H,(x) — 2x Hy(x) = —Hp41(x). (4.4.2)

They are limits

2"n! X
— 1 (a,)
Hn () = agr}rloo an/? Pt (ﬁ) .

The three-term recurrence relation (4.3.6) may also be derived as follows.
It is easily shown by induction that H,, is even if n is even and odd if » is odd:

Hy(—=x) = (=1)" Hy (x).
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Therefore the relation must have the form

X Hy(x) = ay Hyt1(x) + by Hy—1(x). (4.4.3)
Identities (4.4.2) and (4.4.3) 1mply that H, = 2b, H,—. Comparing leading
coefficients, we see that a,, = 2 and b, = n:

1
x Hy(x) = 3 n+1(X) +n Hy—1(x). (4.4.4)

If we write H,(x) = ZZ:() apx*, then equation (4.4.1) implies the relation
(k+2)(k + 1) agy2 = 2(k — n) ay.
Since a, = 2" and a,_ = 0, this recursion gives
H,(x) = Z (— 1)’ (2x)" %, (4.4.5)
2j<n 2
The first six of the H,, are
Ho(x) = 1;
H(x) = 2x;
Ha(x) = 4x* — 2;
Hi(x) = 8x% — 12x;
Hi(x) = 16x* — 48x% + 12;
Hs(x) = 32x° — 160x> + 120x.
Taking into account the factor (—1)", the generating function

G(x,s) = Z H,;('x) s"

n=0

is calculated from (4.3.2) with p(x) = 1, and s replaced by —s, so ¢(x,s) =
x — s and

e¢] C(r—)2
) e et (4.4.6)

2
n! —x
n=0 €

This can also be calculated from the three-term recurrence relation (4.4.4),
which is equivalent to

G
2x G(x,s) = 8—()(, s)+2s G(x,s).
s
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Therefore
G(x,s) = c(x) e~ 602,

Since G(x, 0) = 1, we obtain (4.4.6).
The generating function (4.4.6) can be used to obtain two addition formulas
for the Hermite polynomials:

Hix+y)= Y

Jj+k+21=n

T ) i) (4A4.7)

and

LS (n )
Hy(x+y)=272">" (m) Hy (V2x) Hyien (V2 y); (4.4.8)

m=0

see the exercises.
The generating function may also be used to give an alternative calculation
of the weighted L2 norms (4.2.13):

n
Z s / H, (x) Hy (x) e dx—/ G(x,5)G(x, 1) e dx
m,n= O
o0
— / eZst ef()cfsft)2 dx
—0o0

2vt\/_ fZ(ZSt)

This confirms that the H,, are mutually orthogonal and that

o0
/ Hy(x)2e™ dx = n!2" J7. (4.4.9)
—00

Therefore the normalized polynomials are

Hy(x) = 1; H,(x). (4.4.10)

Td/nl2n
According to Theorem (4.1.5), a given function f € L? (R, e_xzdx> can
be approximated in L? by the sequence

n

70 = Y- (F ) = [ Kurop fre ™y, @

m=0



110 Orthogonal polynomials

To compute the coefficients ( f ﬁn) or, equivalently, ( f, H,), we may use
the Rodrigues formula, as in (4.2.8). If the function f and its derivatives to
order n are of at most exponential growth as |x| — oo, then

(f. Hy) = f ) By e dx = / T e f0 ) d.

—00
For example, (x, H,) = 0 unless m and n are both even or both odd, and
unless m > n.If m = n + 2k, the previous calculation and a change of variable
give

| o0
™, H,) = m—/ e XM dx
(m—-—n)!J_«
! oo 1 !
_ ( m: )'/ e_ttf(m_"_l)dtz%F<%[m_n+l]>'
m—n)!Jo m—nj:
4.4.12)
Similarly,
o0
(eax’ Hn) — an/ eax—x2 dx
—00
00 l 2 1 1 o0
= a"/ ef<x’2“) 3 dx = a”eza2/ s
1
_ a”ezaz JT (4.4.13)

It follows from Cauchy’s theorem or by analytic continuation that the identity
(4.4.13) remains valid for all complex a. In particular, we may take a = %ib
to calculate

1,2
. —=b
(cosbx, Hy) = { VT (b)"e 37, neven, (4.4.14)
0, n odd;
1,»
. . —=b
(sinbx, Hy,) = | ~ivT@b)"e” 37, nodd, (4.4.15)
0, n even.

A particular case of the calculation in (4.4.13) is the identity

2 1 ©
e = / e 2ixt—t dt.
VT J—oc0

This identity and the Rodrigues formula imply the integral formula
e’

Hy(x) = (=1)" NG

o0 . 5
/ (=2it)e”H¥ gy, (4.4.16)
—00
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This formula can be used to find a generating function for the products

oty 00 et vt
H,(x)H,(y) = / / (—4tu)"e” IXE=2IYU—1"=U gy
0 —o0 J—o0

Indeed, for |s| < 1,

Z H (X)H (Y) e’ +y —let 2iyu—2tus— —12—u? dt du
2p |

n=0

24,2
Xty 00 00
e s ; _42 vy —12
_ / {/ 621( x4ius)t—t dt}e 2iyu—u du
T —o0 /-0

2 2
xX“+y o0
e (v—i 2 _ iy 12
_ e (x—ius)*—2iyu—u du
T —0
e’

=7z
Taking v = u+/1 — s2 as a new variable of integration gives

o0 : 2y,2
e—21(y—xs)u—(1—s u du.

i Hyy(x) Hy (y)s" 1 <2xys _s2x2 — 52y2
= exp

~ 21y ) V=2 1 —s2

The general results about zeros of orthogonal polynomials, together with
the results proved in Section 3.5, give the following.

) . (44.17)

Theorem 4.4.1 The Hermite polynomial H,(x) has n simple roots, lying in
the interval

—V2n+1<x<vV2n+1
The relative maxima of
|e_x2/2Hn(x)|
increase as |x| increases.

Results in Section 3.5 can be used to give more detailed information about
the zeros of H, (x): see the exercises.

Theorem 4.4.2 The positive zeros x1, < x2, < ... of H,(x) satisfy the fol-
lowing estimates. If n = 2m is even, then

2k — D 4k + 1

T <= k=12 m. 4418
Wkl T i i
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Ifn =2m + 1 is odd, then
km 4k + 3
—_— < Xy < —,
V2n +1 o V2n +1

The following asymptotic result will be proved in Chapter 10:

k=1,2,...,m. (4.4.19)

1 1
1. 24(nNH2 1 1 _1
Hy(x) = 22" L)]ﬂxz[cos («/2;1 Flx— 5nn) +0 (n 2) ]
(4.4.20)
asn — oo, uniformly on any bounded interval. In view of (4.4.22) and (4.4.23)

below, (4.4.20) also follows from Fejér’s result for Laguerre polynomials [94].
1
A different normalization w(x) = e77x2 is sometimes used for the weight

function. The corresponding orthogonal polynomials, denoted by {He,}, are
eigenfunctions

(nm)4

He' (x) — x He',(x) +n He,(x) =0

and are given by the Rodrigues formula

L lodt [ _1a d1"
He,(x) = (—=1)"e2 T {e 2 }: [x—a:| {1}.

Setting y = x /\/5, it is clear that H, (y) must be a multiple of He,(x), and
consideration of the leading coefficients shows that

_ X
He,(x) =2""’H, (E) (4.4.21)

As noted in Section 3.4, there is a close relationship between Hermite
polynomials and certain Laguerre polynomials. Since the Hermite polynomials
H», of even order are even functions, they are orthogonal with respect to the
weight w(x) = e"‘z on the half line x > 0. Let y = x2; then the measure

w(x) dx becomes

1 _1
Y 2¢ 7V dy.

The polynomials {H>,(,/y)} are, therefore, multiples of the Laguerre polyno-

(-3)

mials L, . Consideration of the leading coefficients (see the next section)
shows that the relationship is

1
Hap(x) = (—1)"2%"n ! L,S_Z)(xz), n=0,1,2,... (4.4.22)

Similarly, the polynomials x ! Hy, | are even functions that are orthogonal
with respect to the weight x?¢™" on the half line, so that they must be
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(%) (XZ)Z

multiples of the Laguerre polynomials L,

1
Hopy1(x) = (=122 p1x L,(ZZ)(;R), n=012... (4.4.23)

4.5 Laguerre polynomials
The Laguerre polynomials {Lf,“)} are orthogonal polynomials associated with
the weight w(x) = x*e™" on the half line Ry = (0, o0). For a given o« > —1
they are eigenfunctions

L)@ + @+ 1 =) [L@] @) +n L (x) = 0; (4.5.1)
see Case II of 3.4. They satisfy the derivative relation
[Li7) ) = —L5 )

and are given by the Rodrigues formula (4.2.11)

(a) 1 —o X d" o —x._n
L7 (x) = mx e T {x e x }
1 [d "
S L R Y (4.5.2)
n!|ldx «x

where the second version is obtained by using the gauge transformation
u=q@v with ¢ = x%e~". It follows that the leading coefficient is (—1)"/n!.
The Laguerre polynomials for « = 0 are also denoted by L,:

La(x) = L} (x).
The Laguerre polynomials are limits

2
L®x) = lim P@P (1——x>.
B—+oo B

Writing L,(qa)(x) =ZZ:0 brxk, equation (4.5.1) gives the recurrence
relation

k+1)(k+o+1)bry1 = —(n — k) by,

SO
- @+ 1),
() _ _1\k k
L <x>—k§zoj( D5 e (4.5.3)
@+ Dy~ (=)
=— }:(a+1)kk!x. (4.5.4)

k=0
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The first four of the L'* are
LY@ = 1;

Lia)(x) =a+1—ux;

L0 = CEEED oyl
Ly = @OV @Dtk @D o L

In particular,

|
L(x) = Z( D o

Comparing coefficients, the general three-term recurrence relation (4.1.3) is

L0 =+ DL? 0+ Cnta+ 1) L) — (n+a) LY, (x).

n+1
(4.5.5)
By induction
an ar n—1
b F@) = e e T @),
so the Rodrigues formula gives the recurrence relation (4.3.7):
d
(n+ DL (x) = [xd— +a4n+1 —xi| (L@ (x)). (4.5.6)
X

Taking into account the normalization (4.5.2), the generating function
o0
G(x,s) = Z L,(f‘) (x) s"

can be calculated from (4.3.2). Here, p(x) =x, so ¢ =x/(1 —s) and
therefore

e—xs/(l —s)

G(X,S) = m.

(4.5.7)

This can also be calculated from the three-term recurrence relation (4.5.5),
which is equivalent to

G a+1 X
g(x,s) = 1 —s G(X,S) - m G(X,S).

Since G (x, 0) = 1, this implies (4.5.7).
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As for Hermite polynomials, the generating function can be used to obtain
an addition formula:

LOGx+y= Y (- @2 ])’ LYWL, 458)
Jjtk+l=n

see the exercises.
The generating function can also be used to calculate L? norms:

Z / L@ (x) L™ (x) x* e dx

m,n=0

o0
= / G(x,s)G(x,t)x“e ¥ dx
0

— 1 * e—x(l—xt)/(l—s)(l—t)xa+1 d_x
(1 _ s)""H (1 _ t)""H 0 x

Letting y = x(1 — st) /(1 — 5)(1 — 1), the last integral is

Fla+1) Z N —2,1 +n) (o).

_ a+l
(1 —s1) =

(o)

This confirms that the L,"’ are mutually orthogonal, and

o r 1
/ [Lff‘) (x)]2 x¥e N dx = (OH_—IH_).
0 n!
Therefore the normalized polynomials are
Vn!
Ma+n+1)

To compute the coefficients of the expansion

oo
r=2 () I,
n=0

we may use (4.2.8). If f and its derivatives to order n are bounded as x — 0
and of at most polynomial growth as x — 400,

(=D"

n!

LY(x) = L@ (x).

(f, L@y = /oo FE) LY (x)x%e ™ dx = /oo e £ (x) x" dx.
0 0

In particular, if m > n, then

/ XL () x% e dx = (—1)" (’Z)r(a tm+1) 45.9)
0
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and for Rea > —1,

ad'T(n+a+1)

T Ty (4.5.10)

(efax L(o{)) —
’ n
For general values of A and for ¢ > 1, the equation
xu” (x) 4+ (c —x)u'(x) — Au(x) =0

has a unique solution that is regular at x = 0 with #(0) = 1. It is known
as the confluent hypergeometric function or Kummer function 1 Fi(:, ¢; x) =
M (A, c; x); see Chapter 6. In view of this and (4.5.3),

wlﬂ( n,o+1;x) = (a:JM( n,a+1; x).

(4.5.11)
The general results about zeros of orthogonal polynomials, together with
the results proved in Section 3.5, give the following.

L@ (x) =

Theorem 4.5.1 The Laguerre polynomial L,({x) (x) has n simple roots in the
interval

O<x<2nd+a+1+V/Cn+a+1)2+1—a?).
The relative maxima of
|e—x/2x(a+1)/2L£la) (x)|
increase as x increases.

The following asymptotic result of Fejér [94, 95] will be proved in
Chapter 10:

11
2% 1 1 1
L;a)(x):L[COS<2«/n —§|:a+§:|n)+0<n_2>j|,
T x2%ta
(4.5.12)

| =

as n — oo, uniformly on any subinterval 0 < § < x < 5L

4.6 Jacobi polynomials

The Jacobi polynomials {P,SO["3 ) } with indices &, B > —1 are orthogonal with
respect to the weight w(x) = (1 — x)*(1 + x)# on the interval (—1, 1). The
norms are

2B T4 a+ DI(n+ B+ 1)

1Py P|2 = :
n!Cn+a+p+HTn+a+p+1)
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Changing the sign of x,
PP (—x) = (=1)" PP (x). 4.6.1)
The P,Ea’ﬂ ) are eigenfunctions:
A= xH[PEP) +[B —a— @+ B +2)x][P@P]
+nn+a+p+1)P*P =0, (4.6.2)

They satisfy the derivative relation

1
[PEP) @) = St p+ ) R )

and can be defined by the Rodrigues formula (4.2.12)

PP @ = S0 ,12),1 =0~ A +0)7F -

It follows from the extended form of Leibniz’s rule that
(—D" ¢ 1
ple.p) — B Y
T kz_o( aeEreY

o et Dn(B+ Da
(@ + Dp—r (B+ Di

which gives the endpoint values

{(1 x)ot+n(1 +x),3+n}'

(1 —x)"7%1 + x)k, (4.6.3)

Py = EE :‘1),1’ P (1) = -1y B D H)” (4.6.4)

In view of the discussion in Section 3.5, we have the estimate

{(a +Dn (B4 Dn
X

sup |P,f°"ﬁ)(x)| = ma

9
lx|<1 n! n!

} if orﬁz—%. (4.6.5)

Jacobi polynomials with either o = :I:% orf = :i:% can be reduced to those
with equal indices by using the following two identities and (4.6.1):

@, _ (mta+Dy (“*_%) 2 1.

P 0 = S B @x? = 1); (4.6.6)
(@, _ mta+ Day (“%) 2

P (x) = EE TR 2x* —1).

These identities follow from the relationship with hypergeometric functions,
(4.6.12), together with two of the quadratic transformations (8.6.2) and
(8.6.22). For a direct proof, see the exercises.
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The generating function can be calculated from (4.3.2). Taking into account
n
the factor (—%) in the normalization (4.2.12), we replace s by —%s. Since

p(x) =1 —x2, y(x, s) is the solution of

y=x—2(1-))

2
S0
y:sil[l—\/l—sz—}—ﬂ];
l—y 2 ]
I+x  1—s+v1—2xs+s2
l+y 2
I+x  14s++/1—2xs+s2
Thus
o pa+p

=1 —2xs + s2.

(4.6.7)
The Liouville transformation for the Jacobi case starts with the change of

p@p) _
’12:(:)” D = s R 1s T R

variable

X

dy
»/ VP()’ 1 /1 —y?

In the variable 6 the operator in (4.6.2) takes the form

=cos ' x.

0(x) =

d? +a—ﬁ+(a+ﬁ+1)cos9 d
do? sinf do’

The coefficient of the first-order term can be rewritten as
lg 1
cos Z sin 50
- 28+ 1) .
0 cos 36

(2a+1)

1112

Therefore this coefficient can be eliminated by the gauge transformation

Ly 1y
0) = | sin =0 -0 .
@) (sm2 ) (0052 )

After this gauge transformation, the operator acting on the function v is

(@+B+D? (14201 —2a) (14+28)(1—-28)
do? 4 T s 1o 16cos? 16
2 2

u = v with

(4.6.8)



4.6 Jacobi polynomials 119

and the eigenvalue equation with A, =n(n +o + g+ 1) is

an+a+ﬁ+n2+a+awa—2w
4 16 sin? %9

L (+2pa —2/8)] @) — 0

V) 4 [

4.6.9
16 cos2 16 ¢ )

In particular, if 2o = £1 and 28 = +£1, then (4.6.9) can be solved explicitly.

Equation (4.6.9) leads to estimates for the zeros of P,fa’ﬂ ) for certain o, B:
see the exercises.

Theorem 4.6.1 Suppose o < % and B% < 4, and let cos 0y, ..., cosbO,, be

the zeros ofP,fa’ﬂ), Otp < -+ < Oy Then
k—14+y) _ km

1
Orn < —, = - 1). 4.6.10
p—— < kn_n+)/ % 2(0!+ﬂ+ ) ( )

B

The inequalities are strict unless o> = % =

The following asymptotic result of Darboux [62] will be proved in
Chapter 10:

/-\
I\)l'—‘
~

cos(n0+ [a+/3+1]9—§oe71— 41‘71
/n7 (sin %9)‘”2 (cos 36 )’3+

as n — 0o, uniformly on any subinterval § <6 <mw — 4,5 > 0.

It is convenient for some purposes, such as making the connection to hyper-
geometric functions, to rescale the x-interval to (0, 1). Let y = %(1 —x). Up
to a constant factor the corresponding weight function is w(y) = y“(1 — WA,
while the rescaled polynomials are eigenfunctions for the operator

Pn(“’ﬁ)(cos 0) =

Bl —

4.6.11)

a—)£i+[+1—(+ﬁ+m]i
Y =75+l o s

with eigenvalues —n(n + o + 8 + 1); see Case IIl in Section 3.4. If we set
n
PP —2y) =) eyt

then the eigenvalue equation implies the identities

m4+a+pB+1+k)(—n+k)
k(e +1+k)

Ckt1 = Ck-



120 Orthogonal polynomials

By (4.6.4),co = (¢ + 1), /n!, so
(a+ 1), Z (@4 B+ 14+nmp(—n)k

P@B () =
w0 Y @+ k!

k=0

CER .

1
' <(x+ﬂ+l+n, —n,a+1;§(1—x)>, (4.6.12)
n!

where F is the hypergeometric function associated with the equation (1.0.2),
(3.7.2) with indices « + 8 + 1 + n, —n, o + 1: the solution that has value 1 at
y=0.

4.7 Legendre and Chebyshev polynomials

Up to normalization, these are Jacobi polynomials P,fa‘a) with a repeated index
o = B. Note that in any such case the weight function (I — x%)% is an even
function. It follows by induction that orthogonal polynomials of even degree
are even functions, those of odd degree are odd functions.

The Legendre polynomials { P, } are the case « = B = O:

Py(x) = PO (x).
The associated weight function is w(x) = 1 and the eigenvalue equation is
(1 — xz) P,/l/(x) —2x P,; x)4+nn+1)P,(x)=0. 4.7.1)

The generating function is
> 1
D Pu(x)s" = (1 —2xs +57) 2. 4.7.2)
n=0

The recurrence and derivative formulas (4.3.8) and (4.3.15) specialize to
(n+ D Prp1(x) = 2n+ Dx Py(x) —nPy_1(x); (4.7.3)
(1 = x?)P)(x) = —nx Py(x) + nPy_1(x). 4.7.4)
The recurrence relation (4.7.3) and the derivative identity
Py(x) —2xP,_(x)+ P,_,(x) = Py_1(x) (4.7.5)

can be derived from the generating function; see the exercises.
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In Sections 9.2 and 8.7 we establish two integral representations:

1 2
P,(cos0) = - / (cos@ +isinfsina)" da (4.7.6)
0
1 'cos(s(n+1)6 d
:_f (s : 2)9) A (4.7.7)
7 Jo cos 556 Vsl —s)

The general formula (4.3.19) for the Dirichlet kernel specializes to

_n+1 Puy1(x) Py (y) — Pu(x) Pyy1(y)
2 xX—y '

K0 (x, y) (4.7.8)

The Liouville transformation takes the eigenvalue equation to the following
equation for u, (0) = (sin 9)% P, (cosf), the case « = f = 0 of (4.6.9):

14 l : 1 j—
u(0) + [(;1 + 5) + m} 1 (0) = 0. 4.7.9)

The first part of the following result is the specialization to @ = 8 =0 of
(4.6.5). The second part is the specialization of a result in Section 3.5. The
remaining two statements follow from (4.7.9), together with Propositions 3.5.2
and 3.5.3.

Theorem 4.7.1 The Legendre polynomials satisfy

sup ’Pn(x)| = 1.

[x[=1

B —
S

The relative maxima of | P,(cos 0)| decrease as 0 increases for) < 0 <
and increase as 0 increases for %JT <0 <m.

1
The relative maxima of |(sin0) 2 P, (cos 0)| increase with 0 for) < 0 <
and decrease as 0 increases for %T( <60 < m. Moreover, for0 <0 <m,

N[ —

P, (0)?

A — (4.7.10)
CRSTES

‘l 2
[(sin 0)2 P,(cos 9)} < P07+
A more explicit form of this last estimate can be derived:

2\2
<<—) : 4.7.11)
niw

see the exercises. This is a sharp version due to Bernstein [29] of an earlier
result of Stieltjes [272].

1
(sin6)2 P,(cos6)
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Theorem 4.6.1 specializes to the following: let cos 6y, ..., cos8,, be the
zeros of P,(x), 601, < --- < 6,,. Then
k—1+Hx k
% <Oy < ——. (4.7.12)

The following inequality is due to Turan [278, 290]:

Py (x)* = Pu1(x) Py (%) 2 0. (4.7.13)
The Chebyshev (or Tchebycheff) polynomials {7},} and {U, } are the cases
a=p= —% ando =8 = %, respectively:
2:4:6--0m) p(-5-4) | _ nt (b4
T, = P = P ;
n(x) 135 2n—1) n (x) (%)n n (x)
T35 2n4+1) " (), " ’

Thus 7,(1) =1, U,(1) =n + 1.
The Gegenbauer polynomials or ultraspherical polynomials {C,)l‘} are the
general case « = S, normalized as follows:

QM) P(A—%,A—%)

Chx) =

In particular,
1
Clx) = T,(x), CiF@x)=Py(x), Clx)=U,x).

The Chebyshev polynomials simplify considerably under the Liouville

transformation and gauge transformation considered above. Witho = 8 = —%

the operator (4.6.8) has zero-order term and the eigenvalue —A, is —nZ.
Therefore the solutions of (4.6.2) that are even (resp. odd) functions of cos 6
when 7 is even (resp. odd) are multiples of cos(n6). The normalization gives

the Chebyshev polynomials of the first kind
T, (cos@) = cosnf. 4.7.14)

Since
dx

V1—x2

the square of the L2 norm is 7 if n = 0, and

=do,

g ) T
/ cos“nfddd =—, n>0.
0 2
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The recurrence and derivative formulas are easily derived from the trigonomet-
ric identities

cos(nf £ 0) = cosnb cos O F sinnb sinb.

These imply that

Thr1(x) + Th—1(x) =2x Tp(x), n=>1. (4.7.15)
Also

2 / . d . .
(1 —x%) T, (x) = —sin — cosnf = nsinnf sinb,
x=cos @ do

SO

(1 = x))T,(x) = —nx T, (x) +nT—1 (x). (4.7.16)

It follows from (4.7.15) and the norm calculation that the associated
Dirichlet kernel is

2 n
qmwzggnmnw

=l[nﬂuﬂﬁw—E@ﬂMNW}

4.7.17)
g xX—y

forn > 0.
Note that Ty = 1 and T7(x) = x. Together with (4.7.15), this allows us to
calculate an alternative generating function

Gr(x,s) = Z T, (x)s".
n=0

In fact,

sTHGr(x,s) —xs — 1] +sGr(x,s) =2x [Gr(x,s) — 1]

SO
o
ZT(x)s":l_—xs (4.7.18)
" 1 —2xs 452 o
n=0
With o = 8 = 1 the gauge transformation u(6) = (sin 0)~1v(0) reduces

the eigenvalue equation to

V"(x) + [1+n(n 4+ 2)]v(x) = v"(x) + (n + D*v(x) =0,
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so the solutions u that are regular at 6 = 0 are multiples of sin(n + 1)6/sin6.
The normalization gives the Chebyshev polynomials of the second kind

in(n + 1)
U, (cos ) = %, (4.7.19)

The weight function here is sin 6, so the square of the L? norm is
b3
/ sin® (n + 1O do = =
0 2

The recurrence and derivation formulas are easily derived from the trigono-
metric identities

sin(nf £ 0) = sinn# cos O + cosnb sinb.

These imply that
Unt1(x) + Un—1(x) = 2x Up(x). (4.7.20)
Also
. d [sin(n+1)6
1—-x2) U/ — _ging L |22V Y
( . ) ”(x) x=cos 6 s do { sin 0 }

—(m+1)cos(n+ 1)0sin6 + sin (n + 1)0 cos O
sin@ ’

SO
(1 — xz)U,’l(x) =—nxU,x)+m+ 1HU,—1(x). (4.7.21)

It follows from the formulas following (4.3.16) and the norm calculation
that the associated Dirichlet kernel is

2 n
K Gy =~ kZOUk(x)Uuy)
1 [Un+1(x)Un () — Un(x)Un+1(y)] . 4.7.22)
T X =Yy

Note that Uy = 1 and U;(x) = 2x. These facts and the recurrence relation
allow us to compute an alternative generating function in analogy with Gr
above:

as 1
U L 4.7.23
HZ:;) W08 = s ( )

The remaining cases when the eigenvalue equation (4.6.9) can be solved
immediately are o = —%, B :% and o = %, B = —%. In each case the
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eigenvalue parameter for degree n is A, = n(n + 1), so after the gauge trans-
formation the constant term is A, + é—lt = (n + l)2 In the first case the gauge

function is (cos %9) " and the value at @ = 0 should be ( ) /nl, so

(), cos (n+3)0
n! '

11
P(’2 2) (cos @) = (4.7.24)

1
cos 59

In the second case the gauge function is (sin %0)_1 and the value at & =0
should be (3), /n!

1 .
3 (3), sin (n+3)6

p( "
n! sin 56

1
2)(cos 0) = (4.7.25)
Combining the results of this section with (4.6.12) gives explicit evalua-

tions of hypergeometric functions associated with the Jacobi indices o = :l:%,
1.
B==5:

11
F(n, —n, 5; 5[1 — Cos 9]> = cos(nb); (4.7.26)
31 sm(n + Do
Fln+2, -n, 2; =[1 —cos8] ) = (4.7.27)
272 (n+ 1) sinf’
F( on b 9]) cos (n + 3)0 (4.7.28)
n ,—n, —; =[1 —cos == .
22 cos 19
1 sin (n + 5)0
F<n +1,—n, =; =[1 — cos@]) = (—2)1 (4.7.29)
2°2 (2n + 1)sin 16

The previous arguments show that these identities are valid for all values of
the parameter n. It will be shown in Section 8.7 that the integral representation
(4.7.7) is a consequence of (4.7.28).

4.8 Expansion theorems
Suppose that w is one of the weights associated with the classical orthogonal
polynomials:
wy (x) = e_xz, —00 < X < 00
X

we(x) =x%"", 0<x <o0;

wep(x) = (1 —0)*(1+x)P, —1<x <1,
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and suppose that {¢,}°° ) is the corresponding set of orthonormal polynomi-

als: the normalized version of the Hermite, Laguerre, or Jacobi polynomials
associated with w. It follows from Theorem 4.1.5 that if f is a function in L%U,
then the series

> on) on(x) @.8.1)

n=0

converges to f in the L? sense:

Iim ([ fy = Sl = 0. fux) =Y (fop) gr).

k=0

The partial sums are given by integration against the associated Dirichlet
kernel:

700 = [ Kateo ) FOI 00Ny, Kutro) = Y g0 )
k=0

The kernel K,, can be written in more compact form by using the Christoffel—
Darboux formula (4.1.4). Taking f = 1 and using orthogonality shows that

1=/;Kn(x,y)w(y)dy. (4.8.2)

In this section we consider pointwise convergence. In each case, if f
belongs to L%U, then the series (4.8.1) converges to f(x) at each point where f
is differentiable. In fact, we may replace differentiability at x with the weaker
condition that for some § > 0,

JO») - f)
y—X

<C for 0<]|y—x| <. (4.8.3)

If f is piecewise continuously differentiable, then this condition is satisfied at
every point of continuity.
We begin with the Hermite case. According to (4.2.13), the normalized
polynomials can be taken to be
1
on(x) = ap Hy(x), ay = 1
2tplmd

Thus in this case the expansion (4.8.1) is

o0

ch H,(x), ¢, = m /Z f(x) Hy(x) e_x2 dx. (4.8.4)

n=0
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Theorem 4.8.1 Suppose that f(x) is a real-valued function that satisfies
o 2
/ F)?e™ dx < oo, (4.8.5)
—00

and suppose that f satisfies the condition (4.8.3) at the point x. Then the series
(4.8.4) converges to f(x).

It follows from (4.8.2) that

e ¢]

FE) = fulo) = / KH e 3 [0 — Fn] e dy,

The Dirichlet kernel here is given by (4.3.17):

H _ 1 Hy 1 () Hy (y) — Hy (x) Hy 11 ()
K (x’y)_2”+]n!ﬁ|: xX—y i|
Therefore
H, o _
10 = £ = s [ i) sy e ay
H, o _
_ﬁ/ Hyp1(y) g(x, y)e v dy, (4.8.6)
where
S = fx)
glx,y) = ——"7—.
y—x
For |y| > 2|x|,

¥y < 8[ @+ 5007

Together with assumptions (4.8.3) and (4.8.5), this implies that

o0
/ 1+ 3y g(x, )2 e dy < oo. 487
o0

From (4.4.20) and Stirling’s formula (2.5.1), we have the estimates
_1 1
|Hy(x)] < A(x)n~4(2"n 2.
Thus it is enough to prove that both the integrals
1
né

e ) n 4 e 2
[ mete dys S [ Hasae dy
(2t n!)2 v 2rnh2 Vo



128 Orthogonal polynomials

have limit zero as n — oo. Changing n to n — 1 in the second expression
shows that the two expressions are essentially the same. Thus it is enough
to prove the following lemma.

Lemma 4.8.2 If
© 2
/ (1 +x2) g(x)?e™ dx < oo,
—0Q
then
1
na
lim ——— / H,(x)g(x)e — dx = 0. (4.8.8)
n—00 27 2 —
We begin with an estimate for an integral involving H,.
Lemma 4.8.3 There is a constant B such that
o 2 1
B 2y < Bornin s (4.8.9)
oo 14+ x2

for all n.
Proof First,

1 © g 2 © /1 _ 2\ " —x2
A n () efxzdxzf —r e—dx
27n! J oo 14+ x2 oo \1+x2) 14 x2
2

00 1_x2 n e '

see Exercise 4.16. Making the change of variable x — 1/x in the integral over
the interval [1, oo) converts the integral to

L/ 2\" o= 1) e/
A =2/ )l FEDe
o \1+x2 1+ x2
1 AN
<4/ 1—x dx .
- 0 1+x2 1+x2
Letr =1 — (1 —x2)/(1 + x2)% = 4x?/(1 + x2)*, so that

2 4dx dt
—i=—"__1, _ ,
1+ x2 1+x2  Ji(d—1)

Then
4/‘ 1—x2\" /( ) B11+1
- -, =n+=|.
o \1+4+x2 1+x t(l—t) 2’20 2

1
By (2.1.9), the last expression is O(n_i), which gives (4.8.9). Ul
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It follows from this result and the Cauchy—Schwarz inequality that

00 2 00
</ Hy,(x) g(x) e dx) < BZ”n!nf% / g(x)2(1 +x2) e dx
—o0 o0 48.11)

for all n, if the integral on the right is finite; here B is the constant in (4.8.9).
We can now prove the first lemma, and thus complete the proof of
Theorem 4.8.1. Given ¢ > 0 we can choose N = N (¢) so large that

82

/ g(x)2(1 —i—xz)e”62 dx < —.
[x|>N B

In view of (4.8.11), up to € we only need to consider the integral (4.8.8) over
the bounded interval [—N, N]. The asymptotic estimate (4.4.20) is uniform
over such an interval. The product of the constant in (4.4.20) and the constant
in (4.8.8) is independent of n. Thus it is enough to consider the integrals

N 1 N1
/ cos (vZn +1x— Enn) g(x)e_"z/2 dx, / n 2 g(x)e_xz/2 dx.

-N —-N

Since N is fixed, the second integral is O(n_%). The first integral tends to
zero as n — 0o by the Riemann-Lebesgue lemma: see Appendix B. (Consider
separately the cases n even, n odd.)

This result, and the ones to follow, can be extended to points of discontinu-
ity: if f € Lﬁ) has one-sided limits f(x=%) at x, and one-sided estimates

EQ%;;EHSC for 0<+(y—x) <3, (4.8.12)
then
" 1
Jim > (o0 o) = S[f @) + £ @) (4.8.13)
k=0

see the exercises.
The Laguerre case is quite similar. According to (4.2.14), the normalized
polynomials for the weight w, on the interval (0, co) can be taken to be

n! 1/2
wo=antfw. w=gtog ]

Therefore the corresponding expansion of a function f € sza is

(@) _ n! (@)
E L\ , = - L“ Ye " dx.
nzocn n (X)), oy Fnto 1)/0 SO LY (x)x%e X

(4.8.14)
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Theorem 4.8.4 Suppose that f(x) is a real-valued function that satisfies
o0
/ Fx)?x% e dx < oo, (4.8.15)
—00

and suppose that f satisfies the condition (4.8.3) at the point x, 0 < x < oco.
Then the series (4.8.14) converges to f(x).

The argument here is similar to, but somewhat more complicated than, the
proof of Theorem 4.8.1. We refer to Uspensky’s paper [291] for the details.

The proof of the corresponding result for Jacobi polynomials is simpler,
because we have already established the necessary estimates. According to
(4.2.15), the orthonormal polynomials for the weight wes on the interval
(=1, 1) can be taken to be

n!(2n+a+ﬂ+1)F(n+a+ﬂ+1)}1/2

— a4, PYP (). a, =
On(0) = an B7E00, - dn [2a+ﬂ+1r(n+a+1)r(n+ﬁ+1)

. . . . 2 .
Therefore the corresponding expansion of a function f in L;, 5 1

> @p) n'Cn+a+B+Dn+a+B+1)
Cn Pn ' (x)7 Cn = O{-‘rﬂ-‘rl
nZ:() 2 Fn+a+ DT +B+1)

1
x / F) PP (x) (1 = x)*(1 4+ x)P dx.
-1
(4.8.16)
Theorem 4.8.5 Suppose that f(x) is a real-valued function that satisfies
1
/ f(x)2 (1 —x)*1+x)fdx < oo, (4.8.17)
-1
and suppose that f satisfies the condition (4.8.3) at the point x, —1 < x < 1.
Then the series (4.8.16) converges to f(x).
Proof 1t follows from (4.8.2) that the partial sums f;,, of the series (4.8.16)

satisfy

1
o) = f(x) = / 1 KPP ) [f0) = O] (= 0%+ )P dy,

where the Dirichlet kernel here is given by (4.3.19)

272 P4+ DITn+a+p+2)
Cn+a+B+2n+a+DHITn+B+1)

5 [P,fi’f)(xwé"‘”” )~ P,i“’”(x)P,ii*F)(y)}

Ky P (x,y) =

X =y
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It follows from (2.1.9) that the coefficient here is O(n) as n — o0o. The

1
asymptotic result (4.6.11) implies that P,Ea’ﬁ) (x)is O(nff) as n — oo. Thus
to prove the result we only need to show that the inner product

1
Py ) = / PP hG) (=) 1+ )P dy =0 <n—%>

asn — oo, where h(y) = [f(y) — f(x)]/(y — x).
Let {Q,} be the normalized polynomials

0n(x) = || PP |71 PP (x).

By (4.2.15) and (2.1.9), [|P\*? || is O (n="/2). Therefore it is enough to show
that

(Qn, h) = o(1). (4.8.18)
The assumptions (4.8.3) and (4.8.15) imply that & is square-integrable, so
(4.8.18) follows from (4.1.12). O

4.9 Functions of second kind

A principal result of Section 4.3 was that, in the three cases considered, the
function

1 p' () w(z)dz

= 4.9.1
=0 e w0 @D
is a solution of the equation
n’ 1 1 "
(pwu) + X wu =0, i, =—vg — EU(V - Dp (4.9.2)

for non-negative integer values of v. In each case p was a polynomial of degree
at most 2, ¢ a polynomial of degree at most 1, gw = (pw)’, and the contour
C enclosed x but excluded the zeros of p. This was derived as a consequence
of the Rodrigues equation (4.2.5). We give now, under the assumptions just
stated, a direct proof that (4.9.1) implies (4.9.2). We then note how similar
integral representations of solutions can be obtained for arbitrary v.

First,

p(2)Y w(z)dz
(Z _ x)v+2

P [ pR)w()dz
w(x) c (z—x)vt!

p@w)u' (x) = (v + 1)p(x)/c
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By assumption
—pw' = —(pw) + p'w = (p' — q)w,

and since p and ¢ have degree at most 2 and 1, respectively,
’ 1 " 2
px) =pQR)—p@e—x+p @)E—x)7

Px)—qx)=p')—q@ +[q' @ —p" @]z —x)

_P@W'()
w(z)

+[¢' (@) — p" @]z — x).

Combining the three preceding equations gives

v+1
(pwu')(x) = (v+1)/ PR w(2)dz

x)v+2
_/ v+ I)P(z)”p’(z)w(z) + @' w'(2) dz
(Z _ x)v+1

+ |:61/ + l(l) _ 1)p”:|/ p(2)’w(z)dz
2 C

(z—=x)¥

v+1 v+1 d
— +1)/ P w(z) dz / [P w] @) dz
Cc

Z _ x)”+2 (Z _ x)”'H

+ [q’ e 1)p”:|/ PR wk)dz
2 c

(z—=x)¥

Differentiating,

v+1 d
(pwid) (x)=(v + 1)<v+2>/ ”(Z)—“)’(ﬂz

| v+l (Z)dZ , 1 Dy
—w+ )/ S [q+5v<v— p }u(x)w(x).
(4.9.3)

Since

v+2  d 1
(Z_x)v+3_ dz (Z_x)v+2 ’

an integration by parts gives
v+1 d v+1 d
(v+2)/ PR w)dz _/ () @) dz <. (4.9.4)
S0P T e @x2

Therefore (4.9.3) reduces to (4.9.2)
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For the contour just discussed, the assumption that v is an integer was nec-
essary in order for the contour to lie in one branch of (s — x)~"~!: otherwise
the integration by parts results in contributions from the points of C where one
crosses from one branch to another. On the other hand, the argument would
apply to a contour that lies (except possibly for its endpoints) in one branch
of the power, provided that the endpoint contributions vanish. This provides a
way to obtain a solution of (4.9.2) for more general values of v.

For each of three cases considered above, let I = (a, b) be the associated
real interval, and define a function of second kind

1y (x) = — /b P w)ds g0 x gl (4.9.5)
wx) Jo (s —x)H!

In each case p"*!w vanishes at a finite endpoint and vanishes exponentially

at an infinite endpoint of the interval so long as Rev > 0, so that once again

(4.9.3) leads to (4.9.4). In addition, the argument that led to the recurrence

relations and derivative formulas also carries over to the functions of second

kind. Summarizing, we have the following result.

Theorem 4.9.1 For Rev > 0 and x not real, the functions

2 [ e_s2 ds
wa) = 1t [~ L (496)
o0 LVt —sd
uyp(x) = x_"ex'/o ﬁ; 4.9.7)
1 _ o [N =)V 4 )V B ds
—_ (1 _ o B
uy3(x) = > (I=x)""1 +x) /_1 G (4.9.8)

satisfy the equations
ul () = 2x ul (x) + 2vuyi (x) = 0;
X1y (x) + (@ + 1= x) w5 (x) + vy (x) = 0;
(1= x?) uy(x) + [B— o — (@ + B +2)x]u5(x)
+v+a+ B+ Duys(x) =0

respectively. Moreover, for Re v > 1 they satisfy the corresponding recurrence
and derivative equations (4.3.6), (4.3.9) for u,1, (4.3.7), (4.3.10), (4.3.14) for
uyo, and (4.3.8), (4.3.11), (4.3.14) for u,3, with n replaced by v.

As the preceding proof shows, the basic result here holds in greater gener-
ality than the three specific cases considered above.
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Theorem 4.9.2 Suppose that p is a polynomial of degree at most 2, q a
polynomial of degree at most 1, pw'/w = q — p’, and v, xy are complex
numbers. Suppose that C is an oriented contour in a region where p* and
(z — x0)"¥ are holomorphic, and that the functions
P@'wk  p@"w()
(z—x0)"  (z—xo)*!
are integrable on C, while the limit along the curve of
P@" T w()
(z — xO)v+2

as z approaches the (finite or infinite) endpoints a and b is zero. Then the
function

1y (x) = 1 fp(z)”w(z)dz
T w) Jeo (- x0Tt

is a solution of the equation

( N/ _ _ 1 1 ”
pwu) +rwu =0, Ai,=-—vg —Ev(v—l)p

in any region containing xq in which the assumptions continue to hold.

4.10 Exercises

4.1 Show that the kernel K, in Proposition 4.1.1 is uniquely determined by
the conditions (i) it is a polynomial of degree n in x and in y and (ii) the
identity (4.1.5) holds for every polynomial of degree < n.

4.2 Prove (4.1.6). Hint: show that the function on the right-hand side
satisfies the conditions in Exercise 4.1.

4.3 Verify that the normalizations (4.2.10), (4.2.11), (4.2.12) lead to
(4.2.13), (4.2.14), and (4.2.15), respectively.

4.4 Verify the limit (4.2.17), at least for the leading coefficients.

4.5 Verify the limit (4.2.18), at least for the leading coefficients.

4.6 Verify one or more of the identities (4.3.5).

4.7 Use (4.3.5) and the normalizations (4.2.10), (4.2.11), (4.2.12) to verify
the identities (4.3.6), (4.3.7), (4.3.8).

4.8 Use (4.2.7) and the normalizations (4.2.10), (4.2.11), (4.2.12) to verify
the identities (4.3.9), (4.3.10), (4.3.11).

4.9 Use the method for (4.3.3) applied to (4.3.12) to derive one or more of
the identities (4.3.13), (4.3.14), (4.3.15).
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4.11
4.12
4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20
4.21
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Prove a converse to the result in Section 4.4: the recurrence relation
(4.4.4) can be derived from the generating function formula (4.4.6).
Prove the addition formula (4.4.7).
Prove the addition formula (4.4.8).

Prove
n
i (2) (L) = e
n—oo \n 2x
Prove that if a® + b% = 1, then
n

Hy(ax +by) =) (Z) Hy—(x) Hi(y) a" b
k=0

Letu,(x) =e™* 22 H, (x). Prove that the Fourier transform of u,,,

1 > —ix&
E /_Oo e u,(x)dx,
is (—i)" u, (&£). Hint: use the identity exp(—ix& + %xz) =
&’ /2 exp (%[x —i£]%).
Prove that
2

1 © Hy(x)> _» /00 <1—x2>” e
e dx = —Fs | ——=dx.

2tp! ) oo 14+ x2 oo W1 +x2) 142
Hint: (i) set y = x in (4.4.17) and multiply both sides by e‘xz/(l + x2).
(i) Integrate the resulting equation on both sides with respect to x and
evaluate the integral on the right by making the change of variables

(I+5)/—=19)y.
Prove the lower bounds in Theorem 4.4.2 by using the gauge
transformation H,,(x) = e/ 2, (x) and noting that the zeros of H,, and
h, coincide.
Prove the upper bounds in Theorem 4.4.2 by using the gauge
transformation H,(x) = e/ 21, (x) and then writing i, (x) = u,(y),
y = x+/2n + 1. Use Corollary 3.3.5 to relate the kth positive zero of u,,
to that of uyx (n even) or us41 (n odd), and thus relate xi, to

Xk 2k < V4k + 1 or to Xk 2k41 < Vak + 3.

Prove
1 _ n
lim o" Lﬁf‘) (ax) = ﬂ
o—>00 n!
Verify (4.5.5) by comparing coefficients, as in the derivation of (4.4.4).

Show that (4.5.5) can be derived from the generating function formula
(4.5.7).
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4.22 Prove the addition formula (4.5.8).

4.23 Prove the addition formula
n

L+ =3 1000 L ),
k=0

4.24 Expand the integrand in series to prove Koshlyakov’s formula [163]:
Frn+a+p+1) [!
r)ro+a+1) J4

4.25 The Laplace transform of a function f(x) defined for x > 0 is the
function L f defined by

[Lf](s) =/0 e f(x)dx

LEHP) () = (1= )PV LY (xr) dr.

for all values of s for which the integral converges. Show that the
Laplace transform of x* L is

F'm+a+1) (s —1)"

> 1.
n! sn+a+1 , Res 1

4.26 Prove

1 1 "
lim o™" P,g""ﬁ)(x) = — ( +x> )

a—00 n! 2

4.27 Prove (4.6.6) by showing that the functions on the right-hand side are
orthogonal to polynomials in x of lower degree, with respect to the
weight function (l — xz)a and comparing coefficients at x = —1.

4.28 Prove Theorem 4.6.1: use (4.6.9) and Theorem 3.3.3 to prove the lower
bounds, then use (4.6.1) and the lower bounds to obtain the upper
bounds. (Note that x — —x corresponds to 6 — & — 6.)

4.29 Suppose that f and its derivatives of order < n are bounded on the
interval (—1, 1). Show that

1
[ f) PP ) (1= x)* (1 +x)P dx
0

1
T onp

4.30 Show that for integers m > n,

1
/ S ) (1 = x)"e (1 + x)"F dx.
0

1
/ (14+x)" PP (x) (1 = x)*(1 + x)P dx
0

_ (m> Ftat DIm+B+D) upmiatpl
n Fn+m+a+p+2) '
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4.31 Derive the recurrence relation (4.7.3) from the generating function
(4.7.2) by differentiating both sides of (4.7.2) with respect to s,
multiplying by (1 — 2xs + x?), and equating coefficients of s.

4.32 Derive the identity (4.7.5) from (4.7.2).

4.33 Derive the generating function (4.7.2) from the recurrence relation

(4.7.3).
4.34 Prove
| 2%)! T+
/ xn+2kPn(x)dX= (n + 2k) ( 2)3 , k=0,1,2,...
. 220! T(n+k+3)

4.35 Derive the recurrence relation (4.7.15) and the identity (4.7.16) from the
generating function (4.7.18).

4.36 Derive (4.7.23) from (4.7.20) and the special cases Uy, Uj.

4.37 Derive (4.7.20) and (4.7.21) from (4.7.23).

4.38 Use the generating function to show that the Legendre polynomials
satisfy the following: for even n = 2m, P, (0) = 0 and

1 1
1 C(m+ 1L
P =ty @ L 0)
m! VT T(m+1)
while for odd n = 2m + 1, P,(0) = 0 and
3 3
5 2T (m + 5
m! VT T(m+1)
4.39 Use the functional equation for the gamma function to show that the
sequence
Jm(m+ 1)
C(m+1)

is increasing, and use (2.1.9) to find the limit. Deduce from this and
Exercise 4.38 that (4.7.11) is true for n even.

4.40 Prove (4.7.11) for n odd.

4.41 Use Exercise 4.30 to show that for any integer m > 0,

m

A +x)" ="y PP (x),
n=0

where

_T'n+a+B+1) m!lmn+B+ Dmn o
T TCn4a+B+D Cun4+a+B+ Dpn

Cn
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4.42 Prove that if the assumption (4.8.3) in any of the theorems of 4.8 is
replaced by the conditions (4.8.12), then the corresponding series
converges to [ f(x4) + f(x—)]/2. Hint: by subtracting a function that
satisfies (4.8.3) at x one can essentially reduce this to the fact that the
integral, over an interval centered at x, of a function that is odd around
X, 18 zero.

4.11 Summary

4.11.1 General orthogonal polynomials

Suppose that w(x) > 0 on an interval (a, b), with finite moments

b
A, =/ x"w(x)dx.
a

Let A_y =1landlet A,,n > 0,bethe (n+ 1) x (n + 1) determinant
Ay A1 ... A,
Ay Ay ... A
A, = ) >0
Ay Apgy ... Ay

The polynomials

Ag Ar ... A1 1
Al A ... A, x
On(x) =

Ay Apyr .o Ay X

are orthogonal with respect to the inner product
b
(f.8) = f J ) g(x) wix) dx
a

and

(an Qn) =Ay_1 Ay,

so the polynomials

1
Pp(x) = A—lA On(x)
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are orthonormal. They satisfy the recurrence relation
X Py(x) = an Py (x) + by Py (X) + an—1 Pp—1(x),

which implies the Christoffel-Darboux formula

ay |:Pn+1(x)Pn(y) - Pn(x)Pn+1(Y)] — ZPJ(X)P]()/)

P
y =

and the limiting form
n
an [Pry (1) Pa(x) = Pay1 (0 Py (0)] = Y Pi(x)2.
j=0

The polynomial P, has n distinct real roots in the interval (a, b); each root of
P, _1 lies between consecutive roots of P,.
If for some ¢ > 0

b
/ 2Pl w(x) dx < 0o,
a

then for any f € Lﬁj

f=Y_(f P) P

n=0

The partial sums of this series are
n b
S PP = [ Katro) FO) w0 dy,
.:0 a

where the Dirichlet kernel K, for { P} is

Puy1 () Py (y) — Pu(x) Pry1 (y)
X—y '

Ky(x,y) = ay |:

4.11.2 Classical polynomials: general properties, I
Rodrigues formula:
n

Yn(x) = w(x)™! d
dxn

{p@)"w)}.
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Limiting relations:

2"n! X
— 1 (@) (7~ ).
Hn(x) = allg-loo an/? P (ﬁ) ’

2
LWuﬁznmzyﬁ<y—i>.
B——+o0 B

4.11.3 Classical polynomials: general properties, I1

Integral version of the Rodrigues formula:

Yn(x) 1 /'w(z) p@"  dz

n 27 Jrwx) z—x)" z—x

This can be used to calculate the exponential generating function

Z wn (x)

Cw@) 1
wx) 1—sp'@)
coefficients of the three-term recurrence relation

G(x,s)

—sp) =x,

Y (X) w(x)

AnPuy1(x) = [byo + bp1x]@n(x) + crn—1(x),  @u(x) = n

and derivative formula
P(xX) 9, (x) = ¢u(xX) @u(x) 4 dy @1 (x).

The three-term recurrence formula allows computation of the Dirichlet kernel
Kn(x,y).

Results of these calculations are given in the summaries for Hermite,
Laguerre, and Jacobi polynomials.

4.11.4 Hermite polynomials

The Hermite polynomlals { n} are orthogonal polynomials associated with

the weight w(x) = e —* on the line. They are eigenfunctions
H,/(x) — 2x H, (x) + 2n Hy(x) = 0,

and can be defined by the Rodrigues formula

2 d" d\"
H,(x) = (=1"e X o n{e_x2} = <2x——x> {1}.
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They satisfy identities
Hy(=x) = (=1)" Hy (x);
Hyp1(x) = 2x Hy(x) — 2n Hy—1(x);
H,(x) = 2n H,_1(x);
. n! e
H,(x) = 2%(—1)11.!(”—_2” @x)" 2.
First six of the H,,:
Hy(x) = 1;
H(x) = 2x;
Hy(x) = 4x% —2;
Hiy(x) = 8x> — 12x;
Hi(x) = 16x* — 48x% + 12;
Hs(x) = 32x° — 160x> + 120x.

Generating function:

oo
G(x, S) — Z Msl‘l — 62x3752.

n!
n=0

Addition formulas:

|
Hox+y) = Y T Hix) Hi(y)

AN
Pt/
S B
=22 ( ) Hy (V2) Hyom (V2 ).
m=0 m
Norms:
o0 2
||Hn||25/ Hy ()2 e dx = 2" 1 7.
—00
Inner products:

(f, Hy) = /oo £ Hy(x) e ™ dx = /OO e £ (x) dx;

2k _(n+2k)!( 1>.
(x ,H,,)_—(Zk)! r{k+3 )
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4>|~

(¢ Hy) = a"ed®

(cosbx, H,) = zb)”e 4b 1 even,
n odd;

(sinbx, Hy) = | VT Goye” . wodd,
n even.

Integral representation:

H,(x) = (—

2
er [ 2
" / (=2it)"e™ """ a1,
VT -0

Generating function for products:

i (X)) H), (y) _ 1 exp 2xys — s2x% — 52y2
0 2'n! \/ 1 —s2 .

The relative maxima of |e‘x2/ 2H,(x)| increase as |x| increases.
H, (x) has n simple roots in the interval —v/2n + 1 < x < +/2n + 1; the

positive roots 0 < x1, < x2, < ... satisfy the inequalities
2k — D)m 4k + 1 1.2 )
—_—— < Xpp < ——, =1,2,...,m, n=2m;
Wamrl T

km 4k 4+ 3

— <X < ——, k=1,2,....m, n=2m+1.
V1 T

Dirichlet kernel:
Kf(x, y) _ 1 Hn—i—l(x)Hn(y) - Hn(x)Hn+l(y) .

2ntln \ /7 xX—y
Discriminant:

n
H _ 33n(1—1)/2 njj.
j=1

Asymptotic behavior as n — o0:

1.2 ! 1 1 1
—e2x2|:cos <v2n+ lx — 5"”) +0 <n_2> ]
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1
If the weight is taken instead as w(x) = e,sz’ the orthogonal polynomials,
denoted by { He, }, satisfy

He)!(x) — x He),(x) + n Hey(x) = 0;

d " X
_ _ __n—n/2 o
He,(x) = |:x _dx] {1} =2 H, <\/§> .

Relation to Laguerre polynomials:

1
Hop(x) = (—1)"22"n!L,S’2)(x2), n=0,1,2...,

1
Hopg1(x) = (=1)"27" n1x L,Sz)(xZ), n=0,12,...

4.11.5 Laguerre polynomials

The Laguerre polynomials {Lf,a)} are orthogonal polynomials associated with
the weight x*e¢™* dx on the half line x > 0. For a given o > —1 they are
eigenfunctions

£ (L] 4 @+ 1 =0 [LE] ) 41 L0 ) = 0:

and can be defined by the Rodrigues formula

1 d" d "
Lff‘)(x) = ﬁxf"‘ex F {x“ efxx"} = — |:— + % - 1j| {x"}.

They satisfy the identities

XL@ () = —(m+ DL () + @n+a+ DLO () — (n+a) L, (x);

[LO] () = L% ()

LT @) =n L) — 4+ o) LY, (x);

n

w B ok (a+ 1), k
L (X)_;;( D o= r e ©

First four Laguerre polynomials:
L) =1

L(la)(x) =a+1—ux;
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Lgx)(x) = w —(¢+2)x+ %xz;
L) = (o + 1)(a22)(a+3) _ (a+2)2(a+3)x+(a42—3) 2 éx3-

Alternate notation in the case « = 0O:
LY (x) = Ly (x).

Generating function:

o0 @ e—xs/(1—s)
_ o n_
G(x,s) = ZLn (x)s" = TSk
n=0
Addition formula:
—J)j
LGy = Y 2 @0 10y,
Jjtk+l=n
Norms:
o
2 2 _ MNa+n+1)
P = [ L@l e = S
_ n!

Inner products:

(£ L,7)= / TLOw fw e dv= f e O (X
0 n. Jo

(x™, Lff‘)) = (—-D" (r:)l"(a +m+1);

"r 1
(e L@y Cretet D e .
n!(a+ 1ntetl
Relation to confluent hypergeometric functions (Kummer functions):

Lif")(x)—wlﬂ( n,a+1;x) = ﬂM( n, o+ 1;x).
n! n!

Lf,a)(x) has n simple roots in the interval

O<x<2n+a+14+vV2n+a+1)2+1—a?).

The relative maxima of |e_x/ 2yt 2L£l°‘) (x)| increase as x increases.
Dirichlet kernel:

KOG gy = - F D! [U”l(x)L(“)(y) L oLy 1(y>]

F'm+a+1) xX—y
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Discriminant:

n
D = [TJ72G + ™"
j=1

Asymptotic behavior as n — 00:

1
a

_;;E;E[am@JTF%Lw+ﬂn>+o<w%>}

uniformly on any subinterval 0 < § < x <4 -1,

4.11.6 Jacobi polynomials

Jacobi polynomials {P,fou6 )} with indices «, 8 > —1 are orthogonal with
respect to the weight (1 — x)*(1 + x)# on the interval (—1, 1); the norms are

2P P+ a+ DT+ B+1)
n'Cn+a+B+DIn4+a+p+1)

1P =

They are eigenfunctions

(1—=x2)[P&P)" )+ [ —a — (@ + B +2x][PP] x)
+n(n+a+p+1) PP x)=0

and can be defined by the Rodrigues formula

(_l)n _ _ﬂ dn
nl2n (1 =071 +x) dxn

P,Ea’ﬂ)(x) _ {(1 — )t +x)ﬂ+"},

They satisfy the identities

PP (—x) = (=1)" PP (x);
Cn+2yn+a+p+1) P(a'ﬁ)

2n+oa+B+1 w1 0
2 2
a” —p
— 2 2 p@pB)
|:2n+a+,8+(n+a+'3+ )x] P (x)

_2ntatpEM AP pap .
@nta+pentatprn ot
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[P ) = %(n fa+B+1)PUTD (),
(1= PP 0 = | g x| Bl

2(n +a)(n+ B) plap)
2n+a+p n-l

n+a+1)y, (eu-3)

(x);

(v, ) 2
P = P 2x° —1);
2n (X) (}’l 4 l)n n ( X )
1
@, _ (+a+ Doy (""i) 2
S e PR T A

The endpoint values are

Prfa’ﬂ)(l) =

@ Dn - pepr gy = 1y
n!

B+ 1y
n!

The Jacobi polynomials satisfy

sup |Pn(“’ﬁ)(x)| = max

[x|=1

{(a+ Du (B+ Dp

ifaorfB>—5.
n! 7 onl }’ Fz=3

Generating function:

o p(@f) 20+f
G(x,s)= P "= ,
(x,5) nz_;) P (x) s RO TR T BP
R=+v1—2xs+s2.

Dirichlet kernel:
27 P+ D)ITn+a+p+2)
Qn+a+B+2DTn+a+ )T+ B+ 1)

. [P,ii’f)(xm(“’ﬁ) O Pé""ﬁ)(nPﬁ*P(y)}
X =Yy

KPP (x,y) =

Discriminant:

e _ L TG+ G+
g arn=b o (n+j+a+p)
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The Liouville transformation converts the equation for Jacobi polynomials to

u”(@)
n4a+p+1)?  (142a)(1—2a 1+28)(1 -2
n ( B+1) ~|—( .)(21 ) ﬁ)(1 B) 1(x) =0,
4 16sin” 560 16 cos? 56
It follows that, forazgiandﬂzfi,ifcos91n< ... < cos by, are the zeros
of PP,
k=14 ypy) ki 1
- T <O, < , =—(x+B+1).
nty = Ukn = n+y Y 2(0‘ ,8 )

Asymptotics as n — 00:

NI—

cos (n0 + 3(a + B+ 1)0 — Yar — jr) + O(n~

1
/nm (sin %9)a+2 (cos %6’)'6“L
uniformly on any subinterval 0 < § <6 <m —§.
Relation between Jacobi polynomials and hypergeometric functions:

)

PP (cos ) =

’

wl—

1 1
PP (x) = uF<a+ﬁ+l+n, —n,a+1; 5(1 —x)).
n!

4.11.7 Legendre and Chebyshev polynomials
Legendre polynomials: w(x) =1,
Py(x) = POO ().
Eigenvalue equation:
(1 —x%) P)(x) = 2x Py(x) + n(n+ 1) Py(x) = 0.

Generating function:
> 1
Y Pu(x)s" = (1 2xs +5%) 72,
n=0

The general recurrence and derivative formulas specialize to
(n+ 1D Pyp1(x) = 2n + Dx Py(x) —nPp—1(x);
(1- xz)P,;(x) = —nxP,(x) +nP,_1(x);
Pl (x) =2xP,_1(x) — P,_,(x) + Py_1(x).
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Two integral representations:

2

P,(cos0) = 2— (cos@ +isinf sina)" da
o

B _/ cos ( )9) ds
B cos 2s6 Js(1 —s)'

Dirichlet kernel:

KI(IO,O)(X’ y) = n+1 [Piz+1(x)Pn(y) - Pn(x)Pn+l(y)j| .

2 xX—y
Legendre polynomials satisfy

sup |Pn(x)] =1.
lx|<1
Relative maxima of | P,(cos 0)| decrease as ¢ increases for 0 < 6 < 57 and
increase as 0 increases for %n <6 <m.
Relative maxima of |sin¢ P, (cos 0)| increase with 6 for 0 <6 < 57 and
decrease as 6 increases for %n < 6 < ;. Moreover,

2
< —

ni
Let cos Oy, ..., cosb,, be the zeros of P,(x), 01, < --+ < 6,,. Then

k—1+4 3 kx

ol

Turan’s inequality:
Py (x)* = Puc1 (%) Py (%) 2 0.
Chebyshev (or Tchebycheff) polynomials {T,} and {U,}: the cases ¢« = 8 =

—% and o = = % respectively. Gegenbauer polynomials or ultraspherical
polynomials {C,’}}: the general case o = B:

(59 PR (S
D
(A +3),

1
Cl(x) = Ty(x), CZ(x)=Py(x), Clx)=U,(x).

Chix) = )(x);

Chebyshev polynomials of the first kind:

T, (cos ) = cosnb.
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The square of the L? normis 7 if n = 0, and

T T
/ cos2n9d9:—, n > 0.
0 2

Recurrence and derivative formulas:

Tir1(x) + T (x) =2x T, (x), n>1;

d
(1- xz)Tr:(x) = —sinGE cosnf = —nxT,(x) +nT,—1 (x).

x=cos

Dirichlet kernel:

L1 ()T (y) — Tn(X)Tn+1(y)] .

T 1
Kn(xvy):; x—y

Generating function:

o
1 —xs
— no_
Gr(x,s) = ZTn(x)s =T 52
n=0
Chebyshev polynomials of the second kind:
sin(n + 1)6

U,(cosO) = g

The square of the L norm is
T .2 T
sin“ (n + 1)60d6 = —.
0 2

Recurrence and derivative formulas:

Un1(x) + Up—1(x) = 2xUp (x);
(1 = XUy (x) = =nx Up(x) + (n + DUp—1 (x).

Dirichlet kernel:

Unt1(0)Un(y) — Un(x)Un+l(y)i| _

1
Kr?(x’}’):;[ x—y

Generating function:

o
1
G ,8) = U, P
ulx.s) n§:0: p0s" = s
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Other cases:

P gy Gy sl 160)

n! cos %9

11 1 ; 1
P( 2)(COSQ) ( )n SIH(I’IT 26)

n! sin 56

Special cases of hypergeometric functions:

F(n, — 1 [1 — cos 6] ) = cos(nb);

1o
Fln+2,—n, [1—009 =sm(n+ )
(n—i—l)sm@
1 cos n+ )9
Fln+1, —n, - —[1—0059 = ;
COoS 5 9
31 sin (n + 5)60
F<n+1,—n,— —[1—0059]) (—2)1
22 (2n + 1) sin 50

4.11.8 Expansion theorems

Suppose that f is a piecewise continuously differentiable function that is
square integrable with respect to one of the weights associated with the
classical orthogonal polynomials. The corresponding series expansion of f
takes one of the forms

s 1 e 2
rgcn Hy(x), cn= m /;oo fx) Hy(x)e dx

in the Hermite case,

(@) e () =
;cm (x), = F(n+a+1)/ F) L& (x)x% e

in the Laguerre case, or

o
n!Cn+a+p+HI'n+a+p+1)
> e PP, o= P P

e 20t T (n+a+ DT (n+B+1)

1
x / F) PP (x) (1 = x)*(1 4 x)P dx
-1
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in the Jacobi case. The series converges to f(x) at every point x of continuity,
and converges to [ f (x+) 4+ f(x—)]/2 at every point x of discontinuity, in the
open interval. (For weaker, pointwise conditions on f, see Section 4.8.)

4.11.9 Functions of second kind

The complex integral representation for the classical orthogonal polynomials
can be adapted to give an integral representation for other values of the
parameter v. In each of the three cases let I = (a, b) denote the associated
real interval. The associated function of second kind

R b p(s) w(s)ds
uv(x)—w(x)/a ST Rev >0, x¢l,

is a solution of the corresponding equation

" ’ ’ v(v_l) "
pX)u(x) +q@)u(x) +ryulx) =0, i, =-vg - P

for Re v > 0, x not real. This result also holds in somewhat greater generality:
Theorem 4.9.2.

4.12 Remarks

General orthogonal polynomials are an integral part of the theory of moments,
continued fractions, and spectral theory; see, for example, Akhiezer [5] and the
various books cited below.

Legendre and Hermite polynomials were the first to be studied, and most
of the general theory was first worked out in these cases. Legendre found
recurrence relations and the generating function for Legendre polynomials in
1784-5 [180, 181]; Legendre and Laplace [175] found the orthogonality rela-
tion. Rodrigues proved the Rodrigues formula for the Legendre polynomials
in 1816 [241]. Schldfli [250] gave the integral formula (4.3.1) for the Legendre
polynomials in 1881. The series expansion (4.6.12) for Legendre polynomials
was given by Murphy in 1835 [211].

Hermite polynomials occur in the work of Laplace on celestial mechanics
[175] and on probability [176, 177], and in Chebyshev’s 1859 paper [47], as
well as in Hermite’s 1864 paper [126]. Laguerre polynomials for « = 0 were
considered by Lagrange [170], Abel [2], Chebyshev [47], Laguerre [172] and,
for general o, by Sonine [265].

Jacobi polynomials in full generality were introduced by Jacobi in 1859
[143]. The special case of Chebyshev polynomials was studied by Chebyshev
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in 1854 [44]. Gegenbauer polynomials were studied by Gegenbauer in 1874
[111, 112]. The Christoffel-Darboux formula was found by Chebyshev [45]
in 1855, then rediscovered in the case of Legendre polynomials by Christoffel
[51] in 1858 and in the general case by Christoffel [53] and Darboux [62] in
1877-8. Further remarks on the history are contained in several of the books
cited below, and in Szegd’s article and Askey’s addendum [280].

A common approach to the classical orthogonal polynomials is to use
the generating function formulas (4.4.6), (4.5.7), and (4.6.7) as definitions.
The three-term recurrence relations and some other identities are easy
consequences, as is orthogonality (once one has selected the correct weight)
in the Hermite and Laguerre cases. The fact that the polynomials are the
eigenfunctions of a symmetric second-order operator is easily established,
but in the generating function approach this fact appears as something of
a (fortunate) accident. It does not seem clear, from the generating function
approach, why it is these polynomials and no others that have arisen as the
“classical” orthogonal polynomials. In our view the characterization theorem,
Theorem 3.4.1, the connection with the basic equations of mathematical
physics in special coordinates (Section 3.6), and the characterization of
“recursive” second-order equations (Section 1.1) provide natural explanations
for the significance of precisely this set of polynomials.

The approach used in this chapter, deriving basic properties directly from
the differential equation via the Rodrigues formula and the resulting complex
integral representation, is the one used by Nikiforov and Uvarov [219].

The classical orthogonal polynomials are treated in every treatise or hand-
book of special functions. Some more comprehensive sources for the classical
and general orthogonal polynomials are Szegd’s classic treatise [279], as well
as Askey [14], Chihara [50], Freud [101], Gautschi [108], Geronimus [114],
Ismail [136], Krall [164], Khrushchev [167], Macdonald [193], Nevai [213],
Stahl and Totik [266], Simon [259] and Tricomi [286].

The addition formulas for Hermite and Laguerre polynomials are easily
derived from the generating function representation. There is a classical
addition formula for Legendre polynomials that follows from the connection
of these polynomials with spherical harmonics; see Section 9.1. Gegenbauer
[113] obtained a generalization to all ultraspherical (Gegenbauer) polynomials
(¢ = B). More recently, Sapiro [247] found a formula valid for 8 =0
and Koornwinder [160, 161] found a generalization valid for all Jacobi
polynomials.

Discriminants of Jacobi polynomials were calculated by Hilbert [128] and
Stieltjes [270, 271]. Zeros of Hermite and Laguerre polynomials are treated
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in the report by Hahn [121]. Hille, Shohat, and Walsh compiled an exhaustive
bibliography to 1940 [130].

The three-term recurrence relation for orthogonal polynomials connects
them closely to certain types of continued fractions. The book by Khrushchev
[167] approaches the classical orthogonal polynomials from this point of view
(which was Euler’s).

Expansion in orthogonal polynomials is treated in Sansone [246]. The book
by Van Assche [292] is devoted to asymptotics of various classes of orthogonal
polynomials.

The subject of orthogonal polynomials continues to be a very active area of
research, as evidenced, for example, by the books of Ismail [136] and Stahl and
Totik [266]. Zeros of orthogonal polynomials are related to stationary points
for electrostatic potentials, a fact that was used by Stieltjes in his calculation
of the discriminants of Jacobi polynomials. These ideas have been extended
considerably; see the books of Levin and Lubinsky [185] and Saff and Totik
[245]. For asymptotic results, see the survey article by Wong [319].

We have not touched here on the topic of “g-orthogonal polynomials,”
which are related to the g-difference operator

J(x) = flgx)

(1 —g)x
in ways similar to the ways in which the classical orthogonal polynomials are
related to the derivative. For extensive treatments, see the books by Andrews,
Askey, and Roy [7], Bailey [18], Gasper and Rahman [102], Ismail [136], and
Slater [261].

qu(x) =



5

Discrete orthogonal polynomials

In Chapter 4 we discussed the question of polynomials orthogonal with respect
to a weight function, which was assumed to be a positive continuous function
on a real interval. This is an instance of a measure. Another example is a
discrete measure, for example, one supported on the integers with masses
wpy, m =0, £1,£2, ... Most of the results of Section 4.1 carry over to this
case, although if w,, is positive at only a finite number N + 1 of points,
the associated function space has dimension N + 1 and will be spanned by
orthogonal polynomials of degrees zero through N.

In this context the role of differential operators is played by difference
operators. An analogue of the characterization in Theorem 3.4.1 is valid:
up to normalization, the orthogonal polynomials that are eigenfunctions of a
symmetric second-order difference operator are the “classical discrete polyno-
mials,” associated with the names Charlier, Krawtchouk, Meixner, and Hahn.

The theory of the classical discrete polynomials can be developed in a way
that parallels the treatment of the classical polynomials in Chapter 4, using a
discrete analogue of the formula of Rodrigues.

5.1 Discrete weights and difference operators
Suppose that w = {w,}°2 _ ., is a two-sided sequence of non-negative num-

bers. The corresponding inner product

()= Quw= Y. [fm)gm) wy

m=—0oQ

is well-defined for all real functions f and g for which the norms || f||,, and
[lgllw are finite, where

154
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WA = Hw=D_ fn) wy.

m=—00

The norm and inner product depend only on the values taken by functions
on the integers, although it is convenient to continue to regard polynomials,
for example, as being defined on the line. Polynomials have finite norm if and
only if the even moments

00
§ : m2n W
m=—00

are finite. If so, then orthogonal polynomials 1, can be constructed exactly as
in the case of a continuous weight function. Usually we normalize so that w is
a probability distribution:

o0
Z w,, = 1.
m=—o0

Again, there is a three-term recurrence relation. Suppose that
Yn(x) = apx” + bpx" "1+ ...
The polynomial

bn bl‘l
Ynil + <a o —) Y (x)

n—+1 n

dn

X Y (x) —

an+1

has degree n — 1 and is orthogonal to polynomials of degree < n — 1, and is
therefore a multiple y,¥,,—. Then

Vo (Wamt Yin D = OV VD = Wi XD = Yo Y
Thus
XYn(x) = apYnt1(X) + Bu¥n(x) + Yn¥n—1(x), (5.1.1)
_Un _ by, bn+1 _ an—1 s Y w
o = , Bh=————, V= .
an+1 an Aan+1 an (-1, Yu—1w

As before, the three-term recurrence implies a Christoffel-Darboux formula.

If the weight w,, is positive at only finitely many integers, say at m = 0,
1,..., N, then the L? space has dimension N + 1. The orthogonal polynomi-
als have degrees 0, 1, ..., N and are a basis. In general there is a completeness
result analogous to Theorem 4.1.5, applicable to all the cases to be considered
in this chapter.
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Theorem 5.1.1 Suppose that w is a positive weight on the integers and sup-
pose that for some ¢ > 0,

o0
Z eXmly,, < oco. (5.1.2)

m=—0Q0

Let { P,} be the orthonormal polynomials for w. Then { P} is complete: for any
fel?,

=0. (5.1.3)

n—o00

lim Hf Z(f PO R

In the discrete case, it is easy to see that convergence in norm implies
pointwise convergence at the points m where w,, > 0.

Corollary 5.1.2 Under the assumptions of Theorem 5.1.1, for any f € L%)
and any m such that w,, > 0,

fim) = Z(f Py) Py(m). (5.1.4)

n=0

Like an integrable function, a finite measure is determined by its Fourier
transform. Therefore the proof of Theorem 4.1.5 in Appendix B also proves
Theorem 5.1.1.

For functions defined on the integers, differentiation can be replaced by
either the forward or backward difference operators

Ay fm)=fm+1) = fm), A_f(m)= f(m)—f(m—1).

Each operator maps polynomials of degree d to polynomials of degree d — 1,
so the product

[AyA_]fm) =[A_AL]fm) = fm+1)+ f(m — 1) —2f(m)

decreases the degree of a polynomial by two and plays the role of a second-
order derivative. It is convenient to express these operators in terms of the shift
operators

St f(m) = f(m=£1).
Thus
Ary=Sy -1, A_=1-S_,
and

AA_=A_A =S, +85 —2I=A, —A_. (5.1.5)
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Therefore the general real second-order difference operator can be written as
L=pySy+p-S_+r,

where pi, p_, and r are real-valued functions. The condition for L to be
symmetric with respect to w is that

0=(Lf,g)—(f.Lg)
= (p+S+£.8) — (f, p-S-8g) + (p-S-f, &) — (f, p+S+8)

o0

= Y [prw—Si(p-w)]om) fm + 1) g(m)

m=—0oQ

+ Y [pow—=S_(pyw)](m) f(m — 1) g(m)

m=—0oQ

for every f and g that vanish for all but finitely many integers. By choosing g
to vanish except at one value m and f to vanish exceptatm + 1 or at m — 1,
we conclude that symmetry is equivalent to

S—(pyw) = p-w, Si(p-w) = piw. (5.1.6)

Note that S; and S_ are inverses, so these two conditions are mutually equiv-
alent.

As for differential equations, symmetry implies that eigenfunctions that
correspond to distinct eigenvalues are orthogonal: if Lu; = Aju;, j =1,2,
then

AQur, u)y = (Lug, u)y = (U1, Luz)y = Ao(uy, u2)y.

We now ask: for which discrete weights w (with finite moments) and
which symmetric operators L with coefficients p (m) positive where w,, > 0
(with exceptions at endpoints) are the eigenfunctions of L polynomials? More
precisely, when do the eigenfunctions of L include polynomials of degrees O,
1, and 2? We assume that w,, > 0 for integers m in a certain interval that is
either infinite or has N + 1 points, and is zero otherwise, so we normalize to
the cases

(@) wy >0 ifandonlyif 0 <m < N;
(b) wy, >0 ifandonlyif m > 0;
©) wy >0 all m.

We shall see that case (c) does not occur.
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The symmetry condition (5.1.6) implies that p_(0) = 0 in cases (a) and (b)
and that p4 (N) = 0 in case (a). We shall assume that otherwise p is positive
where w is positive.

With a change of notation for the zero-order term, we may write L as

L= p+A+ - p_A_ +r. (517)

Then L(1) =r must be constant, and we may assume » = 0. Since A (x) =1,
we have

L(x) = p+ — p-,

so p4 — p_ is a polynomial of degree 1. Next, Ax(x?) = 2x % 1, so

L(x*) =2x (p+ — p-) + (p+ + po),

and it follows that p; 4+ p_ is a polynomial of degree at most 2. Therefore p
and p_ are both polynomials of degree at most 2, and at least one has positive
degree. Moreover, if either has degree 2 then both do and they have the same
leading coefficient.

The symmetry condition (5.1.6) and our positivity assumptions imply that

w1 = —LEE w0, = ), (5.1.8)

wherever w,, > 0. This allows us to compute all values w,, from wy.

Suppose first that one of p+ has degree 0, so the other has degree 1. Then
(5.1.8) implies that ¢(m) is O (Jm|) in one direction or the other, so the moment
condition rules out case (c). It follows that p_(0) = 0, and p is constant,
which rules out case (a). We normalize by taking py(x) = 1. Then p_(x) =
x/a,a > 0, so

p+(m) __a
p—(m+1) m+1

To normalize w we introduce the factor e ™4:

wmze_“%, m=0,123,... (5.1.9)

This is the probability distribution known as the Poisson distribution. The

associated polynomials, suitably normalized, are the Charlier polynomials,
also called the Poisson—Charlier polynomials.

Suppose next that both of py have degree 1. If the leading coefficients are

not the same, then ¢(m) grows in one direction, which rules out case (c). If
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the leading coefficients are the same, then asymptotically ¢(m) —1 ~ b/m
for some constant b, which implies that the products

[Tew). JTeti™ (5.1.10)
=0 =0

are either identically 1 (p; = p—), or one grows like m and the other decays
like 1/m as m — oo. This rules out case (c). Thus if both have degree 1, then
we have case (a) or (b) and p_(0) = 0.

Continuing to assume that both of p4 have degree 1, in the case of a finite
interval we normalize by taking p4(x) = p(N — x) and p_(x) = gx, where
p,q > 0, p+ q = 1. Then the normalized weight is

N
Wy = (m)pqum, m=0,1,2,3,..., N, (5.1.11)

the binomial probability distribution. Up to normalization, the associated poly-
nomials are the Krawtchouk polynomials.

Suppose now that both p4 have degree 1 and the interval is infinite. We may
normalize by taking p_(x) = x and pi(x) = c(x + b). Positivity implies
b, ¢ > 0 and finiteness implies ¢ < 1. Then

p+(m)  c(m+Db)
p-(m+1)  (m+1)°

and the normalized weight is
b
wm=(1—c)bgc'", m=0,1,2,3,... (5.1.12)
m!

The associated polynomials are the Meixner polynomials.
Suppose finally that one of p1 has degree 2. Then both do, and the leading
coefficients are the same, so
1 ! bm? - 1
p+(m)  l4+am™ +bm a c+0( )

= =1+ —
p-(m+1) 1+cm 1 +dm2 m m?

Arguing as before, we see that the moment condition rules out the possibility
of an infinite interval. With the weight supported on 0 <m < N we have
p—(0) =0 = p4(N) and there are two cases, which can be normalized to

P-x)=x(N+1+p—-x), pr)=N-x)x+ta+l), of>-1

or

p-x)=x(x—=B-N-1), prx)=0N—-x)(—a—1-x), o, Bf<—N.
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It is convenient to give up the positivity assumption for p+ and use the first
formula for p. in either case. The weight function is

(N—m+Dpla+Dm (N> (@4 Dm (B+1DN-m
m!(N+B+1—m),  \m B+ Dy

Wy =

(5.1.13)
The associated normalized polynomials are commonly known as the Hahn
polynomials. We refer to them here as the Chebyshev—Hahn polynomials; see
the remarks at the end of the chapter. In the case « = g = 0, the polynomials
are commonly known as the discrete Chebyshev polynomials.
We have proved the discrete analogue of Theorem 3.4.1, somewhat loosely
stated.

Theorem 5.1.3 Up to normalization, the Charlier, Krawtchouk, Meixner, and
Chebyshev—Hahn polynomials are the only ones that occur as eigenfunctions
of a second-order difference operator that is symmetric with respect to a
positive weight.

5.2 The discrete Rodrigues formula

Suppose that w is a weight on the integers and L is symmetric with respect
to w and has polynomials as eigenfunctions. The eigenvalue equation for a
polynomial v, of degree n is

P+ ApYn — p— Ay + Ay = 0. (5.2.1)

Applying A to this equation gives an equation for the “derivative” ,2” =

A4y, Using the discrete Leibniz identity

Ap(fe) =(S+)Arg +8A+ T,
we obtain
1
>A 1/,(1) ( )Aflﬁr(ll) +)L§ll)1/[r(ll) -0
with
P =Sipe, pV=po, AV =+ ALy —po).
The new operator here is symmetric with respect to the weight w® = pw:

1
S (wPpM) = (84 p) St (wp) = pPwpy = w® pP.

Continuing, we see that the successive differences 1//,Z = (A )k, satisfy

k
PP ay® —po A y® +20y0 =0
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with
k
p® = sk p, (5.2.2)
A0 =+ (I +Sp+--+ SN ALy — kA p-,

and the corresponding operator is symmetric with respect to the weight

k—1

w® =w [T sLps (5.2.3)
j=0

Now x/f,i") has degree n — k. In particular, wf,") is constant, SO )Lfl") =0, and we
have proved that

==+ Se 4+ ST Apr +nAyp_

n—1

=nAp(p- —p)+ Y (I —SD)Aspy. (5.2.4)
j=1

The eigenvalue equation can be rewritten to obtain w,skil) from l/f,E"), which
leads to a discrete Rodrigues formula for v,,. At the first stage we rewrite the
operator L, using the identities (5.1.6) and S_ A4y = A_,

wL =wpy Ay =S _(wpy) Ao =wpy Ay — S_(wp4 Ay)

A_(wpy Ap) = A_(wD Ap).

Therefore the eigenvalue equation can be solved to obtain

Vo= A wOy)

Ap W

on the points where w is positive. We continue this process, and take the
(1)
constant ¥, ~ to be

n—1

Y =TT+ (S5 = 1)py —kA p-] = A, (5.2.5)
k=0

The result is the discrete Rodrigues formula: where w > 0,

1 n—1
Yo = (=" — A" (w™), w™ =w []s%ps. (5.2.6)
k=0
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Since A_=1—-S_, we may expand A" = (I — S_)" and rewrite
(5.2.6) as

n

1 k(N n
Vo= DD "(k)S’i(w< ) (.27

k=1

As an application, we obtain a formula for the norm of v,,. Note that whenever
the sums are absolutely convergent,

DA fhgk) == f(k)Argk).
k k

Therefore

Dl = =L, Y)w = = D (L) (k) Y (k)
k

= Z [A—(wmlﬁygl))](k) Y (k) = Z [wp+wr51)](k) w}il)(k)
k

k
= 11" 12 -
Continuing, we obtain
Anll¥nll3, = W12 ) = ARIILIE -

Therefore

1¥alls, = An Y w™ (k). (5.2.8)
k

It is useful to rewrite the operator in (5.2.6) as

It follows from the symmetry condition (5.1.6) that

1 S_(pyw)
A (wVf)=pif—"—F—S f=pif—p-S_f
w w
Then
Lo oA w® = (py = pos(p = poS-)
wo wD " L e G

1
=pipY —2pip S +p (S_p)s?
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and by induction
1 n n n—k—1
-1 I’I_An (n) — -1 n—k (J) ) Sk
(D" —AZw® = 1" H H Y
k=0 Jj=0
where p(] — p—. Applying this operator to the constant function 1 gives

1 k—1

n—k—
1//71—2( "= "<> ]_[ (i) [T (2 po). (529

J=0

A second approach to computing ¥, is to use a discrete analogue of the
series expansion, with the monomials x* replaced by the polynomials

() =@ —k+Dr=x(x—Dx =2 —k+1)= (=D (~x).
Then
Aver(x) =ker—1(x), xA_ex(x) =ker(x), xex=exr1 +key.

In each of our cases, p_(x) is divisible by x, so applying the operator L =
p+A4 — p_A_ to the expansion

Yn(x) = Z ank e (x) (5.2.10)

leads to recurrence relations for the coefficients a,; that identify a,x as a
certain multiple of a,, x—1.

Finally, we remark that both the coefficient 8, of the three-term recurrence
relation (5.1.1) and the eigenvalue A, can be recovered directly from equa-
tion (5.2.1) by computing the coefficients of x” and x"~!

0= Ly (x) + A (x)
= p+A+(anx" + bnx”fl) — p_A_(a,,x" + bnx'“l)

+ Apanx™ 4 Apbyx" 1 +

= (p+ — p-) [na,,x"‘l +(n— l)bnx”_z]

+ (p+ + p-) [(Z)anxnz + (” ; 1>bnxn3i|

+ Ananx™ + Apbpx" "1 4 - (5.2.11)
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The coefficient of x” on the right must vanish, and this determines X,. Using
this value of A, in the coefficient of x"~! determines the ratio b, /a, and
therefore the term B, = b, /a, — b,+1/an+1 in the three-term recurrence.

5.3 Charlier polynomials

The interval is infinite, and

Q| =
S

p+(x)=1, p-(x)=—, wy=¢e

3

Then pﬁf) =p, wh =w,and
n
An = —.
a
Therefore the constant A, in (5.2.5)isn !/a". From (5.2.8) we obtain the norm:
n!
lally, = — (5.3.1)

A standard normalization is C,, (x; @) = (—1)"¢,,(x). Equation (5.2.9) gives

Calria) = Y (—1)F (”)a—k(x —k+ i
k=0 k
Z( n)k( Xk <_1>k

a

1
=1k <—n, —X; ——> s (5.3.2)

a

where » Fy is a generalized hypergeometric series; see Chapter 8. The leading
coefficient is (—a)™". In this case A;C, is an orthogonal polynomial with
respect to the same weight, and comparison of leading coefficients gives
n
ALCh(x;a) =——Ch_1(x; ). (5.3.3)
a

The associated difference equation is

ALCo(x:a) — 2 A_Cplx: a) + 2 Co(x: a) = 0. (5.3.4)
a a
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The first four polynomials are
Co(x;a) =1;

X
Cixia) =——+1

x(x —1 2x x2
Cz(x;a)z(—2)——+1———(1+2a)—+1
a a?
x(x—Dx -2 3x(x —1 3x
Cy(rray = 2= DE =2 S — D Sx
a a a
3 2
=——+3(a+1)——(3a +3a+2)—+1

It is a simple matter to compute the generating function
oo
Ci(x;a) ,
G(x,l,a) ZZTt
n=0
Note that the constant term of C,,(x; a) is 1, so

G(x,0;a)=1, G(,t;a)=-¢" (5.3.5)

In general,

. o (] ‘
G(x,1;a) = ZZI (n—k) k! <5>

n=0 k=0

=ii0m'( Xk (_)

m=0 k=

= <1—5> . (5.3.6)
a

The generating function allows another computation of the norms and inner

products:

C,, C

Z (Cns C)w P 2 :G(k t;a) Gk, s; a)wg —e”/a (5.3.7)
Z n!'m!

n=0m=0 k=0

The identity

i Cor1(x;@) , _ 3G

= _(-xat;a)
n! ot
n=0
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leads to the recurrence relation
Co1 (@) = Culx; @) — = Cox — 1: a). (5.3.8)
a

The identity
t
Gx+1,t;a) = (1 — —> G(x,t;a)
a

leads to (5.3.3).
The general three-term recurrence (5.1.1) is easily computed. It follows

from (5.3.2) that

(3) + na

an

1
(_l)n Cu(x;a) = (;xn — x"fl

Therefore
xCp(x;a) =—aCpyi(x;a) + (n+a)Cyp(x;a) —nCy—1(x;a). (5.3.9)

The generating function can be used to obtain an addition formula
n!
Jlk!

Cix+ysa)y= Y (=1)

Jtk+l=n

Cj(x; a) Cy(x; a); (5.3.10)

see the exercises. The proof of the following addition formula is also left as an
exercise:

n
n (=)«
Colx + v a) =Z<k)cn_k<x;a>a—k. (5.3.11)
k=0
Charlier polynomials are connected with the Laguerre polynomials:
n!

Ca(xia) = (=1)"— L (@);
a}’l

see [74]. Therefore u(a) = a" C, (x; a) satisfies the confluent hypergeometric
equation

au" @)+ A +x—n—a)u'(a) +nua) =0.

Dunster [74] derived uniform asymptotic expansions in n for x in each of three
intervals whose union is the real line —0o < x < 00. His results imply that for
fixed real x,

nle? singx I'(1+x) n!le?

C}’l(x; a) ~ = a = nX'H - an F(—x)}’lx+l

(5.3.12)

as n — oo. Therefore the zeros are asymptotically close to the positive inte-
gers. See Exercise 10.22 in Chapter 10.
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5.4 Krawtchouk polynomials

The interval is finite and
N m_N—m
p+@x)=p(N —x), p-(xX)=¢gx, wy= )P (54.1)

where p, g > 0, p + g = 1. Then A, = n and the constant A, in (5.2.5)isn!.
Two standard normalizations here are

KD (o N) = — 00
n:'

n(N—I’l)' n N - 1 (p)
Ky (x; p, N) = (=1) N—lﬁn(x)=(—1) ( ) — kp(x; N).
n) p

! pt

From (5.2.8) we obtain the norms:

N
k112 = (n)<pq>"; (5.4.2)

Kl = (g)_l (%)

Most of the identities to follow have a simpler form in the version k,(,p ),
Equation (5.2.9) gives

n

kG = N =k 1
k;(zp)(x;N)zgp” (& (Lf](;!k! L3 (5.43)

The leading coefficient is

] n _ ( ) )n
k=0

1
n! k n! n!

The polynomial A+k,(1p ) is an eigenfunction for the weight w(!), which, after
normalization, is the weight associated with p and N — 1. Taking into account
the leading coefficients, it follows that

Ak (s Ny = kP (s N = 1), (5.4.4)
The associated difference equation is

PN —x) AkP (x; N) — g x A_KP (6 NY + n kP (x; N) = 0. (5.4.5)
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Using this equation and the expansion (5.2.10), we may derive a second
form for the Krawtchouk polynomials:

(P, (N N - (—=n)k (—=x)k —k
o (x; N) = (=p) (n);)—wv)kk! p

N 1
= (—p)”( )F (—n, —x, —N; —>, (5.4.6)
n p

where F is the hypergeometric function (Chapter 8). The normalization of the
alternate form K, is chosen so that

1
K,(x;p,N)=F (—n, —x,—N; —) .
p
The first four polynomials are:
kP e Ny = 1
K (x; Ny = x — Np;

KP (s Ny = = [x2 4+ @p— 1 —2Np)x + N(N — 1) p?];

A= N =

kP (x: N = {x3 +(6p —3 —3Np) x>

+[BNp(Np +1—=3p) +2(3p* = 3p+ D]x
— N(N = )(N — 2)p3].

We may consider k,(,p )(x; N) as being defined by (5.4.3) for all n =
0,1,2,... Note that for n > N these polynomials vanish at the points
m=0,1,2,..., N. The generating function is

oo
G, 5N, p) = Y kP (s N 1" = (L +gn* (= pnV™"; (547)
n=0

see the exercises. The identity
G
Z(n + DEP) (s Ny = 5, @ tN.p)

leads to the recurrence relation

-+ DK N =xgk?”(x— LN —1) = (N —x) pk? (x; N = 1).
(5.4.8)
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The identity
1=pt)Gx+1,¢t;N,p) =1 +qt)G(x,t; N, p) (5.4.9)
leads to
P (x4 15 N) = kP (e NY = K7, (x; N). (5.4.10)
The three-term recurrence
xk? G N) = (n+ DK, (6 N)
+ (PN +n—2pn) k" (x: N)+ pg (N —n+ Dk, (x: N)
(5.4.11)

can be computed using (5.2.11); see the exercises.
The generating function can be used to prove the addition formula

(N); p’
Waryn= ¥ +kfp)(x; NPy N).  (54.12)
JjH+m=n J:

To describe the asymptotic behavior of k,(qp ) (x; N) for fixed x > 0and p > 0,
we first let N = nu for fixed u > 1, and set ¢ — 1 = p. Following Qiu and
Wong [235] we note first that there is a unique n = 1(u) such that

n—(u—1)logn=(u—1)(1—logg) — pnlogu —log p.
Let
-1 -1
t():M—’ SOZM—» )"Znna
122 n

y =—plogp+ (u—1(1+logn), ¢==%y2(1—s0+s0logso).

where the positive sign is taken if and only if so > 1. Then let

1 (to—q)x ;él
- ) S0 )
go(so) = V1—19 \s0o—1

—g*pb2, 50 =1.

Using an extension of the steepest descent method (see Chapter 10), Qiu and
Wong showed that as n — oo,

@) for,ui%—l—e,

—1)*g(so) p"
27 Asg enr’

N
k;gp)(x, nl“/) ~ (_I)I‘H—l ek(‘i‘o—SOlOgSO) ( 0
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.. l_ l
(i) forp 8<y,<p+8,

n*X

kP (e ) ~ (—1"Hag W (x, VA L) —

where

W(x,¢) = m,
go(1),

and D, is the parabolic cylinder function of Section 6.6;
(iii) for 1 5/1,5%—8,
go(1) et p"~*
['(—x) (A — Asg)*tleny’

kP (s np) ~ (= 1)1

5.5 Meixner polynomials

The interval is infinite and

p+(x) =clx+b), p_(x)=x,

)

m:(l—c)”(i—)’!"cm

where b > 0 and 0 < ¢ < 1. Therefore
rm=0—=-0cn, A,=0-0)"n!

Equation (5.2.9) gives

Yn(x) = Z( n" k( )(x-l-b)n K (x =k + Dgc"™

with leading coefficient (1 — ¢)". Two standard normalizations are:

n

env )\(x+1)/2 ’

¢ x+1
D, (¢) o — go(1) (S()Tl) , S0 F L

so=1,

(5.5.1)

ma(x:b.e) = (=) Y () =Y (Z) @+ Dk o =k + D (—0) 7%,

k=0

nH" 1
My(x;b,c) = (n (b Yn(x) = — ) my,(x; b, c).

(5.5.2)
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It follows that
b
bl =1 2 (5:53)
n
M, = )
ML = G

Most of the identities to follow have a simpler form in the version m,,.

The polynomial A m, is an eigenfunction for the weight w(!), which,
after normalization, is the weight associated with b + 1 and c. The leading
coefficient of m, is (1 — 1/c)", so

1
Aymy(x;b,c) =n (1 — —) mu_1(x;b+1,c¢). (5.54)
c

The associated difference equation is

cx+b)Army(x;b,c) —x A_my(x;b,¢) 4+ (1 —c)nmy(x; b, c) =0.
(5.5.5)

Using this equation and the expansion (5.2.10) leads to a second form (nor-
malized by taking into account the leading coefficient):

n

o (=) (—x)k 1\
ma(x; b, €) = (b 1; o (1 - Z)

c

= F <_n7 —x,b; 1 — l) s (5.5.6)

where again F is the hypergeometric function. The normalization of M, is
chosen so that

1
M,(x;b,c) =F (—n, —x,b; 1 — —) .
c

The first four polynomials are:

mo(x; b, c) =1;
C

1
mi(x; b, c) = <1 — —) x +b;

2

2 1

) x2+<2b+1————2>x+b(b+l);
C C

| =

ma(x; b, c) = <l —
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n? 6b+3 3b—3 3
ms(x;b,6)=(1——) x3+<3b+3— L )x2
C

c c? c3
3b>4+3b 3 2
+ <3b2+6b+2— D22 —3>x+b(b+ Db +2).
c c c
The generating function is
o0 X
; b, o t
G(x;b,c)zzwtnz(l—t) ¥ 1’(1——) ; (5.5.7)
n! c
n=0
see the exercises.
The identity
oo
0 b, 0G
ZM;" = — (@b, 0)
n! ot
n=0

implies the recurrence relation

Mmuyp1(x;b,¢c) =x+b)ym,(x;b+1,¢) — fmn(x —1I;b+1,¢). (5.5.8)
c

The identity

A=) G+ 1:b.c) = (1 —é) G(x: b, c)

implies

my(x+1;b,¢c) —mu(x;b,c) =nmu_1(x +1;b,c) — 2mn_l()c; b,c).
c
(5.5.9)

The three-term recurrence

(c—=Dxmy(x;b,¢c) =cmur1(x; b, c) — (bc +nc+n)ym,(x; b, c)
+nb+n—1)ym,_1(x;b,c) (5.5.10)

can be computed using (5.2.11); see the exercises.

The generating function can be used to prove the addition formula

l(~b);

ma(x+yib) = Y M) by mi(yi b (5.5.11)
. Gk

Jj+k+l=n

see the exercises.
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It follows from the expansion (5.5.6) and the identity (4.5.11) that Laguerre
polynomials are limits of Meixner polynomials: for x # 0,

;W<fxuu4ﬁ>~m+J%Mema+nm=anu)65&)
—c
as ¢ — 1—; see the exercises.

Jin and Wong [147] used a modification of the steepest descent method due
to Chester, Friedman, and Ursell [49, 318] to derive an asymptotic expansion
for m, (no; b, ¢) for « > 0. When no is bounded, they gave the simplified
result

n!T'(an + 1) sin T na
ch (1 _ C)na+b nhotl T

my(no; b, c) ~ — (5.5.13)
as n — oo: see (3.13), (3.14), and (4.1) of [148] and Exercise 10.21 of
Chapter 10.

Fix x and take o = x/n. It follows from (5.5.13) that

rb+n)'(x+1) sinwx

mn (X3 b, ¢) ~ (1 — C)x-i-b nbtx T

(5.5.14)

Thus the zeros of the Meixner polynomials are asymptotically close to the
positive integers as n — 00.

5.6 Chebyshev—Hahn polynomials
The interval is finite and we take
p+(x)=(N-—x)x+a+1), p_-(x)=x(N+B+1—x),
o,f>—-1 or «a,B < —N. (5.6.1)

In the case o, B < —N we have violated our condition that p4 be positive at
the interior points {1, 2, ..., N — 1}. In the following formulas this will only
show up in the appearance of absolute values in the formulas for norms.

The weight is

wy = Co <nN1) (a4 1Dp (B+ Dn_m, (5.6.2)

where

o TN +a+p+2)
T TTw+s+2
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With this choice of Cy the total mass is

N
> wn =1 (5.6.3)
m=0

see the exercises.

According to (5.2.9),
n n n—k—1 k—1
Ya(x) =) (=1)"* <k> [T prc+D[]p-c=h)- 64
k=0 j=0 j=0

This appears to have degree 2n rather than n, but there is considerable cancel-
lation. A more useful form can be obtained using (5.2.10), which leads to

_ oy EMeEx o+ B+ Dk
yneo=¢ kzz(:) (—N)i(a + Dik!

where 3 F> denotes the generalized hypergeometric series; see Chapter 8. To
determine the constant C we note that the constant term in (5.6.4) comes from
the summand with & = 0 and is therefore

n—1

D" [ pr) = D"V + 1 =)l + D
j=0

It follows that
Un(x) = (=D"(N +1—=n),(a+ 1),
x3F)(—n,—x,n+a+B+1;—=N,a+ 1;1).
One normalization is

On(x;a, B, Ny =3F(—n,—x,n4+a+ B+ 1;—N,a+1;1)

n

-y (=) (—xX)k(n + o + B+ Dy
B (=N)g(e + Dy k! '

(5.6.5)
k=0

A second is

(N =n)n (B+ Dn
|

R&P) (x, Ny = (=1)" On(x; B, N = 1).  (5.6.6)

Neither normalization results in particularly simple forms for the identities that
follow; we use Q,,.



5.6 Chebyshev—Hahn polynomials 175

It follows from (5.2.4) that A, = n(n +« + f + 1), so

N
||1/fn||%,,=(n!)2< )
n

Therefore

(@+Dp(B+Dula+B+n+1Dyy
(c+B+2Dny(@+B+2n+1)

110 (x; @, B, N)|I?

n!(N=-m!'B+D,(@+p+n+1Dnsi
Nle+Dy@+B+2D)n(a+B+2n+1)

. (5.6.7)

The weight w") = p,w is a constant multiple of the weight associated
with the indices (¢ + 1, 8 + 1, N — 1). It follows from (5.6.5) that the leading
coefficient of Q,(x; «, B, N) is

(n+oa+p+ 1),
(=N)p (a + 1), '

SO

A+QH(X; o, ﬁv N)

=_n(oz+,3+n+1)

NasDn Qe+t LA+LN-D. (5.6.8)

The difference equation is

(N—x)x+a+DALO,(x;0,8,N)
—x(N+B+1—-x)A_0u(x;a, B, N)
+n(n+a+pB+1)0ux;a, B, N)=0. (5.6.9)

The first three polynomials are:

Qo(x;a, B, N) = 1;
_a+ﬂ+2x
N(a+1)

(a@+B+3)@+p+4) ,

N(N = (o + 1)(a +2)

_m+ﬂ+$p+ﬂ+4+MN—nw+m]
N(N = (o + 1)(a +2)

Qi1(x;a, B, N) = +1;

Or(x;a,8,N) =
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A straightforward (but tedious) application of (5.2.11) yields

Qn(x;aaﬂ5N)=al’l-xn+bn-xn_l+"' )

b, n[2N(ot+1)+(2N—|—ﬂ—ot)(n—1)]
an 2(a + B +2n) '

The ratio of leading coefficients is

a, __(n—l—a—l—ﬁ—i—l)(a—i—n—i—l)(N—n)
any1  QCun+a+B+DCn4+a+B+2)°

Therefore, by (5.1.1), the three-term recurrence is
X On(xsa, B, N) =ay Ony1(x; 0, B, N) + B On(x; . B, N)

+ ¥n On—1(x; @, B, N); (5.6.10)

(@+p+n+D(@+n+ DN —n)
(@+B+2n+D(@+p+2n+2) "’

oy =

_ nm+p@+p+n+N+1D
T @+ B+2)(@+B+2n+1)

Bn = — (o + V).

It follows from the expansion (5.6.5) and the identity (4.6.12) that Jacobi
polynomials are limits of Chebyshev—Hahn polynomials: for x # 0,

On(Nx;a,B, Ny~ F(a+pB+14+n,—n,a+1;x)

n!
T PP (1 —2x) (5.6.11)
n

as N — oo; see the exercises. For refinements of this result, see Sharapudinov
[258].

The polynomials that are commonly called “discrete Chebyshev polynomi-
als” are the case o = 8 = 0.

ta(x, N) = (=" (N —n)n Qn(x;0,0, N — 1)

(5.6.12)

— ey (n +k) (N =k (=2)e(n =k + D

k k!
k=0
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5.7 Exercises

Use the expansion (5.2.10) and the difference equation for the Charlier
polynomials to give another derivation of (5.3.2), assuming that the
leading coefficient is (—a)™".

Verify (5.3.7) and show that it implies that the C,, are orthogonal and
have norm given by (5.3.1).

Verify the recurrence relation (5.3.8).

Show that (5.3.3) and the identity G(0, ¢; @) = ¢’ determine the Charlier
generating function G (x, #; a) uniquely (for integer x).

Show that the recurrence relation (5.3.8) and the identity G(x, 0; a) = 1
determine G (x, t; a) uniquely (for integer x).

Prove the addition formula (5.3.10).

Let ppy(x)=(x—m+1Dp=x—-—m+Dx—m+2)---(x — x.
Show that A p,, = mp,,—1 and conclude that (A+)kpm 0) =m!if

k = m and 0 otherwise. Use this to conclude that if f is any polynomial,
it has a discrete Taylor expansion

(A fx)
Faty =) 0kt e
k>0
Use Exercise 5.7 to prove (5.3.11).
Show that

lim C,(ax;a) = (1 —x)".
a—> 00

Derive (5.4.6).

Use the binomial expansion to verify (5.4.7).

Compute the constant term of k,(lp ) (x; N), and deduce from this and the
computation of the leading coefficient that the generating function must
satisfy

Gx,00=1, GO,1)=(1-pnHV.

Use the result of Exercise 5.12 to show that the recurrence relation
(5.4.8) determines the generating function (5.4.7) for integer x.
Verify (5.4.8) and (5.4.10).

Verify (5.4.11) by using (5.2.11).

Show that the coefficient b, of x"~! in k"’ (x; N) in (5.4.3) is
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1 n ~Np+(n—1)(p—1%)
b, = — | —nN — = .
n n![ n p+(2)(p q)} =Dl
Hint: compute the coefficient of the kth summand in (5.4.3) and reduce
the problem to computing sums like

n n

> (Z) Y <Z> prg"Fk(k — 1).

k=0 k=0

Compare these sums to the partial derivatives F), and F),), of the
function of two variables F(p, q) = (p + q)", evaluated atg = 1 — p.
5.17 Use Exercise 5.16 to give another proof of (5.4.11).
5.18 Prove the addition formula (5.4.12).
5.19 Show thatas N — oo,

n

N
ki (Nxi N) ~ = (x = )"

5.20 Use (5.5.5) and the expansion in (5.2.10) to prove (5.5.6).
5.21 Verify (5.5.7) using (5.5.2).

5.22 Verify (5.5.7) using (5.5.6).

5.23 Verify (5.5.8) and (5.5.9).

5.24 Verify (5.5.10) by using (5.2.11).

5.25 Prove the addition formula (5.5.11).

5.26 Verify (5.5.12).

5.27 Verify (5.6.3): show that

@+ Dm (B+ Dn-m

 TWN+a+B+2)

“Tatnr@sn @tirmp+ltN=m

and use the integral representation (2.1.7) of the beta function to show
that
YN
> <m>B(a+l+m,,3+l+n—m) =Bl+1,8+1). (57.1)
m=0

5.28 Verify (5.6.10).
5.29 Verify (5.6.11).
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5.8 Summary

5.8.1 Discrete weights and difference operators

Suppose that w = {w,}°2 _  is a two-sided sequence of non-negative num-

bers. Corresponding inner product:

()= Quw= Y [fm)gm)wy.

m=—0o0
Assume
o0
E wy, = 1; E m*w, <oo, n=0,1,2,...
m=—0o0 m=—0o0

Orthogonal polynomials v, can be constructed as in Chapter 4.
Suppose

Yn(x) = apx" + bpx" "1 4 -

Then
XY (x) = ap¥nt1(X) + Bu¥n (X) + Y ¥n—1(x),
dn by, bn—i—] an—1 (Vs Y)w
an = , Bu=—-— » Yn = .
an+1 an an+1 an (Vn—1, ¥Yn—Dw

Forward and backward difference operators:
Ayf(m)=fm+1) — f(m), A_f(m)= f(m)— f(m—1).
In terms of shift operators
S+ f(m) = f(m=£1),
we have
Ay =8S—1, A_=1-S_,
AfA_=A_A; =S, +S_—-2[=A;y —A_.

General second-order difference operator:

L=pySy+p_S_+r

Operator L is symmetric with respect to w if either of the two equivalent
conditions

S—(p+w) = p-w, Si(p-w)=piw.

hold. Eigenfunctions that correspond to distinct eigenvalues are orthogonal.
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Symmetric operators L with coefficients p4(m) positive where w,, > 0
(with exceptions at endpoints), whose eigenfunctions are polynomials, nor-
malize to

(@) wy, >0 ifandonlyif 0 <m < N;
(b) wy, > 0 ifand onlyif m > 0.

Coefficients are polynomials of degree at most 2. After further normalization
the possibilities are, first,

X
p+(x)=1» p—(-x)zgv Cl>0,
wy=e¢ —, m=0,1,2,3,...,

leading to the Charlier polynomials.
Second,

p+(x) =p(N—-x), p-(x)=gqgx, p,g>0, p+qg=1,

N
Wy, = <m>pqu_m, m=0,1,2,3,..., N,

leading to the Krawtchouk polynomials.
Third,

p+xX)=cx+b), p-x)=x, b>0,0<c<l;

b
wmz(y—oﬂlﬂwt m=0,1,2,3,...,
m!

leading to the Meixner polynomials.
Fourth, with o, 8 > —l orea, B < —N,

p-(x)=x(N+B+1-x), pi(x)=©N—-x)x+a+1);
N
uw==6b<m>(a+-Dm(ﬂ4—DNm,

_I'(N+a+p+2)
T Tt pr2

)

leading to the Chebyshev—Hahn polynomials.

Thus the Charlier, Krawtchouk, Meixner, and Chebyshev—Hahn polyno-
mials are the only ones that occur as the eigenfunctions of a second-order
difference operator that is symmetric with respect to a positive weight.
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5.8.2 The discrete Rodrigues formula

Suppose w is a weight on the integers, L is symmetric with respect to w and
has polynomials v, as eigenfunctions.
Corresponding discrete Rodrigues formula: where w > 0,

1
— (=" = A (n) n—k (n)
Yn= (=1 AT E(l) () (w™)

n—k—1 k=1
—Z( D" "() [T sip) [T(s2p-),
j=0 Jj=0
where

n—1

w™ = w 1_[ Sﬁp+.
k=0

It follows that

Wl = An > w™ (k).
k
The eigenfunction v, can also be computed using the expansion
n
V() = ) ank ex(x),

where
() =@ —k+Dp=x(x —Dx —2)---(x —k+1) = (=D (=x)x.

The eigenvalue equation leads to recurrence relations for the coefficients a
that identify a, as a certain multiple of a, x—1.

The coefficient S, of the three-term recurrence relation (5.1.1) and the
eigenvalue X, can be obtained directly from equation (5.2.1) by computing
the coefficients of x”* and x"~!

5.8.3 Charlier polynomials
The interval is infinite,
"

’

X
p+x) =1 p-(x)=—, wy=ce T
a m.

h =l =
n (17 nw—an
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A standard normalization is
n

— _ 1 k
Ch@ta)=<—1fwhu>=:§:£—fﬂg‘iE'(“)

a
k=0

(7n-=s-2)
=\ —n,—x;—— ).
a

Difference relation and eigenvalue equation:

n
AyCu(x;a) = - Cho1(x; a);

ALCy(x;a) — al A_Cy(x;a)+ " Cy(x;a)=0.
a a
First four polynomials:
Co(x;a) =1
X
Cilx;a) = ——+1
a

2

x(x—1) 2x X X
Ca)=——5——-—+1=—5-0+2a) 5 +1
a a a a
x(x—DHx -2 3x(x — 1 3x
Caxiay = ~XEZDE =D B o B
a a
3 2

X X 2 X
=3 +3a+1) 5 -G +3a+2) S+ 1.

Generating function:

o0 X
C,(x; t
G(x,t;a) = E —";x' @) t"=eé (1_E> )
n=0 ’

Recurrence relations:

X
Cip1(x;a) = Cy(x;a) — p Cy(x — L5 a);
xCp(x;a) =—aCpri(x;a)+ (m+a)Cy(x;a) —nCy_1(x;a).

Addition formulas:
DN ot e
Co(x +y;a) = j+k§+l=n(_1) TR Cj(x;a) Cr(x; a);

"\ (n (=9
=> |, JCrsxia) :
k=0 <k) at
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Connection with Laguerre polynomials:
Calxsa) = (= 1)" 1O ).

Asymptotics, x fixed, n — oo:

nle® singx I'(1+x) n!e?

Cy(x;a) ~— = .
A a T nx+l a"T'(—x) nx+l

5.8.4 Krawtchouk polynomials

The interval is finite,
p+(x) =pN—x), p-(x)=qx, p,g>0,ptg=1
Wy = <N>pqu " An =n.
Standard normalizations:
kil (x, N) = % ¥ ()
Kn(x; p, N) = (=)' ———— (N ) Y (x) = (=1)" ( )_l %kﬁ")(x, N).

Norms:

n

N
k2, = ( )(pq)";

I
N
3 =
N——

|
N
< R

S

1Kl

Expansions:

n

ik 0= N)uix —k + Dy
ki’ s Ny =37 pt gt .

pard (n—k)'k!
_ (=) (=X s
- <”>ko Nkt P

1
K,(x;p,N)=F <—n, —x,—N,; —) .
p
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Difference relation and eigenvalue equation:
Ak (e NY = k) (e N = 1);
PN =) Ak (6 N) = g x Ak (6, N) +n ki’ (x; N) = 0.
First four polynomials:
k(()p)(x; N) =1;
P (x; N) = x — Np;

K (e N)y = = [¥2 4+ @p—1—=2Np)x + N(N — 1) p2];

kgp)(x; N) =

A= N =

{x3 + (6p —3 —3Np) x?
+ [BNp(Np +1—=3p) +2(3p* = 3p+ D]x

— N(N = 1)(N —2)p3}.

Generating function:
(0.¢]
G, t;N, p) = k(i N)i" = (1 +q0)*(1 — pN .
n=0

Recurrence relations:

A+ DD N =xg k' (x = 1N = 1) = (N —x) ph” (s N = 1);
I (e 4 15 N) = kil (e N) + Iy (e N
kP s Ny = (0 4+ DA, (s N)
+ (PN +n—2pn) kP (x, N)
+pg (N —n+DEP, (s N).

n—1

Addition formula:

P +yiN)y = Y " G N kol (33 ).

(N); p’
'l
JjH+m=n ’

For the asymptotic behavior, see above.
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5.8.5 Meixner polynomials

The interval is infinite,
p+(x)=cx+b), p_-(x)=x, b>0, O0O<c<l;
b
wy = (1 —c)b@c'", m=0—0cn, A,=0-0c)n
m!

Standard normalizations:

n

mu(x: b, c) = (=¢) Y (x) = (Z) (x4 b)Y (x —k 4+ Dy (—c)7*
k=0
L (=) (—x) 1\
=),y ————=(1--) ;
P (1-3)
M, (x: b = ! o b =F b 1 !
n(x; ,c)—@mn(x, ,C) = (—n,—x, ; _Z)
Norms:
a2, = nt O,
M3 = ——.
(b)ncn

Difference relation and eigenvalue equation:
1
Aymy(x;b,c) =n <1 - —) my—1(x;b+1,0);
c

cx+b)Army(x;b,¢) —x A_my(x;b,¢) 4+ (1 —c)nmy(x; b, c) =0.

First four polynomials:

mo(x; b, c) = 1;
1
ml(x;b,c)=<l——>x+b;
C
1\ , 201
my(x;b,c)=(1——-) x“+ 219—}—1————2 x+bb+1);
C C C
1\° 6b+3 3b-3 3
mg(x;b,c>=<1——) x3+<3b+3——++—2+—3>x2
C C C C

3b*4+3b 3b 2
+ <3b2+6b+2————2—C—3)x+b(b+l)(b+2).
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Generating function:

o0

G(x;b’c)EZMt”=(1_t)—x—h<1_£> .

n!
n=0
Recurrence relations:

my41(x;b,¢) = (x+b)ym,(x;b+1,c) — fmn(x —1;b+1,0);
c

muy(x+1;b,¢) =mu(x;b,c)+nmu_1(x +1;b,¢c) — gmn_l(x; b, c);
(c=Dxmu(x;b,c) =cmpy1(x; b, c)
— (bc +nc+n)ymy,(x; b, c)
+nb+n—1)m,_1(x;b,c).

Addition formula:

ma(x +y;bo)= Y

Jj+k+I=n

n! (—b)j

Wml(fﬁ b,c)mi(y; b, c).

Asymptotics as ¢ — 1—, x # O:
My (li’ a+1, c> ~n !Lﬁf‘)(x).
—c

Asymptotics as n — 00, x fixed:
'b+n)'(x+1) sinwx
- (1 — C)x+b nb+x T

my(x; b, c) ~

5.8.6 Chebyshev—Hahn polynomials
The interval is finite; with o, 8 > —1 or o, B < —N, set

p+(xX)=N-x)x+a+1), p_(x)=x(N+B+1-x);

N
wm = Co <m> (@+ Dm (B+ Dn-m:

oo T tatp+2).
T TTw+s+2

I
n

Yn(¥) = (=D"(N + 1 =n)ple+ D Y

k=0

(=) (=x)k(n + o+ B+ D)
(—N)r(ax + D) k!

= (=D"(N+1=n)(a+ Dy
x3F(—n,—x,n+a+ B+ 1;—=N,a+1;1).
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Standard normalizations:

On(x;a, B, N) =3F(—n, —x,n+oa+p+1;=N,a+1; 1);

(N =m)n (B+ Da

heP @ Ny = (=1)" -

Qn(X; /35 a, N — 1)

Norm:

n!(N=—m!(B+Dal@+p+n+ Dy

. 2 _
e e B M = N e D@t Bt ov @t fr2nt D]

Difference relation and eigenvalue equation:

A+Qn(X;C(, ﬂ’N)

__n(ot—i—ﬁ—i—n—i—]) ) .
= Netl Op—1(x;a0+1,6+1,N—1);

(N-—x)x+a+DALOy(x;, B, N)
—x(N+B+1—-x)A_0u(x:a, B, N)
+nn+a+B+1)0,(x;a,8,N)=0.

First three polynomials:

Qo(x;a, B, N) = 1;

a+pB+2

Na+1) "

@+p+H@+p+d ,

N(N — D(a + D(a +2)

B (@+B+3)[a+B+4+2(N—Da+2)] N
NN — D+ D@ +2) *

O1(x;a,B,N) = — +1;

O2(x;a,B8,N) =

Three-term recurrence:

xOn(x;0, B, N) =y Qni1(x; 0, B, N) + B On(x; 0, B, N)

+ ¥ On—-1(x; o, B), N);
(@+B+n+D)(@+n+1)(N—n)
" T @t pramt D@trpront2)
nn+B)(a+p+n+N+1)
@B @+ B2+ 1)
Bn = —(an + vu).

n =
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Asymptotics as N — 0o, x # 0:

n!
0, (Nx;a,b,n) ~ . PP (1 —2x).
n

“Discrete Chebyshev polynomials” are the case « = 8 = O:
ta(x, N) = (=D" (N —n)y Qu(x;0,0, N — 1)
_ 1y Xn: <n + k) (N = Wnk (=) — k + Dic.

P k k!

5.9 Remarks

Discrete orthogonal polynomials are treated in the books by Chihara [50] and
Ismail [136], who discuss the history and some of the classification results.
Nikiforov, Suslov, and Uvarov [218] present the subject from the point of
view of difference equations. Asymptotics are studied in the book by Baik
et al. [17], using the Riemann—Hilbert method. Notation has not been com-
pletely standardized. The notation selected for [223; 224] is such that each of
these polynomials is a generalized hypergeometric series. This choice does not
necessarily yield the simplest formulas.

The terminology here is more faithful to history than is often the case, in
part because much of the history is relatively recent. Nevertheless, Chebyshev
introduced the version of the “Hahn polynomials” treated above in 1858 [46];
see also [48]. Charlier introduced the Charlier polynomials in 1905 [43],
Krawtchouk introduced the Krawtchouk polynomials in 1929 [166], Meixner
introduced the Meixner polynomials in 1934 [203]. Explicit formulas for the
polynomials hff”ﬂ ) were obtained by Weber and Erdélyi [310]. Dunkl [73]
obtained addition formulas for Krawtchouk polynomials, analogous to those
for Legendre and Jacobi polynomials, by group theoretic methods.

In 1949 Hahn [122] introduced a large class of “g-polynomials™ that con-
tain as a limiting case the discrete polynomials that had been introduced by
Chebyshev. For g-polynomials in general, see the remarks and references at
the end of Chapter 4.

Stanton [267] generalized Dunkl’s addition formula to g-Krawtchouk poly-
nomials. For other recent extensions of classical results to discrete and
g-polynomials, see the book by Ismail [136] and the detailed report by
Koekoek and Swarttouw [158]. For results on asymptotics, see the survey
article by Wong [319].
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Confluent hypergeometric functions

The confluent hypergeometric equation
xu' )+ (c—x)u'(x) —aukx)=0

has one solution, the Kummer function M (a, c; x), with value 1 at the origin,
and a second solution, x!=“M(a + 1 — ¢,2 — ¢; x), which is ~ x17¢ at the
origin, provided that c is not an integer. A particular linear combination of the
two gives a solution U (a, ¢; x) ~ x~% as x — 4-00. The Laguerre polynomi-
als are particular cases, corresponding to particular values of the parameters.
Like the Laguerre polynomials, the general solutions satisfy a number of linear
relations involving derivatives and different values of the parameters a and c.
Special consideration is required when c is an integer.

In addition to the Laguerre polynomials, functions that can be expressed in
terms of Kummer functions include the exponential function, error function,
incomplete gamma function, complementary incomplete gamma function,
Fresnel integrals, the exponential integral, and the sine integral and cosine
integral functions.

The closely related parabolic cylinder functions are solutions of

2 1
" X
W)+ |F—+v+ | ukx)=0.

4 2
Three solutions are obtained by utilizing the three solutions of the confluent
hypergeometric equation mentioned above.

A gauge transformation removes the first-order term of the confluent hyper-

geometric equation and converts it to Whittaker’s equation

1« 1—4u?
1
oy =0.
u(x)+|: 4+x+ 12 ]u(x)

189
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Again there are three solutions, related to the three solutions of the confluent
hypergeometric equation, which satisfy a number of relations. The Coulomb
wave functions are special cases.

6.1 Kummer functions

The confluent hypergeometric equation is the equation

xu"(x)+ (c—=x)u'(x) —au(x) =0. (6.1.1)

As noted in Chapter 1, it has a solution represented by the power series

— (@)

M(a,c; x) = 1y, 6.1.2

(@ cix)=> Ounl (6.1.2)
n=0

This is only defined for ¢ # 0, —1, —2, ..., since otherwise the denominators

vanish for n > —c. The function (6.1.2) is known as the Kummer function.

The notation ®(a, c¢; x) is common in the Russian literature. Another notation

is 1Fi(a, c; x), a special case of the class of functions ,F; introduced in
Chapter 8. Thus

M(a,c;x) = P(a,c;x) =1F(a,c;x), c#0,—1,-2,...

If a = —m is an integer < 0, then (a), =0 forn > m: M(—m,c; x) is a
polynomial of degree m. If ¢ > 0, it is a multiple of the Laguerre polynomial
L ﬁ,f 71)(x); see the next section. In general, the ratio test shows that M (a, c; x)
is an entire function of x. The adjective “confluent” here will be explained in
Chapter 8.

Assuming that Rec > Rea > 0, we obtain an integral representation, using
the identity

@ _ F'a+n) T(c) _ I'(c) B(a 4 n.c—a)
(©)n '@ T+n T@Tl(—a)
I'(c)

— lsn+(l71(1 _ S)C*(l*l dS.
F'a)T(c—a)Jy

As in Section 1.2, this leads to the computation

. _ [ (c) : a—1, _ c—a—1 - (sx)"
M(a,c,x)—m ) {s (I—s) ng(:)T}ds

I'(c) 1

=—— 2 | s T1—5 e ds, Rec>Rea>0.
I'a)T(c—a) Jy

(6.1.3)
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Let D denote the operator

D d
=x—.
dx

After multiplication by x, the confluent hypergeometric equation (6.1.1) has
the form

DD +c— Du—x(D+a)u=0. (6.1.4)

Under the gauge transformation u(x) = xbv(x), the operator D acting on the
function u becomes the operator D + b acting on v:

x'D{xPv(x)) = (D + byv(x). (6.1.5)
Letting b = 1 — ¢, equation (6.1.4) becomes
DD+1—cv—x(D4+a+1—-c)v=0.
Therefore, if ¢ # 2, 3,4, ...,
X TM@+1-c¢,2—c;x) (6.1.6)

is a second solution of (6.1.1). (This is easily checked directly.) If ¢ is an integer
# 1, then one of the two functions (6.1.2), (6.1.6) is not defined. If ¢ = 1, the
functions coincide. We consider these cases in Section 6.3.

Denote the solution (6.1.2) by Mj(x) and the solution (6.1.6) by M>(x).
Equation (6.1.1) implies that the Wronskian

W(x) = W(Mi, Ma)(x) = M (x) M (x) — M (x) M (x)
satisfies the first-order equation
xW ) =@ -0 W),

so W(x) = Ax~“e* for some constant A. We may evaluate A by looking at the
behavior of M; and M, as x — O:

Mi(x) =14 0(@x), Myx)=x"[1+0x)].
The result is
W(My, M2)(x) = (1 — ¢) x~“e". (6.1.7)
Write (6.1.1) for x # 0 as

" / c / a
u'x)—ux)+—u'(x)——ulkx)=0.
X X
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As x — oo we may expect any solution of (6.1.1) to resemble a solution of
v” — v = 0: a linear combination of ¢* and 1. In fact, the change of variables
(1 — s)x = t converts the integral in (6.1.3) to

x ¢ a—1
x4=¢ e"/ e! (1 - —) L
0 X

This last integral has limit

o
f e 17 Vg =T (c —a)
0

as Rex — 400, giving the asymptotics

' (c) a—c x

M(a,c;x) ~ ——x“"“%" as Rex — 400, Rec > Rea > 0.

['(a)
(6.1.8)
Expanding (1 — 7/x)*~! gives the full asymptotic expansion

. ~ ['(c) X4Ce* t(l_a)" v " c—a—1
M(a, c; x) —F(a)F(c—a) Z/ (x) t dt

ZF(C) a—c iwi Rec > Rea >0
@) part X .

(6.1.9)

The results in Section 6.5 can be used to show that this asymptotic result is
valid for all indices (a, ¢) withc # 0, —1, =2, ...

It is easily seen that if v(x) is a solution of (6.1.1) with the index a replaced
by ¢ —a,

xV' () +(c—x)vV(x)—(c—a)v(x) =0,

then u(x) = e* v(—x) is a solution of (6.1.1). Comparing values at x =0
establishes Kummer’s identity

e M(c—a,c;,—x)=M(a,c;x). (6.1.10)

A second identity due to Kummer is

1 o 2n
M(a,2a: 4x) = ¢ o F, <a+ —;x2) =Y 1 6L
2 —0 (a+§)nn'

see Exercise 8.19 in Chapter 8.
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It will be shown in Chapter 10 that M (a, c; x) has the following asymptotic
behavior as a — —oc:

11
r 1 §72¢ 1
M(a,c;x) = © <§cx — ax) e2*

N
1 1 1
X I:cos(«/Zcx —4ax — A + Zn) + 0 (|a|_2>:| .

This was proved by Erdélyi [80] and Schmidt [253], generalizing Fejér’s result
for Laguerre polynomials (4.5.12).

6.2 Kummer functions of the second kind

To find a solution u of the confluent hypergeometric equation (6.1.1) that does
not have exponential growth as Rex — 400, we note that such a solution
should be expressible as a Laplace transform (see Exercise 4.25 in Chapter 4).
Thus we look for an integral representation

o
u(x) = [L'(p](x) = / e (1) dt
0
for some integrable function ¢(#). If a function u(x) has this form, then

xu"(x)+(c—x)u'(x) —aulx) = /00 e_’”[)ct2 + (x — o)t —al e(t)dt
0

o0

= /OO [xe ] (12 + (1) dt —/ e (a+ct)p(t)dt.
0 0

Suppose that 7 ¢(¢) has limit zero as + — 0 and that ¢’ is integrable. Then
integration by parts of the first integral in the last line leads to

xu” (x) + (c —x)u'(x) —aulx)
:/ e[ + D)) — (a+ct) o)} dr.
0

It follows that u is a solution of (6.1.1) if the expression in braces vanishes.
This condition is equivalent to
ot (c—Dt+a—-1 c—a-1 a-—1
(1) -4t 1+1¢ t

3

oro(t) = At (1 4+ 1)1 Then t ¢(¢) has limit zeroas t — 0if Rea > 0.
This argument shows that we may obtain a solution U (a, c; -) of (3.0.1) by
taking
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1
T'(a)

o0
U(a,c;x) = / e A+ ) gy
0

x4 oo 1 s\c—a—1
_ f s (1+—) ds, Rea>0. (62.1)
I'(a) Jo X

The second form leads to a full asymptotic series expansion for U as Rex —
~+o0. The first term gives

U(a,c;x) ~x% as Rex — +00, Rea>0. (6.2.2)

The full expansion is

o
1 =)y (=1)"
U(a,c;x)~x—a2(a)”(“+ O DT pea=0. (623
= n! x"

As noted below, U can be extended to all index pairs (a, c) with ¢ not an
integer. The results in Section 6.5, together with (6.2.6) below, make it possible
to show that the asymptotic results (6.2.2) and (6.2.3) extend to all such index
pairs.

The function U is called the confluent hypergeometric function of the sec-
ond kind. In the Russian literature it is denoted by W:

VY(a,c;x) =Ul(a,c;x). (6.2.4)

The solution (6.2.1) must be a linear combination of the solutions (6.1.2)
and (6.1.6),

Ula,c;x) = A(a,c) M(a, c; x) + B(a, c)xl_CM(a +1—c¢,2—c;x)
(6.2.5)

with coefficients A(a, c) and B(a, c) that are meromorphic functions of a
and c. The coefficients can be determined by considering the integral repre-
sentation in two special cases.

If 1 — ¢ > 0 then the second summand on the right in (6.2.5) vanishes at
x = 0, while the value of (6.2.1) at x = 01is

1 /‘X’ a a1 dt  B(a,1—c) r'ad-c
—_— t“(0+1) — = = .
') Jo t I'(a) F'a+1-c¢)

Therefore A(a,c) =T'(1 —c)/T'(a+1—c¢) for Rea >0, 1 —c > 0, and,
by analytic continuation, for all non-integer values of c.
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If c — 1 > 0O then x"’lM(a, c; x) vanishes at x = 0, while

x—a 00 t c—a—1
X MU@,c;x)=x"1=— e 14 = dt
(@) Jo X

1
I'(a)
I'c—1)
I'(a)
Therefore B(a,c) =T'(c — 1)/ I'(a) for Rea > 0 and all non-integer values
of c.

00
/ eiltail(x + t)cfafl dt
0

as x —> 0+.

We have proved
ra- (-1
U(a,c;x)zﬁM(a,c;x)+%xl_cM(a+l—c,2—c;x)

(6.2.6)

for all values of Rea > 0 and ¢ not an integer. Conversely, we may use (6.2.6)
to remove the limitation Rea > 0 and define U for all a and all non-integer
values of c. It follows from (6.2.6) and (6.1.10) that

Ua,c;x) =x"U@+1—-c¢,2—c;x); (6.2.7)

see the exercises.
The Wronskian of the solutions M and U may be computed from (6.1.8)
and (6.2.2), or from (6.2.6) and (6.1.7). The result is

I'(c)

W(M(a, C; -), U(a’ c; ))(x) — _F(a)

x ‘e (6.2.8)

see the exercises.
It follows from (6.1.10) that a solution of (6.1.1) that decays exponentially
as x — —oo is

ﬁ(a,c;x) =e¢"U(c—a,c; —x)
1 o0
— F(C_a)/(; ex(1+l)t0707](1 +t)a71 dt

_ y\a—C,Xx o0 a—1
_ (—x) e —ssc—u—l(l _ i) ds, Rec>Rea>0.
Lc—a) Jo X

(6.2.9)

Then l7(a, c;x)=e"(—x) (1 + O(—1/x)) asx — —oo. Again, the results
in Section 6.5 show that this asymptotic result extends to all index pairs (a, c),
¢ not an integer.
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In terms of the solutions (6.1.2) and (6.1.6), we use (6.2.6) and (6.1.10) to
obtain

I'i—c)

lNJ(a,c;x) = mexM(c—a,c; —X)
Flc—1) X I—c .
—}—me (—x) "M —a,2—c; —x)
_I'd-o . '(c—1) —c B .
——F(I_G)M(a,c,x)—i——r(c_a)( x) "“M(l4+a—c,2—c;x).

(6.2.10)

It will be shown in Chapter 10 that a consequence of (6.1.12) and (6.2.6) is
that U has the following asymptotic behavior as a — —o0:

Fic—a+3) 1.1, 1
U(a,c;x):%)ﬂ_fﬂx
T
1 1 1
X |:cos<v2cx —4ax — zcn +am + Zn) + 0 <|a|_2>:| .

6.2.11)

6.3 Solutions when c is an integer

As noted above, for ¢ # 1 an integer, only one of the two functions (6.1.2) and
(6.1.6) is defined, while if ¢ = 1 they coincide. When c is an integer, a second
solution can be obtained from the solution of the second kind U. In view of
(6.2.7), it is enough to consider the case ¢ = m a positive integer.

Assume first that a is not an integer. We begin by modifying the solution M
so that it is defined for all ¢. Assuming first that ¢ # 0, —1, =2, ..., let

=T
N(a,c; x) = %M(acx) Zﬁx"
n=0 ’

The series expansion is well-defined for all values of the parameters except for
a a non-positive integer. Note that if ¢ = —k is an integer < 0, the first k 4 1

terms of the series vanish. In particular, if ¢ = m is a positive integer,
o0

Z l"(a—i—l—m—i—n)xn
re—m-+n)n!

Na+1—m,2 —m;x) =
n=m—1
o0

el I'(a+k) o
ZF(m—i—k)k'

= x""V"'N(a, m; x). (6.3.1)
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For non-integer ¢ and a we use the reflection formula (2.2.7) to rewrite
(6.2.6) as
b4
sintel'(@)T(a+1—c¢)

x [N(@,c;x) —x""“N@+1-¢;2—c, 1) (6.3.2)

U(a,c;x) =

In view of (6.3.1), the difference in brackets has limit zero as ¢ — m, m
a positive integer. It follows that U(a, c; x) has a limit as ¢ — m, and the
limit is given by I"Hopital’s rule. For a not an integer,

(="

Ula.m: ) = s Tari—m

X — [N(a,c;x)—xl_CN(a~|—1—c,2—c;x)].
ac le=m

Therefore, for non-integer values of a and positive integer values of m, calcu-
lating the derivative shows that

Dy =D" .
U(a,m,x)—F(a+1_m)(m_l)!{logxM(a,m,x)
+Z(()) [v@+n - W(n+1)—1ﬂ(m+n)]x”}

(m 2)! R (a+1—m)n "
T Z Tl " (6.3.3)

where ¥ (b) = I'"(b)/ T'(b) and the last sum is taken to be zero if m = 1.

The function in (6.3.3) is well-defined for all values of a. By a continuity
argument, it is a solution of (6.1.1) for all values of a and ¢ and all values of x
not in the interval (—oo, 0]. If a is not an integer less than m, U (a, m; x) has
a logarithmic singularity at x = 0 and is therefore independent of the solution
M (a, c; x).If a is a positive integer less than m, then the coefficient of the term
in braces vanishes and U (a, c; x) is the finite sum, which is a rational function
that is again independent of M (a, c; x).

If a is a non-positive integer, then U (a, m; x) = 0. To obtain a solution in
this case we start with non-integer a and multiply (6.3.3) by I'(a). Since

I'(a)
7 1— _ 0
Tarl—m (a+1—m)y_1 #
fora =0, —1, =2, ..., the limiting value of I'(a)U (a, c; x) is a solution of

(6.1.1) that has a logarithmic singularity at x = 0.
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6.4 Special cases

The exponential function

o0
=y ©n_ v M eix), c#£0.—1.—2..... (6.4.1)

is one example of a confluent hypergeometric function.
The Laguerre polynomial Lff‘)(x) satisfies equation (6.1.1) withc = o + 1

and @ = —n. Since the constant term is (« + 1), /n !, it follows that
L@(x) = (O‘ + ©@F D w100, (6.4.2)

Combining this with the identities (4.4.22) and (4.4.23) that relate Hermite
and Laguerre polynomials gives

Hopm (x) = (=1)" 22" LAY —m,l;xz : (6.4.3)
2/, 2

3 3
Hoyppy1(x) = (_l)m 22m+1 <_> xM (_m, = )C2> .
2/, 2

These identities, together with the identity (4.4.21) relating the Hermite poly-
nomials {H,} and the modified version {He ,}, give

He = (=)™ 2" ! M 112 6.4.4
eom(x) = (—=1) <§>m <— ' 55 7% ) (6.4.4)

173 3 1

Other special cases of Kummer functions include the error function, the
incomplete gamma function, and the complementary incomplete gamma func-
tion of Section 2.6:

erfxzi/xe_tzdtz 2—xM l,i;—x2 ; (6.4.5)
V7 Jo JT 2°2
X xa
y(a,x) = / e VNt = — M(a,a + 1; —x); (6.4.6)
0 a

o0
I'(a,x) = / e N dt =x% U, a + 1; x). (6.4.7)
X
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Among other such functions are the Fresnel integrals

* 1
C(x) z/ cos(—t2n> dt,
0 2
X ) 1 5
S(x)z/ sin|{ —t“m | dt;
0 2

and the exponential integral, cosine integral, and sine integral functions

Ei(z)z/' ef%, z ¢ [0, 00);

—00

Ci(z) = /Z cost %, z ¢ (—o00,0[;

o0

. o dt
Si(z) E/ smtT, z ¢ (—o00,0].
0

These functions are related to the Kummer functions for special values of the
indices:

1 31 13 1
co=1 |:M (5, g Eixzn) Y (5, > —Eixzn)] L (648)
x 1 31 13 1
Sy == |M(s. S six’n ) =M (=, 5 —sixPm ) | 6.4.9
) 21'[ (2 22" ”) <2 2 ”)] (649)
and
Ei(—=2) = —e “U(, 1; 2); (6.4.10)
1, .
Ci(x) = —3 [e_”‘ U, l;ix)+*U0Q,1; —ix)]; (6.4.11)
. | — . ; . b
Si(x) = % [e U@, l;ix) —er U, 1; —lx)] + > (6.4.12)
l

See the exercises for the identities (6.4.5)—(6.4.12).

6.5 Contiguous functions

Two Kummer functions are said to be contiguous if the first of the two indices
is the same for each function and the second indices differ by £1, or the second
indices are the same and the first indices differ by 1. Any triple of contiguous
Kummer functions satisfies a linear relationship. For convenience, fix a, c, x,
and let
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M=M(a,c;x); M@ax)=M@=xl,c;x); M(cEt)=M(a,c=xl1;x).
There are six basic linear relations: the relations between M and any of the six
pairs chosen from the four contiguous functions M (a+), M (c=%).

Denote the coefficient of x” in the expansion of M by

@
& = ———.
(©)nn!

As above, let D = x(d/dx). The coefficients of x" in the expansions of DM,
M (a+) and M (c—), respectively, are

a+n c—1+n
néy, En, En-
a c—1
Therefore
DM =a[M(a+) — M] = (c — D[M(c—) — M], (6.5.1)
and
(a@a—c+1)M=aM(@a+)— (c—1)M(c—). (6.5.2)
The coefficient of x” in the expansion of x M is
(ct+n—1n a—1
m—_l{;‘n = |:n+(C_a) —(C—a)m—_l] En,
SO
xM =DM+ (c—a)M — (c—a)M(a—).
Combining this with (6.5.1) gives
Ra—c+x)M=aM(a+) — (c—a)M(a—); (6.5.3)
(6.5.4)

a—14+x)M=(c—-—1)M(c—)—(c—a)M(a—).

The coefficient of x” in the expansion of M’ is

a—+n a—c ¢
gn= |1+ En,
c+n |: c c+n:|

SO
cM =cM— (c—a)M(c+).

Multiplying by x gives
¢DM =cx M — (c — a)x M(c+),
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and combining this with (6.5.1) gives

cla+x)M =acM(a+) + (c — a)x M(c+); (6.5.5)

cc=14+x)M=c(c—1)M(c—)+ (c —a)x M(c+). (6.5.6)
Eliminating M (c—) from (6.5.4) and (6.5.6) gives
cM=cM(@a—)+xM(c+). (6.5.7)

The relations (6.5.2)—(6.5.7) are the six basic relations mentioned above.

Contiguous relations for the solution U (a, c; x) can be derived from those
for M(a, c; x), using (6.2.6). However, it is simpler to start with Rea > 0
and use the integral representation (6.2.1). The identities extend to general
values of the parameter by analytic continuation. We use the same notational
conventions as before:

U=U(,c;x); U(ax)=U(@=x1l,c;x); U(cEt)=U(a,cxt1;x).

Differentiating the first integral in (6.2.1) with respect to x gives the two
identities

Ul,c;x)=—aU(a+1,c+1;x); (6.5.8)
U'(a,c;x) =U(a,c;x) —Ua,c+ 1; x). (6.5.9)

Replacing ¢ by ¢ — 1 and combining these two identities gives
U=aU(a+)+ U(c—). (6.5.10)

Integrating the identity
%[e‘“t“‘l(l +0) ) =[xt A+ )T (@ — DAL+ 1)
+(c—a N1+
for 0 <t < oo gives
(c—a)U=xU(c+) —U(a—). (6.5.11)

The two identities (6.5.8), (6.5.9) give

aU(@+1,c+1;x)=U(c+) — U.
Combining this with (6.5.11) with @ + 1 in place of a gives

x4+a)U=xU(c+)+aa+1—-c)U(a+). (6.5.12)
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Eliminating U (a+) from (6.5.10) and (6.5.12) gives
x+c—DU=xU(c+)+(c—a—-1)U(c—). (6.5.13)
Eliminating U (c+) from (6.5.11) and (6.5.12) gives
x+2a—c)U=U(a—)4+a(l+a—c)U(a+t+). (6.5.14)
Finally, eliminating U (a+) from (6.5.10) and (6.5.14) gives
a@a+x-DHU=U@—)+(c—a—-1U(c—). (6.5.15)

6.6 Parabolic cylinder functions

A parabolic cylinder function, or Weber function, is a solution of one of the
equations

" x? ( 1)
ux)——ux)+ v+ =) ukx)=0; (6.6.1)
4 2
P x2 1
u' (x)+ Y u(x) + (v + 5) u(x) =0. (6.6.2)

If u is a solution of (6.6.1), then v(x) = u(e‘l_ti”x) is a solution of (6.6.2) with
v+ % replaced by i (v + %), and conversely. We shall consider only (6.6.1).

Suppose that u is a solution of (6.6.1) that is holomorphic near x = 0. The
coefficients of the expansion u(x) = > b,x" can be computed from the first
two terms by, by by setting b_» = b_; = 0 and using the recursion

1 1
(n+2)(n+ Dbpyr = —(v + 5) bu+ 7bn2. (6.6.3)

In particular, taking by # 0, b; = 0 determines an even solution, while by = 0,
b1 # 0 determines an odd solution.

1
The gauge transformation u(x) = e_ZXQU(x) converts (6.6.1) to
v (x) —x v (x) +vux) =0. (6.6.4)

For v = n a non-negative integer, one solution of this equation is the modified
Hermite polynomial He,,.

Each of the equations (6.6.1), (6.6.2), and (6.6.4) is unchanged under the
coordinate change x — —x. Therefore each has an even solution and an odd
solution. In the case of (6.6.4), we know that the polynomial solutions are even
or odd according as v is an even or odd non-negative integer. Let us look for
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an even solution of the modified equation (6.6.4) in the form v(x) = w(x2/2).

Then (6.6.4) is equivalent to

yw”(y) + (% - y) w'(y) + %v w(y) = 0.

This is the confluent hypergeometric equation (6.1.1) with ¢ =
Thus the even solutions of (6.6.1) are multiples of

_Lo 1 1 12
Yiix)=e 4 M —Ev 2 2 .

According to (6.1.6) a second solution of (6.6.5) is
1 13
M . 5
vy < PRI )
Therefore the odd solutions of (6.6.1) are multiples of

Vo) e (L, 131
X)=e — —sVT o, ooz X ).
v NG 20 222

(6.6.5)

It follows from (6.1.8) that the solutions Y, and Y,» of (6.6.5) grow like

15
e4* as |x| — oo. To obtain a solution with decay at oo we use the Kummer
function of the second kind U (—%v, %; -) instead. The standard normalized

solution is
11 I 11
D, (x) =22”e4"2U(——v 2)

2722
r(;)

1 r(-
ZZEV{WYM(XH (( 2) Yuz(x)}-

2 2

r —%U)

For Rev < 0, (6.2.1) implies the integral representation

2%”6_‘1”2
1)

Another integral representation valid for Rev < 0 is

o0 1
/ e t 2V dl,
U) 0

1o 1.4 11
D, (x) = e 27t 27 (1+1n2" 24t
0

(ST

see Exercise 6.8.

(6.6.6)

6.6.7)

(6.6.8)
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If v = 2m is an even non-negative integer, then the second summand on the
right in (6.6.6) vanishes and the coefficient of the first summand is

r 1
2m 1(2) — (_l)m 2m (_) .
F(3 —m) 2)m
If v =2m + 1 is an odd positive integer, then the first summand on the right
in (6.6.6) vanishes and the coefficient of the second summand is

1 -1 1

2m+§ F(l 2) — (_l)m 2m+§ (%) .
In view of (6.4.4), therefore,

1
Dp(x) = e 3 Hep(x), n=0,1,2, ... (6.6.9)
The behavior as x — 0 is given by
1
1 22 x

F(z—3v) T(-3v)

the remaining coefficients can be computed from the recursion (6.6.3). The
definition (6.6.6) and the identity (6.2.7) imply the identity

Dy(x) = ﬁ”ﬁ + 0>, (6.6.10)

11 1o 1 1 31
Dy(x) =222 4" xU(—zv+ =, =3 =x? ). 6.6.11
v(x) e x ( FVt 355X ( )
As noted above, equation (6.6.1) is unchanged under the coordinate change
x — —ux. It is also unchanged if we replace the pair (x, v + %) with the pair
(Fkix, —v — %). Therefore four solutions of (6.6.1) are

D,(x), Dy(=x), D_,_1(ix), D_,_1(—ix). (6.6.12)

The behavior of each of these solutions as x — 0 follows from (6.6.10). This
allows one to express any one of the solutions (6.6.12) as a linear combination
of any two of these solutions. In particular, it follows from (6.6.10), using
(2.2.7) and (2.3.1), that

D, (x) = %{e%”’” Doy i(ix) + e 2" D_U_l(—ix)};
(6.6.13)
Doy ilin) = 2V [i 2T D () i eIV DV(—x)}.
T
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The Wronskian of two solutions of (6.6.1) is constant. It follows from
(6.6.10) and the duplication formula (2.3.1) that

3
2" 2n V2
W (D, (x), Dy,(—x)) = = . (6.6.14)
(P DA 0) = (R T T
The reflection formula (2.2.7) and (6.6.10) imply that
. . —lnui —ln(v+1)i
W(Dy(x), D_y_i(ix)) = —ie 2" =€ 2 : (6.6.15)

. . lWTi l71(1/—}-1)1'
W(Dy(x), D_,_1(—ix)) =ie2"™ =2 :

The remaining Wronskians of the four solutions (6.6.12) can be deduced from

these. In particular, D, (x) and D, (—x) are independent if and only if v is not

a non-negative integer, while D, (x) and D_,,_(ix) are always independent.
The identities (6.6.6), (6.5.8), and (6.6.11) imply

D,(x) + % Dy(x) — v Dy (x) = 0. (6.6.16)
Similarly, the identities (6.6.6), (6.5.9), and (6.6.11) imply
D,(x) — % Dy(x) + Dyy1(x) = 0. (6.6.17)
Eliminating D], from these identities gives the recurrence identity
Dyt1(x) —xDy(x)+vDy_1(x) =0. (6.6.18)

The asymptotic result

1
22" 1 1 1 1
Du(x)~?l‘ §v+§ cos v+§x—57rv (6.6.19)
T

as v — +o0o is a consequence of (6.6.6) and the asymptotic result (6.2.11).
A direct proof will be given in Chapter 10.

6.7 Whittaker functions
The first-order term in the confluent hypergeometric equation (6.1.1) can
be eliminated by a gauge transformation u(x) = ¢(x)v(x) with ¢'/¢ =

1 1
%(1 —c¢/x),i.e. p(x) = e2"x™ 2°. The resulting equation for v is Whittaker’s
equation
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1k 1—4p?
v”(x)+[——+—+ "

c
4  x 4x2 ]v(x):O, Kzi_a’ r=

6.7.1)

L. _1
Conversely, solutions of (6.7.1) have the form x2% 72" V(x), where V is a
solution of the confluent hypergeometric equation (6.1.1) with indices a, ¢
given by

1
a:u—l{+§, c=142u.

Since also

1 lC 1—c 1—16‘ - +l
a—|—1—c:—,u—l<+§, 2—c=1-2u, x2°%" “=x 2°=x"H""2,
so long as 2 is not an integer, there are independent solutions, the Whittaker
functions

1 1 1
M . (x) = e 25 M2 M <M — K+ 3 1+ 2u; x) ; (6.7.2)

M . (x) = e_%xx—l“r%M <—,u — K+ %, 1—2u; x) ,
that correspond to (6.1.2) and (6.1.6), respectively.

The Kummer functions are entire when defined. Both the functions in
(6.7.2) are defined so long as 2u is not a nonzero integer. The Whittaker
functions are multiple-valued unless 2u is an odd integer, in which case
whichever of the functions (6.7.2) is defined is a single-valued function.

The asymptotics of the solutions (6.7.2) follow from (6.1.8):

T(1 4 2pu)

1
— 7 _x%e2" as Rex — +o00. (6.7.3)
r (,u — K+ %)

M, ~
The Wronskian of two solutions of (6.7.1) is constant. It follows from this
and the behavior at zero,
MK,/,L(x) ~ xlﬁ_%,
that the Wronskian of the solutions (6.7.2) is

W (Mo M) (x) = —2p. (6.7.4)
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In view of (6.2.2) there is a solution, exponentially decreasing as x — +o0:

Wi n(x) =e 2"x" 2U(M—K+—,1+2M;x>

2
I'(—2p) '2w)
- Mo+ — M)
M(-n—k+3) M —x+3)
= Wi _u(x), (6.7.5)
provided 2 is not an integer. It follows from (6.2.2) that
1
Wi n(x) ~x“e 2% as Rex — +oo. (6.7.6)

The Wronskian of M, , and W, ,, can be computed from (6.7.5) and (6.7.4)
or from the asymptotics (6.7.3) and (6.7.6):

' +2w)
F(p—k+3)
Since (6.7.1) is unchanged under (x, k) — (—x, —«), it follows that a
solution exponentially decreasing at —oo is

WM, Wi )(x) = — (6.7.7)

I'(=2u)
ap = M (=
() T(—p+n+1) w0
'(2u)
—— M_ ., (—X). 6.7.8
F(/L+K+%) (=0 ( )

It follows from (6.7.5) and (6.2.11) that

1
F(K + Al-t)xZ

WK,;L(-X) ~ «/;

1
cos (ZN/Kx — KT+ ZJT) (6.7.9)

as Kk — +o0.
The Coulomb wave equation (3.6.14) is

2 I1+1
o)+ [1- 2 -T2 i) —o,
p p

Let u(p) = v(2ip). Then the equation becomes

v’ (x) + [—% + % - l(l;; 1)i| v(x) =0.

This is Whittaker’s equation with x =in and u =1+ % When the equation
is obtained by separating variables in spherical coordinates, the parameter / is
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a non-negative integer. In this case, in addition to a solution that is regular at
x = 0, there is a solution with a logarithmic singularity. The normalization of
the regular solution in [224] is

Gy :
Fi(n, p) = @20 Miin,H-%(iZZ’O)
=Ci(n) p' TP MU+ 1 Fin, 21 + 2; +2ip), (6.7.10)
where the normalizing constant is

_ ol pmmn2 I T+ i)

Cin) T2 +2)

(By (6.1.10), the choice of sign does not matter.) The reason for this choice of
C; is so that

Fi(n, p) ~ sin6;(n, p) (6.7.11)

as p — 400, where 6 is given by (6.7.14) below; see the exercises.
Irregular solutions are defined by

. 1
H (n, p) = () 570 2™ W_ 1 (F2ip)
Finl+3
= eF000) (21 p)FIEN (1 4 1 £ in, 20 + 1; F2ip).  (6.7.12)
Here the normalizing phases are the Coulomb wave shift
oi(m) =argl'(l + 1 +1in) (6.7.13)
and
1
0i(n, p) = p —n log(2p) — Elﬂ +o1(n). (6.7.14)
The real and imaginary parts are

H*(n. p) = Ga(n. p) £i Fy(n. p), (6.7.15)
where F; is the regular solution (6.7.10) and G is defined by (6.7.15):
| _
Gi(n, p) = 5 [H" (. p) + H (0, p)]. (6.7.16)

When [/ is a non-negative integer, G; has a logarithmic singularity at p = 0;
see (6.3.3).
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6.8 Exercises
6.1 Show that the expansion of ¢** as a sum of Jacobi polynomials is
e.0]
M= "CoMn+B+1.2n+a+p+2:2) PP (x),
n=0

where

c _ Tn+a+pB+1)

= QA" e,
IFn4+a+B+1)

Hint: write ¢** = ¢ ¢*(17%) and use Exercise 4.41 in Chapter 4.

6.2 Show that integration and summation can be interchanged to calculate
the Laplace transform (see Exercise 4.25 in Chapter 4) of
flx) = xb_lM(a, c; x):

o 1
[‘Cf](s) = (b) F<a9bvc; _> )
s s
where F is the hypergeometric function (see Exercise 1.7 in Chapter 1,

or Chapter 8).
6.3 Verify the integral representation

r —a
Ma,c;x) = (C_) (1 — )—C) ¢ el dt,
2wi Je t
where C is the Hankel loop of Corollary (2.2.4).
6.4 The asymptotic result (6.1.8) implies that for most values of nonzero
constants A and B the linear combination

u(x) = AM@,c;x)+Bx" " M@+1—c¢,2—c:x)

will have exponential growth as x — +o0. Determine a necessary
condition on the ratio A/B to prevent this from happening. Compare
this to (6.2.6).

6.5 Prove the identity (6.2.7).

6.6 Verify the evaluation (6.2.8).

6.7 Prove that

L) FGG)  =Tla+)
Ula, =; = —2x)".
(“ 2 x) r(a+%)r<a>,§o TR
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6.8 Use Exercise 6.7 to prove

1
U (a, - xz) =
2

r(i o0
(12) / exp (_; _ 2\/Zx) 1““Ydt, Rea > 0.
I'(a+35)T(@) Jo

6.9 Verify the identity for the Laguerre polynomials
(=D"

n!

L (x) = U(—n,a+1; x).

6.10 Prove the identity (6.4.5) for the error function. Hint:
/@n+1)=(3),/(3),

6.11 Prove the identity (6.4.6) for the incomplete gamma function. Hint:
a/(a+n) = (a),/(a+1),.

6.12 Use (6.2.1) to prove the identity (6.4.7) for the complementary
incomplete gamma function.

6.13 Let w = ¢/™/* = (1 +i)/+/2. Show that

1 T Yoita) ~
~erf (wx, [ — | = e dt = C(x) —iS(x),
1+ 2 0

where C(x) and S(x) are the Fresnel integrals of Section 6.4.
6.14 Use Exercise 6.13 and (6.4.5) to prove (6.4.8) and (6.4.9).
6.15 Use (6.2.1) to prove (6.4.10).
6.16 Use Cauchy’s theorem to prove that

*® sint 1 [°° sint
/ —dt = - / sme dt
0 t 2 ) t

1 ) el T
= —Im| lim —dt| = —.
2 e=>0+ Jjs|>e 1 2

Hint: integrate ¢/’ /¢ over the boundary of the region
{lzl > e, 0 <Imz < R, |Rez| < S} and let first S, then R go to co.
Thus for x > 0,

X sint T ¥ sint
/ —dt:——/ LU
x t 2 0 t

6.17 Use (6.4.10) and Exercise 6.16 to prove (6.4.11) and (6.4.12).

6.18 Use the results of Section 6.5 to show that the asymptotic results (6.1.8)
and (6.1.9) are valid for all indices (a, c¢),c #0, 1,2, ...

6.19 Use the results of Section 6.5 to show that the asymptotic results (6.2.2)
and (6.2.3) are valid for all indices (a, c), ¢ not an integer.
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Suppose ¢ > 0. The operator

Lex L oo
=X — c—Xx)—

dx? dx
is symmetric in Lﬁ), w(x) = x¢le=* x > 0, with eigenvalues
0,1,2,...;the Laguerre polynomials with index ¢ — 1 are
eigenfunctions.

Given A > Oand f € L2w, the equation Lu + Au = f has a unique
solution u € sz, expressible in the form

M(X)Z/O Gulx,y) f(y)dy.

Compute the Green’s function G, . Hint: see Section 3.3. The
appropriate boundary conditions here are: regular at x = 0, having at
most polynomial growth as x — +00.

Prove (6.6.13).

Express D_,_1(ix) as a linear combination of D, (x) and D,(—x).
Prove the Wronskian formulas (6.6.14), (6.6.15).

Compute the Wronskians

W(Dy(x), D—y—1(ix));
W(Dv (x), D—y—1 (_ix))§
W(D—y-1(ix), D—y_1(=ix)).

Verify the identities (6.6.16), (6.6.17), (6.6.18).
Show that the asymptotic result (6.2.2) is also valid for imaginary values
of the argument x. Deduce that the Coulomb wave functions satisfy

H=(y, p) ~ */000)

as p — 400, and thus verify (6.7.11).

6.9 Summary

6.9.1 Kummer functions

The confluent hypergeometric equation is

xu'(x)+ (c—x)u'(x) —aux) =0.
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An entire solution is Kummer’s function

M(a,c;x) = Z @ x"

-0 (©)pn!

= ®(a,c;x) =1Fi(a,c;x), c#0,—-1,-2,...
For Rec > Rea > 0,

M(a,c;x) = & 1s“_l(l —5)T e g
T T @) T (e —a) '

Asymptotically,

M(a,c; x) ~

o0
1_
wain’ x_)+oo'

F(a) =

Second solution:
X TM@+1—c¢,2—c;x), ¢#0,+1,42, ...
Let

Mi(x) = M(a,c;x), Myx)=x"M@a+1-c¢2—c;x),
c#0,%1,+2,...

Wronskian:
W (M, My)(x) = (1 —c)x “e.
Two identities due to Kummer:

M(a,c;x) =e*M(c —a,c;, —x);

1 0 2n
M(a,2a; 4x) = €2x0F1 (a + = x2> — ¥ Z x—l
n=0 (a + i)n n!

Asymptotic behavior as a — —oo:

11
r 1 172¢ 1
M(a,c;x) = ©) <§cx — ax) e2”*

1 1 1
x |:cos<«/2cx —dax — ki + Zn) +0 (|a|_2>:| )
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6.9.2 Kummer functions of the second kind

Solution with at most polynomial growth as x — +o0:

Ula,c; )_MM( - x)
a,c; x “Taii_o a,c; x
Tc—1)

XTM@+1—c¢,2—c;x), c¢#0,+1,42, ...
I'(a)

Integral representation:

1 oo
Ua,c; x) = X )/ e 1+ 07"V dr, Rea > 0.
a) Jo
Asymptotics:
U(a,c;x) ~x~ % as Rex — +oo,
o0
_ (@na+1—c), (="
. ~ a
Ua,c;x) ~x ZO 0 pra
n=

Kummer’s identity:

Ua,c;x) :xl_CU(a—}—l—c,Z—c;x).

Wronskian:
r
W(M(a,c;-),Ua,c;)(x) = —Fg x ‘e’
Solution exponentially decreasing as x — —oo:
~ (1 —
Ua,c;x) = uexM(c —a,c; —x)
' —a)
'c—1 .
+ % (=) M1 —a,2 — ¢ —x)
I'd—c) Cc—1) -
= —M , €3 -, L\ CMI - ,2— 5 ,
rd—a) (acx)—i—r(c_a)( X) l+a-c c; X)
c#0,+1,42, ...

Integral representation:
lj(a,c; x)=¢e¢"U(c—a,c;, —x)

1 o0
= ﬁ/ FUDe—a=l1 4 ne=lgs Rec > Rea.
c—a 0
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Asymptotic behavior as a — —oo:

I(jc—a+3) 1.1 1
U(a,c;x):%x‘erﬂ
b
1 1 1
X |:cos<«/2cx—4ax—§cn +an+zn> +0(|a|_2>i|,

6.9.3 Solutions when c is an integer

Second solution of (6.1.1) when c is an integer: (6.2.7) allows reduction to the
case ¢ = m a positive integer. Limit of U (a, c¢; x), as ¢ — m, a not an integer:

o (=n" _
U(a,m,x)—F(a+1_m)(m_1)!{10gxM(a,m,x)
+Z(n§)) [w( +n) — W(n+1)—1ﬂ(m+n)]x”}
n=0 nl
(m—=2)! e (a+1-— m),, . T,
“T@ Z a—mnnt © VO =Ty

last sum taken to be zero if m = 1. This solution is independent of M (a, c; x)
except for a =0, —1, —2, ... For these values, an independent solution is
obtained by multiplying this expression by I'(a).

6.9.4 Special cases

The exponential function:
Y = M(c, c; x).
Laguerre, Hermite, and modified Hermite polynomials:

(a+ 1)y
n!

Hop(x) = (—=1)"2%" <%>m M (—m, %; xz);

Hypi1 (x) = (—=1)m22m+! (3) xM (—m, 3. x2>;
2) 2

L (x) = M(—n,a + 1; x);
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1 11

173 X 31

Error function, incomplete gamma function, complementary incomplete
gamma function:

" 2 fx 2 (13
eIt x = —— e = — —, =, — X" |,
AT Jo ﬁ 22

X xa
y(a,x) = / e "1 Vdt = — M(a,a + 1; —x);
0 a

o0
I(a,x) = / e N dr =x% U, a + 1; x).
X

Fresnel integrals:

* 1, X 131, , 13 1.,
Ckx) = cos| —=t“mw)dt==|M| =, =; zixw)| + M| =, =; —<ix“m||;

0 2 2 2°2°2 2°2° 2

* 1 1 31 13 1
S(x)z/ sin( =17 dt:i, M=, = <ix?n) =M=, = —=ix’n])|.

0 2 2i 222 2°2 2

Exponential integral, cosine integral, and sine integral functions:

Ei(—z) = / e’ # =—e¢*U(,1;72), z¢(—00,0];

[o9]

* dt 1 . )
Ci(x) = f cost — =—3 [e7 U, Lix) + ¥ U, 15 —ix)];

o]

. *ooodt | . - ) T
Si(x) = sint — = — [e U@, L ix) - U, 1, —zx)] + —.
0 t 2i 2

6.9.5 Contiguous functions
Let
M=M(@,c;x); M@ax)=M@@=xl,c,x); M(cEt)=M(a,c=xl;x).
The relations

xM' = a[M(a—I—) — M] =(c— 1)[M(c—) — M];
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XM =xM+(c—a)M — (c —a) M(a—);
cxM =cx M — (c —a)x M(c+)

imply the six basic relations between contiguous functions:

(@—c+D)M=aM(a+t) — (c— 1) M(c—):;
Ra—c+x)M =aM(a+) — (c —a) M(a—),

@—14x)M = (c—1)M(c—) — (c —a) M(a—);
cla+x)M =acM(a+) + (c —a)x M(c+);
cc—14+x)M=c(c—1)M(c—)+ (c —a)x M(c+);
cM=cM(a—)+xM(ct).

Set
U=U(a,c;x), Ut)=U@=xl,¢c;x), U(cx)=U(a,c*1;x).
The identities
Ula,c;x)=—aU(a+1,c+1;x);
U(a,c;x)=U(a,c;x) —Ula,c+ 1; x)
imply
U=aU(a+)+ U(c—);
(c—a)U =xU(c+) — Ula—);
x+a)U=xU(c+)+a@+1—-c)U(a+t);
x+c—1HU=xU(c+)+(c—a—-1DU(c—);
x+2a—c)U=U(a—)+a(l+a—c)U(a+);
a@a+x-DHU=U@—)+(c—a—-1U(c—).

6.9.6 Parabolic cylinder functions

A parabolic cylinder function is a solution of

y x2 1 _0
u (x)—zu(x)—i—(v—i—E) u(x) =0.
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Even and odd solutions, respectively, are multiples of

1 r(: -1
:22”I 1(2)1 Yy1(x) + ( = Yuz(x)}-
F(z—3v) F(=3v)
Integral representations:
2%" _%xz o 1 11
1.2 _ 1 Sy =
Dv(x)=e—1/ 2 02
F(_EU) 0
)
22V e 4 F(

In particular,
)
D,(x)=e 4" He,(x), n=0,1,2,...
Behavior as x — 0:
1
1 22 x
1.\ 1
P(;-3v) T(-3v)

This allows determination of the relations among the four cylinder functions

Dy(x) = ﬁ”ﬁ +0(x?).

Dy(x), Dy(=x), D_y_1(ix), D_y_1(=ix).
In particular,

Cw+1)
V2

. F(—V) { l\)J‘[i . —iuni }

D_, 1(ix)=———13ie2 7" Dy(x)—ie 27" Dy(—x)¢.

NGz

- -
D,(x) = {eivm D_y_i(ix) +e 2" D—v—1(—ix)} ;
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Wronskians: in particular

Vi

W(D,(x), Dy(=x)) = NESY

. R P s SRy
W(D,(x), D—y—1(ix)) = —ie 2 =e 2 >
1. 1 .
W (Dy(x), D—y_i(=ix)) = i e2"" = ¢270TE,
Identities for U imply

X
D;(x) + 5 Dy(x) —vD,_1(x) =0;
X
D,(x) = 5 Dy(x) + Dy1(x) = 0;
Dyt1(x) —x Dy(x) +v Dy—1(x) = 0.
Asymptotics as v — +00:

1
. 2" (11 .
~ — —V — COS V — — =TTV |.
v 2" VT2t T,

T

6.9.7 Whittaker functions

Eliminating the first-order term from the confluent hypergeometric equation
by a gauge transformation leads to the Whittaker equation [314]
k1 —4u?

1
1 _ _
! (XH[ 1Rt T

c
] ux) =0, k==-——a, pnu=
Two solutions:

1 1 1
M, (x) = e 25t (,u — K+ X 14+ 2u; x) ;

M _(x)=e 27°x " 2M<—,u—/<+§,l—2u;x>,
where
1
a=u—k+—=, c=14+2u.

2

Wronskian:

W(MK,/,L’ MK,*/L) = —2/.
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Solution exponentially decreasing as x — +o0:

WK,M(X)

1L 1
e 2 x" 2U<,u—/c+§,1+2u;x>

I'(=2w) '(2w)
= M) ——
rCn—et D) T e )

= WK,—M(x)a

M/c,—p,(x)

provided 2 is not an integer. Wronskian:

I +2up)
F(w—w+3)
Solution exponentially decreasing at —oo:

['(—2p) INEID)
————— My (—x) + ———————
Fenret ) T et )

W(MK,,LLv WK,;L) = -

Wy u(x) = My —p(—x).

Asymptotics as kK — +00:

1
Lk + ) x# 1
WK,;,L(X) ~ T COS(Z«/I(X — KT + Zn) .

The Coulomb wave equation: normalized solution regular at the origin is

Fi(n, p) = Gy, 1 (£2ip)
’ (F2i)+1 T Find+5

=Ci(p) p' e MU+ 1 Fin, 20 +2; +2ip),

where

— ol p-7u/2 T+ 1+in)

CiGm rQl+2)

This is the imaginary part of solutions
1
+ — () pEiort(m) 570 ;
Hi=(n, p) = (Fi) e e Wyn,H%(ﬂFZw)
= FP) (i) FIEN U1 1 i, 20 + 2; F2ip),
where
o(n) =argl'({ +1+1in);

1
O(n, p) = p —n log(2p) — El” +o1(n).
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The real part is the singular solution

1
Gi(n. p) = 5 [H" (0. p) + Hy (n. p)]. (6.9.1)

6.10 Remarks

The Kummer functions were introduced by Kummer [168] in 1836, although
the series (6.1.2) in the case ¢ = 2m had been investigated by Lagrange [170]
in 1762-5. Weber introduced the parabolic cylinder functions in 1869 [308].
Whittaker [314] introduced the Whittaker functions in 1903 and showed that
many known functions, including the parabolic cylinder functions and the
functions in Section 6.4, can be expressed in terms of the W, ,. Coulomb
wave functions were studied in 1928 by Gordon [116] and by Mott [208]. The
current normalization and notation are due to Yost, Wheeler, and Breit [320];
see also Seaton [256]. For an application of Kummer and Whittaker functions
to the study of singular and degenerate hyperbolic equations, see Beals and
Kannai [23].

Three monographs devoted to confluent hypergeometric functions are
Buchholz [37], Slater [260], and Tricomi [287]. Buchholz puts particular
emphasis on the Whittaker functions and on applications, with many references
to the applied literature, while Tricomi emphasizes the Kummer functions.

As noted above, there are several standard notations for the Kummer func-
tions. We have chosen to use the notation M and U found in the handbooks
of Abramowitz and Stegun [3], Jahnke and Emde [144], and Olver et al.
[223, 224]. Tricomi [287] uses ® and V.
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Cylinder functions

A cylinder function of order v is a solution of Bessel’s equation
x2u” (x) 4 xu' (x) + (x* = v?)u(x) = 0. (7.0.1)
As before we write D = x(d/dx), so that Bessel’s equation takes the form
(D2 — vz)u(x) +x%u(x) = 0.

For x ~ 0 this can be viewed as a perturbation of the equation (D> — v?)u = 0,
which has solutions u(x) = x*", so we expect to find solutions that have the
form

xEV £ (x) (7.0.2)

with f holomorphic near x = 0. Suitably normalized, solutions that have this
form are the Bessel functions of the first kind, or simply “Bessel functions.”
For v not an integer, one obtains two independent solutions of this form. For v
an integer, there is one solution of this form, and a second solution normalized
at x = 0 known as a Bessel function of the second kind.

For x large, equation (7.0.1) can be viewed as a perturbation of

1
u’ (x) + N u' (x) +ux) =0.

1
The gauge transformation u(x) = x~ 2 v(x) converts this to

v’ (x) + (l + L) v(x) =0,

4x2

which can be viewed as a perturbation of v/ 4+ v = 0. Therefore we expect to
find solutions of (7.0.1) that have the asymptotic form

1.
u(x) ~x 2etg,(x), x — +o0,

221
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where g, has algebraic growth or decay. Bessel functions of the third kind, or
Hankel functions, are a basis for such solutions.
We may remove the first-order term from (7.0.1) by the gauge transforma-

1
tion u(x) = x~ 2v(x). The equation for v is then
1
20" (x) + <x2 24 Z) v(x) = 0.

Therefore when v = :I:%, the solutions of (7.0.1) are linear combinations of

COS X sin x
NEVE
Because of this and the recurrence relations for Bessel functions, Bessel func-

tions are elementary functions whenever v is a half-integer.
Replacing x by ix in (7.0.1) gives the equation

2" (x) 4+ xu' (x) — (x* +v?)u(x) = 0. (7.0.3)

Solutions are known as modified Bessel functions. The normalized solutions
are real and have specified asymptotics as x — +00.
The Airy equation

W'(x) —xux)=0

is related to the equation (7.0.3) with v2 = L by a simple transformation, so its

solutions can be obtained from the modified Bessel functions.

In this chapter we establish various representations of these functions in
order to determine the recurrence and derivative formulas, and to determine
the relations among the various normalized solutions.

7.1 Bessel functions

The simplest way to obtain solutions of Bessel’s equation (7.0.1) that have
the form (7.0.2) is to use the gauge transformation u(x) = x"v(x), so that the
equation becomes

Dzv(x) +2vDv(x) + xzv(x) =0

and determine the power series expansion v(x) = 23020 a,x". The coefficients
must satisfy

nn+2v)a, +a,—» =0.
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It follows that a; = 0 and thus all odd terms vanish. We normalize by setting
ap = 1 and obtain for the even terms

m 1
axn = (—1)
2m(2m —2)---22m 4+ 2v)2m +2v —2)--- (24 2v)
eyt 0 -2 1=m
N 4mm (v + 1), oo Ty '

The corresponding solution of Bessel’s equation is defined for v not a negative
integer:

o0

v (_1)”" X\ 2m

m=0

As a function of v for given x > 0, the function (7.1.1) has a simple pole at
each negative integer. Division by I'(v 4+ 1) removes the pole. A further slight
renormalization gives the Bessel function of the first kind

o0

(=)™ X\ vH2m
L =Y o T (5) . (7.12)
m=0
The series is convergent for all complex x. Taking the principal branch of x"
gives a function that is holomorphic on the complement of the real interval
(—o00, 0].
It follows from the expansion (7.1.2) that

L) =x" oo, VL] = =T s, (7.1.3)

which implies that

1d\" ven

(:@) [0y @)] = "y (0); (7.14)
1d " —v n,—v—n
(za) [ 0] = D" ().

Now

VY () = x 00 + 0y (x),
T () = x I (x) — vy (x).
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Eliminating J), (x) and J,, (x), respectively, from the resulting pairs of equations
gives the recurrence and derivative relations

2
Tyt () + Ty (x) = 7" I (x): (7.15)
Joo1 () = Jys1 (x) = 2 JL(x). (7.1.6)

As remarked in the introduction to this chapter, the Bessel functions

J

1 must be linear combinations of x 2 cosx and x 2 sinx. In general, as
2
x — 0+
ey () 1 (x>iv I iv 1 (x)iv—l
X))~ ————— | = s X)~Et—- —-— | = .
v (v +1) \2 g 2T(Fv+1) \2
(7.1.7)
It follows that
71 () V2sinx @) = V2cosx (7.1.8)
X) = ——; X _ 1.
3 N JTx

These can also be derived from the series expansion (7.1.2) by using the
duplication formula (2.3.1). It follows from (7.1.8) and (7.1.5) that J,(x) is
expressible in terms of trigonometric functions and powers of x whenever
v+ % is an integer.

For v not an integer, the two solutions J,, and J_, behave differently as
x — 0, so they are clearly independent. To compute the Wronskian, we note
first that for any two solutions u1(x), up(x) of (7.0.1) the Wronskian W (x) =
W (uy, uz)(x) must satisfy x2W’(x) = —x W (x). Therefore W = c/x for some
constant c. The constant is easily determined, using the identities (7.1.7) and
(2.2.7), which give

FW+DT(=v+ 1) =TT —v) = —.
sin v
It follows that
sinvwr | xV x7V 2sinvmr
Wy, Joy)(x) = v—1 1| = ) (7.1.9)
VX —vx X
confirming that these solutions are independent for v not an integer. If v = —n

is a negative integer, examination of the expansion (7.1.2) shows that the first
non-vanishing term is the term with m = n. Setting m = n + k,
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ee]

(=¥ X\ 142k

Jon(x)=(=D" ) ———— (= = (=1)"Ju(x)
];k!(n—i-k)! (2>

= cosnm J,(x). (7.1.10)

These considerations lead to the choice of the Bessel function of the second
kind

cosvmJy(x) — J_p(x)

Yo(x) = - . (7.1.11)
sin v
In particular,
V2cosx V2sinx
Y =——; Y = . 7.1.12
%(X) Nizs _%(X) N ( )

This solution of Bessel’s equation (7.0.1) is first defined for v not an integer.
In view of (7.1.10), both the numerator and the denominator have simple zeros
at integer v, so the singularity is removable and Y, can be considered as a
solution for all v. The Wronskian is
W (Jy,, J— 2
W (o, Vo)) = — e T 2
sin 7T TX
so Jy(x) and Y, (x) are independent solutions for all v. It follows from (7.1.10)
and (7.1.11) that

You(x) = (=1)"Y,(x), n=0,1,2,... (7.1.13)

The identities (7.1.5) and (7.1.6) yield the corresponding identities for Y, (x):

2v
Yio1(x) + Vo1 (x) = — Yv(x); (7.1.14)
Yy 1(x) — v+1(x)—2Y/(x) (7.1.15)

Figures 7.1 and 7.2 show the graphs of these functions for some non-
negative values of the argument x and the parameter v.

The series expansion (7.1.2) can be used to find the asymptotic behavior
of J,(x) for large values of v so long as y> = x2/v is bounded. A formal
calculation gives

V

(— 1)'" 2Zm
2"1"(1) + ) 2 Z ( )
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Figure 7.1 Bessel function J,(x), v =0,1,2,3.

Figure 7.2 Bessel function Y, (x), v =0,1,2,3.

as the limiting value of the series. It is not difficult to show that

(Vvy)' _1p

as v — 400, uniformly on bounded intervals. For asymptotic results when x
is allowed to be comparable to v, see Watson [306], chapter 8.

7.2 Zeros of real cylinder functions
Any real nonzero cylinder function with index v has the form

ulx)y=AJ,(x)+BY,(x), (7.2.1)
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where A and B are real constants. As noted in the introduction to this chapter,
the gauge transformation u(x) = x’% v(x) converts Bessel’s equation to a
perturbation of the equation w” 4+ w = 0. Therefore we might expect that any
such function u is oscillatory: that is, it has an infinite number of zeros in the
half-line (0, 00), tending to infinity. This was proved for J, by Lommel [189].
Moreover, we might expect that the spacing between zeros is asymptotic to 7.

Theorem 7.2.1 A real nonzero cylinder function u(x) has a countable number
of positive zeros

O<xi<xp<...<x,<...
The spacing xp4+1 — Xp is > 1w if [v]| > % and < m if |v| < %.Asn — 00,
Xngl =Xy =7+ O(n™?).

. . _1
Proof As noted earlier, the gauge transformation u(x) = x~ 2v(x) converts
Bessel’s equation to

p2—1
/7 4
v (x) + (1 -— )v(x) —=0. (7.2.2)
X

The cylinder function u itself is a linear combination of solutions with behavior
Y"as x — 0, so v has no zeros in some interval (0, e]. We make
use of Sturm’s comparison theorem, Theorem 3.3.3, by choosing comparison
functions of the form

xV and x—

w(x) =cos(ax +b), a>0. (7.2.3)

Note that w” (x) + a*w(x) = 0 and the gap between zeros of w(x) is w/a. If
a is chosen so that a2 is a lower bound for the zero-order coefficient

5, €=Xx <00, (7.2.4)
then the comparison theorem implies that for x > ¢ there is a zero of v between
each pair of zeros of w. This proves that v, hence u, has countably many zeros.
Moreover, by choosing b in (7.2.3) so that w vanishes at a given zero of v, we
may conclude that the distance to the next zero of v is at most 7 /a.

Similarly, by choosing a so that ¢ is an upper bound for (7.2.4) and
choosing b so that w vanishes at a zero of v, we conclude that the distance
to the next zero of v is at least 7/a. In particular, *> = 1 is a lower bound
when v2 < 41'1 and an upper bound when v > l, so 7 is an upper bound for the
gaps in the first case and a lower bound in the second case.
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This argument shows that the nth zero x, has magnitude comparable to n.
On the interval [x,,, 00), the best lower and upper bounds of (7.2.4) differ from
1 by an amount that is O (n~2), so the gaps differ from 7 by a corresponding
amount. (]

Between any two positive zeros of a real cylinder function u there is a zero
of u’. Tt follows from equation (7.0.1) that such a zero x is simple if x # v, so
u(x) is a local extremum for u.

Theorem 7.2.2 Suppose that u is a nonzero real cylinder function and suppose
that the zeros of u' in the interval (v, 00) are

VI<Mm<...<y <

Then
lu(yD)| > lu(y2)| > ... > lu(ya)| > ..., (7.2.5)
and
5 1 1 5 1
OF =) F ul < (3 =) w2l < ... < (v —v)F uly) < ...
(7.2.6)

Proof Bessel’s equation may be written in the form

2

[xu'] (x) + |:x — v;i| u(x) =0.

Therefore the inequalities (7.2.5) are a consequence of Proposition 3.5.2. The
inequalities (7.2.6) are left as an exercise. O

The inequalities (7.2.5) are a special case of results of Sturm [276]. The
inequalities (7.2.6) are due to Watson [305].

The asymptotic results (7.4.8) and (7.4.9), together with the representation
(7.2.1), can be used to show that the sequence in (7.2.6) has a limit and to
evaluate the limit; see the exercises.

Suppose v > 0. Since J,(x) ~ (x/2)”/T(v+1) as x — 0+, it follows
that J,,J, > 0 for small x. By Theorem 3.3.6, J, is positive throughout the
interval (0, v]. Therefore the previous theorem can be sharpened for J, itself.

Corollary 7.2.3 Suppose v > 0. The local extrema of J,(x) decrease in
absolute value as x increases, x > 0.

A standard notation for the positive zeros of J,, is

O<jv1<jv2<...<jon<... (7.2.7)



7.2 Zeros of real cylinder functions 229

Theorem 7.2.4 The zeros of J,, and J,4 interlace:
0 < ju1 < Jor1,1 < Jv2 < jus12 < ju3 < ...

Proof It follows from (7.1.3) that

d d
X0 = =[] A = T 0]
(7.2.8)

The consecutive zeros j, x and j, x+1 of J,(x) are also zeros of x~"J, (x).
Therefore there is at least one zero of the derivative of x~"J,, and hence of
Jy+1(x), between j, x and j, x+1. Conversely, suppose that 1| < w; are zeros
of Jy4+1(x). Then they are also zeros of x”+1JU+1(x), and by (7.2.8) there
is at least one zero of J,(x) between p; and wy. This shows that the zeros
interlace. It follows from Theorem 3.3.4 that the first zero of J,, is less than the
first zero of J, 1, and it follows from the remark preceding Corollary 7.2.3 that
Jv1 > V. O

We conclude this section with a result that was proved by Fourier [100] for
Jo and by Lommel [189] for general real v.

Theorem 7.2.5 All zeros of J,,(z) are real when v > —1. All zeros of J),(z)
are real when v > 0. When —1 < v < 0, J/(z) has two imaginary zeros and
all other zeros are real.

Proof From the power series representations of J,,(z) and J/(z), it is readily
seen that these functions do not have purely imaginary zeros. Bessel’s equation
implies that

(@ — % /0 10y (@) Jy (B di = Z[B T, (@2)JL(B2) — @ Jy(B2)JL(a2)]

(7.2.9)
for v > —1. Indeed, J, (z) satisfies the differential equation
1 v2
e @] @+ (o = 5 Jwk) =0.
z Z

Multiply this equation by J, (8z), and multiply the corresponding equation for
Jy(Bz) by J, («z). Subtracting the two gives

Lh(BD[az I (@2)] — @Bz I,(B2)] = (B> — aP)z Ju(az) ]y (B2)

or, equivalently,

@z (B (az) — Bz L@l (B2)] = (B> — @Dz Ju(@2) Jy (B2).
[ ]
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Formula (7.2.9) follows from an integration of the last equation. Now, let o be
anon-real zero and o ¢ iR. Then z = @ is also a zero. Putz = 1 and f = @ in
(7.2.9), so that the equation becomes

1
(@ —a?) / t1, (at) J, @) dt = [@J, (@), @) — o, @) J)(@)]. (7.2.10)
0

Since J, (@) = J, (&) = 0, the right-hand side of (7.2.10) vanishes. Also, since
Reo # 0 and Im o # 0, we deduce from (7.2.10) that

1
/ tJy(at)J,(at)dt = 0,
0

which is impossible since the integrand is positive.

If J)(a) = J) (@) = 0, then the right-hand side of (7.2.10) again vanishes.
Therefore the same argument can be used for J)(z), except that now there is a
pair of imaginary zeros when —1 < v < 0. This can be seen from the power

series
. N\I—v 1 00 s + lv) 2s
121 v ( 2 t
_ J(it) = 27 N -7 | ,
<2> v(it) F(v+1)+;s!l"(s+v+l) <2>
where 7 is real. The function defined by the right-hand side of this equation is
an even function, negative at t = 0, and monotonically increases to infinity as

t — 4-00. Therefore this function vanishes for two real values of ¢, completing
the proof. (]

7.3 Integral representations

An integral representation of J, can be obtained by using the gauge transfor-
mation u(x) = x"¢*v(x) introduced in Section 3.7 to reduce (7.0.1) to the
canonical form (3.7.3):

xV 4+ Qu+142ix)vV+Qv+1iv=0. (7.3.1)
The change of variables y = —2ix gives
yw/’+(2v+l—y)u/—(v+%) w=0.

For v not an integer, any solution of this last equation that is regular at the
origin is a multiple of the Kummer function with indices v + %, 2v+ 1. It
follows that J, is a multiple of the solution

. 1
xVe' M (\J + > 2v+1; —2ix> .
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Comparing behavior as x — 0 gives the identity

1 XNV ix 1 . .
W) = o (5) M <v +3 2+ —21x) . (7.3.2)

In view of the integral representation (6.1.3) of the Kummer function when
Re (v + %) > 0, we may deduce an integral representation for J,. Making use
of the duplication identity (2.3.1) in the form

FrQu+1) 2%

Fv+1),
rv+3) V7
we obtain the identity
2x)Y (' 1 1
) = — e”/ eHBSTA(1 — )T 2ds (7.3.3)
ﬁl"(v + E) 0

when Re (v + 1) > 0.
The change of variables r = 1 — 2s in (7.3.3) leads to the Poisson represen-
tation [231]

1

)= (R F(1— T d 734
U(X)_ﬁl"(v+%) (2) /_lcosx( — . (7.3.4)

The expansion (7.1.2) can be recovered from (7.3.4) by using the series expan-
sion of cos xt:

1 1 i T(m+3)T(v+1)x™
Cosxt(l—t 2d ,
J PP

'm+v+1)Q2m)!

where we used the identity

b, pov_d L oL 1 1
/ (1 —t%) 2dt=/sm 21—95)""2ds=B|(m+=-,v+=).
. o 2" T3

Since (2m) ! =2*"m (1) . we obtain (7.1.2).

A second approach to the Bessel functions J,, is closely associated with
a second integral representation. We noted in Section 3.6 that functions of
the form exp(ik - X) are solutions of the Helmholtz equation Au + |k|?u = 0.
In particular, expix; is a solution of Au + u = 0. In cylindrical coordinates
xp = r sin @ and the Helmholtz equation is

92 +1 9 +1 92
ar2 " roar | r2ae?

+ 1} [¢"?] = 0. (7.3.5)
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Consider the Fourier expansion

o0
eirsine — Z jn(’”) eiﬂg’ (736)
n=—0oo
where the coefficients are given by
1 [ .
jn(”) — _/ el sm@e—znG do. (7.3.7)
27 0
Since
—inf i d —inf
= — —|e .
n do [ ]

repeated integrations by parts show that for every integer k > 0

(1+ )k
it

[jn ()| = Ck . n#0,

and similar estimates hold for derivatives of j,. It follows that the expansion
(7.3.6) may be differentiated term by term. By the uniqueness of Fourier
coefficients, it follows that (7.3.5) implies Bessel’s equation

P20 +r )+ =0 ) =0, n=0,%1,42, ...

We shall show that the functions j, are precisely the Bessel functions J,,, by
computing the series expansion. The first step is to take # = /Y in the integral
representation (7.3.7), which becomes

) = — / exp (lr[z— 1/t]> 11 g, (73.8)
27Tl C 2

where C is the unit circle {|¢| = 1}. Since the integrand is holomorphic in
the plane minus the origin, we may replace the circle with a more convenient
contour, one that begins and ends at —oo and encircles the origin in the positive
(counterclockwise) direction. With this choice of contour we may define j,
for all v:

Jo(r) = L/‘ exp (lr[t — 1/t]) " lar, (7.3.9)
2mi C 2

where we take the curve to lie in the complement of the ray (—oo, 0] and
take the argument of ¢ in the interval (—m, ). Taking s = r¢/2 as the new
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variable of integration, the curve can be taken to be the same as before and
(7.3.9) s

1 v
i) =5=(3) /C exp(s — 1 /4s) s~ ds

o]

Loy G0
=E<E> > m zz_m/Ce‘s "Vl ds. (7.3.10)

According to Hankel’s integral formula (2.2.8), the contour integral in the sum
in (7.3.10)is 2mi/ I'(v + m + 1). Comparison with (7.1.2) shows that j, = J,,.
The integral representation (7.3.9) is due to Schlomilch [252].

Summarizing, we have an integral formula due to Bessel [30]

1 2r )
In() = / elrsinf=ind gg (7.3.11)
0

for integer n, and

Jy(x) = %/Cexp (%x[t — 1/z]> Ve

for arbitrary real v. This last integral can also be put in the form known as the
Sommerfeld representation [264]:

1 o
Jy(x) = E/ ersint=ivd gg (7.3.12)
C

by taking r = ¢/? and taking the path of integration in (7.3.12) to be the
boundary of the strip defined by the inequalities

—m<Rez<m, Imz>O0.

7.4 Hankel functions

Our starting point here is equation (7.3.1), which is in the canonical form
discussed in Section 4.9:

pv” 4 qv’ 4 v = w (pwv') 4+ A0 =0,
where

4

1
Ap=—q'n— FHp=Dp
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As noted in that section, under certain conditions on the curve C, the integral

/ M pr(t)dt
c

w(x) (x — A+l

is a solution of the equation. In (7.3.1), p(x) =x, g(x) =2v + 1 + 2ix,
and A, = 2v+1)i, so p=—v— % Since (pw) = qw, we take w(x) =
x2Ve?X Thus the proposed solutions u(x) = x"e*v(x) of the original equa-
tion (7.0.1) have the form

. . 1 1
xY eﬂXf T (x — )" 2 dr. (7.4.1)
C

If we take C to be the interval [0, x], then the conditions of Theorem 4.9.2 are
satisfied at a finite endpoint O or x so long as Rev > % Moreover, the integral
converges so long as Re (v + %) > 0, and by analytic continuation it continues
to define a solution of (7.0.1).
Up to the multiplicative constant
2\)

Cy ﬁF(v n %) (7.4.2)
(7.4.1) is (7.3.3) after the change of variables r = x — sx in the integral. There
are two natural alternative choices for a path of integration: the positive imag-
inary axis {is; s > 0}, and the ray {x +is; s > 0}. This leads to the Bessel
functions of the third kind, or Hankel functions, defined for Re (v + %) >0
by the Poisson representations

oo 1
H,fl)(x) = —2ic,,x_”e_”‘/ IO [(x +is)(—is)]" 2 ds
0

— i(xflnflvn) * -2 ,l
=2c,x V' TETT2 f e “[s(x+is)]"" 2d (7.4.3)
0
. o 1
H,fz)(x) :2ic,,x7”ef’x/ “Blis(x —is)]""2d
0

_ —v —i(x—ln—lwr) * —2s . v—l
=2cyx e 4772 e “ls(x —is)] 2ds. (74.4)
0

The reason for the choice of constants is that it leads to the identity

Jy(x) = [H(1>(x) +HP@)], Re (v + %) > 0. (7.4.5)

Indeed, 2J, (x) — Hv(l)(x) — Hv(2> (x) is an integral around a contour from ico
to x + ioo of a function that is holomorphic in the half-strip {0 < Rez < x,
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Im z > 0} and vanishes exponentially as Im s — 400, so by Cauchy’s theorem
the result is zero.

It is easy to determine the asymptotics of the Hankel functions as x — 400,
and this can be used to determine the asymptotics of J,,. As x — 400,

/Oo e Fs(x £is)]" % /oo e 2 (sx)" %
0 0

1 1

V=7 00 V=75 1

X2 _1 x 2I'(v+ 5
2v+§ 0

Therefore as |x| — oo,

2 ifxir L
HO (x) ~ {T_xe‘(x ar 2””); (7.4.6)

Writing

we may extend the asymptotics to full asymptotic series:

ﬁei(x—}—‘n—%vn)

HV (x) ~
TX
o0 1 1
)" (v +2),,(v+3),, .
x Z T x (7.4.7)
. 1 1
Hsz)(x) N \/§ efz(xfznfivn)

E

2Mmm !

i vt Dyt Dy

The verification is left as an exercise.
It follows from (7.4.6) that the Hankel functions are independent and that

Jy(x) ~

V2 < ! ! ) ReQv+1) >0 (7.4.8)
cos|x —-m—=vr ), e (2v > 0. 4.
X 4 2
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This result is due to Poisson [231] (v = 0), Hansen [124] (v = 1), Jacobi [141]
(v an integer), and Hankel [123]. The recurrence identity (7.1.5) implies that
—Jy—7 has the same principal asymptotic behavior as J,,, so (7.4.8) extends to
all complex v. This allows us to compute the asymptotics of Y;,, using (7.1.11):

V2
X Sin v

1 1 1 1
X |cosvmw cos|x — = — —vw | —cos|Xx — -7 + —vm | |.
ovmesfemgr ) oo

The trigonometric identity

Y, (x) ~

cos 2b cos(a — b) — cos(a + b) = sin2b sin(a — b)

i R =1 i
witha = x — g7 and b = 5v7m gives

Yy (x) ~

1 1
sin <x — Zn - —vn) . (7.4.9)

V2
Jmx 2

For Re (v + %) > (0, Y, is a linear combination of the Hankel functions. It
follows from (7.4.6) and (7.4.9) that

Vo) = & [H§1>(x) —H® (x)] . (7.4.10)
2i
Conversely, (7.4.5) and (7.4.10) imply
HD(x) = J,(x) + 1Y, (x); (7.4.11)
HP (x) = J,(x) — i, (x),

for Re (v + %) > 0. We may use (7.4.11) to define the Hankel functions for all
values of v. Then the identities (7.4.5) and (7.4.10) are valid for all complex
v, as are the asymptotics (7.4.6) and (by analytic continuation) the asymptotic
series (7.4.7). In particular,

2 7
H(x) = —i J;x e HY () = \/é_x eix: (7.4.12)
2 -2

2 7
HOw =iV e By = Y2 i

3 A/TTX -3 A/TTX
It follows from (7.4.11) that the Wronskian is

4
WHD, HP)(x) = =2W (. Y)x) = ——. (74.13)
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It also follows from (7.4.11) that the Hankel functions satisfy the analogues
of (7.1.5), (7.1.6), (7.1.14), and (7.1.15):

HY o)+ HY ) = = HO (o) (7.4.14)
HZ\ (x) = HZ, (x) —2[H(2)] (x). (7.4.15)

For a given index v, the functions J,, J_,, Yy, Y_,, Hlfl), H.fz), Hflv), and
Hfzv) are all solutions of (7.0.1), so any choice of three of these functions
satisfies a linear relation. The relations not already given above can easily be

obtained from the asymptotics (7.4.6), (7.4.8), and (7.4.9). In particular,

H(l)(x) ¢ HO (x); (7.4.16)

H(Z)(X) _”“)H‘EZ)(X).

7.5 Modified Bessel functions

Replacing x by ix in Bessel’s equation (7.0.1) yields
2 " 2 2 _
@) +xu'(x) — @ +v)ulkx)=0. (7.5.1)

Solutions of this equation are known as modified Bessel functions. The most
obvious way to obtain solutions is to evaluate the Bessel and Hankel functions
on the positive imaginary axis. It is natural to choose one solution by modifying
Jy(ix) so that it takes real values. The result is

o]

1 X\ v+2m 1.
I — _— —_ = _2”)7[,]‘) ] . 7.5.2
,(x) mX_:OF(v+1+m)m!(2> e (x).  (152)

It follows from (7.4.6) that Hlfl)(ix) decays exponentially as x — 00,

while H1£2)(i x) grows exponentially. Therefore it is natural to obtain a second
. e - ).\,
solution by modifying H, ’(ix):

7 I_y(x)—1,(x)

K, ()C) —e2l(u+l)ﬂH(1)( ) 2 :
sinmvy

(7.5.3)
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The Poisson integral representations (7.3.4) and (7.4.3) lead to

X\V 1 1
I,(x) = —) / cosh(xt)(1 — 2)" "2 dt; (7.5.4)

1
ﬁl"(v—i—%) <2 —1
1
ﬁ _x/oo —t( t2)v§
Ky(x) = —Y* = dr. 755
0 Jﬂr(v+%)e o © T ' (7:33)

A consequence is that /), and K, are positive, 0 < x < oo.
The derivative formula

dr, v
E[x Iv(x)] =x"1—1(x)

follows from (7.1.3) or directly from the expansion (7.5.2) and leads to the
relations

2v
I—1(x) — Ihy1(x) = = L (x);

L 1(x) + 1y (x) = 21\/;()()-

These imply the corresponding relations for K :
2v
Ky—1(x) — Kyq1(x) = _7 Ky (x);

Ky_1(x) + Kyp1(x) = =2 K} (x).

The asymptotic relation (7.4.8) implies

X

«/an’

Vre ™
N

Full asymptotic expansions may be obtained from (7.4.7). The principal terms
in the derivatives come from differentiating (7.5.6), so the Wronskian is

L (x) ~

(7.5.6)

K,(x) ~

1
W(K,, I,)(x) = ;
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7.6 Addition theorems
In Section 7.3 we established the identity

e¢]

eV = 3" g (x) e (7.6.1)

n=—0oo

Taking ¢ = ¢!, we may write this in the form of a generating function for the
Bessel functions of integral order:

o0

1
Ga.y= Y Ju)t" =2V =1 (7.6.2)
n=—o00
Moreover,
o0 ) o o0
Z Jn(x _I_y) em@ — ez(x—i—y)sm@ — Z Jn(x) em@ Z Jn(y) etn0'
n=—o0 n=—oo n=—o0

Equating coefficients of e/’ gives the addition formula

ee]

Ju(x +y) = Z I () Jn—m (¥).

m=—00

This is a special case of a more general addition formula. Consider a plane
triangle whose vertices, in polar coordinates, are the origin and the points
(r1,601) and (2, 62). Let r be the length of the third side. To fix ideas, suppose
that 0 < 6; < 6 < %n. Then the triangle lies in the first quadrant and the
angle 6 opposite the side of length r is 6, — 6. Projecting onto the vertical
axis gives the identity

rsin(6r + @) = rpsinfr — ry sinfy = rp sin6r — ry sin(6, — ),

where 0 = 6, — 0; is the angle opposite the side with length r and ¢ is the
angle opposite the side with length r1. By analytic continuation, this identity
carries over to general values of 65, with

P2 = r12+r22 —2rirp cos, 0 =6, — 0.
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According to (7.3.12),

Ju(r) eil}(p — L/ eir sin(92+(p)7iv92 d92
2 C

1
= — e
2 C

= L‘/\ eirl Siﬂ(@*ez) eirz Sil’1927i1)62 d@z
2 C

irp sinO,—iry sin(6p—60)—ivo, d@z

By (7.6.1),

o0
eirl sin(0—6;) — Z Jn(rl)ei”(e_QZ).

n=—0oo

Inserting this into the preceding integral and interchanging integration and
summation gives

e¢]

Jo(r) elve — Z J, (rl)ezne . E/ oir sin 6y —i (v+n)6> db,.
C

n=—oo

Using (7.3.12) again, we have Graf’s addition formula

o]

Ty e = > Ju(r) Jopa(r2) €. (7.6.3)

n=—0o

A deeper result is Gegenbauer’s addition formula [110]:

JUE}”) —2'T(v) Z(U + ")M C) (cosb), (7.6.4)
r frs 11

where C, are the Gegenbauer polynomials, expressed in terms of Jacobi
polynomials as

C,‘:(x) = & Pn(V7%’U7%)
(v+3),

For a simple derivation of (7.6.4) from Graf’s formula when v is an integer,
see [7]. For a proof in the general case, see [219].

(x).
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7.7 Fourier transform and Hankel transform
If f(x) = f(x1, x2) is absolutely integrable, i.e.
[o)e] o0
f / | f(x1, x2)|dxy dxz < 00,
—00 J —00
then the Fourier transform of f is the function
—~ 1 o0 00 .
f‘(s17 §2) —_ / / e—l(XlSl‘FXZEZ) f(_xl’ _Xz) d)Cl de.
27 J oo J-oo
If f is continuous and fis also absolutely integrable, then
1 00 oo .
flrnx) = — / / (NERE) F(e) &) de) dés;
27 J o J o0

see Appendix B.
If f is an absolutely integrable function on the half-line (0, 00), its nth
Hankel transform is

g0y = /0 Jn(xy) £() x dx. (77.1)

This Fourier inversion formula above can be used to show that the Hankel
transform is its own inverse: if f is an absolutely integrable function on the
half-line [0, co) and its nth Hankel transform g is also integrable, then f is the
nth Hankel transform of g:

Flx) = /O Jn(xy) 83 v dy. (71.7.2)

To prove (7.7.2) given (7.7.1), we first write the two-variable Fourier trans-
form in polar coordinates (x, 6) and (y, ¢):

e 1 [ee) 2 )
F(y,¢)=5/0 /0 e YeosO=9) p(x 0)do x dx; (7.7.3)

1 o0 27 , .
F(x,0) = Ef / XY= E(y v)yde ydy. (7.7.4)
0 0

Take F(x,0) = f(x)e " Then the integration with respect to 6 in (7.7.3)
gives

2 27
/ e—ixy COS(@—(p)—il‘l@ d9 — e—inwf e—ix}'COSQ—inQ de (775)
0 0

where we used periodicity to keep the limits of integration unchanged when
changing the variable of integration. Since —cos6 = sin (0 - %JT), we may
change variables once again and conclude that (7.7.5) is
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(_l-)ne—lmp/ ezxysm@—m@ d9 — (_i)ne—ln(pzn Jn(xy), (776)
0
by (7.3.11). Therefore the Fourier transform of f (x)e" ig

o0
(=D)"e"g(y), &)= / Jn(xy) f(x) x dx.
0
In (7.7.4), therefore, the integral with respect to ¢ is
2 21
/ eixycos((?—(p)—inga d(p — e—in@/ eixycosga—imp d(p. (7.7.7)
0 0
Proceeding as above and using the identity cos ¢ = sin (go + %n), we find that
(7.7.7) 1s
"0 25 I (xy).

Therefore the right-hand side of (7.7.4) is

. (o]
emin® /0 Jn(xy) g(y) ydy.

This proves (7.7.2), given (7.7.1).

7.8 Integrals of Bessel functions

We have shown that J,(x) ~ cy,x as x — 04+ and J,(x) = O(x’%) as
x — oo. It follows that if f is any continuous function such that

1 ) 00 dx
/0 | f(x)|x dx—i—/l |f(x)|ﬁ<oo, (7.8.1)

then the product f J,, is absolutely integrable on (0, 00). For v > —1 it is not
difficult to show that the integral can be obtained as a series by using the power
series expansion (7.1.2) and integrating term by term:

s v+2m

o0 _ ( 1)’"
| s s > F(HmH)m,/ r@ ()" ax,

(7.8.2)
so long as the last series is absolutely convergent. As an example, let

f)=x"1e** Re(@+v) >0, Res>0.
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Then

00 v+2m o 1 d
[ f(x) ('%) dx — 2—U—2m—1 f e—sy yz(v+a)+m _y
0 0 y

r(bo+ Ja+m)

] ,
v+2m+1 g3 (ta)+m

SO

o]

© 1 Fr(Av+la+m 1\"
/ xa7167SX2JU()C)d.X _ Z (2 2 ) (_ )
0

2v+ls%(“+a) m:OF(v+m+ Dm! \ 4s

USRS (UAS DM

v+ 1) 2v+g20F0 G Dmm A ds

The last sum is the Kummer function M with indices %(v +a), v + 1 evalu-
ated at —1/4s, so for Re (v +a) > 0and Res > 0,

© 2
f x4 e gL (x) dx
0

F(iv+1la 11 1
_ (2 2 1) M(—U+—a,\1+ ]; _—), (783)
M+ H2agzvto 2 2 N

In particular, if @ = v + 2 so that %(v + a) = v + 1, this simplifies to
0 —1/4s
/ x”“e_”sz x)dx = e—-
0 (2s)”+1
As a second example, let

Sx) =x1e™ a4v>0, 5>0,

to compute the Laplace transform of x*~1J, (x). Then

h fx) (£>v+2m dx = 1 oQeﬂ’C xVTatIm=l gy
0 2 T ovd2m 0

I'v+a+2m)

T Qv2m gvta42m”

Now

Fv+a+2m)=TWw+a)V+a)m

_ m (L)1 oot !
=T'(v+a)2 V+ —a V+ —a+ .
2 2 /., m
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Therefore

o0
/ x4 e L (x) dx
0

__rero (vt Grrdard), o1y
= F(\) n 1) 2usv+a o (l) —+ l)m m! S2 .

The last sum converges for s > 1 to the hypergeometric function with indices
%(v + a), %(v +a+ 1), v+ 1, evaluated at —1/s2. By analytic continuation,
the following identity holds for all s, v, and a with Res > 0, Re (v +a) > O:

o0
/ x4 e ™ I, (x) dx
0

C'(v+a) F 1 N 1 1 N 1 N 1 +1 1
=—————~ F|(=v+=za,zv+-a+=-,v+1;,— ).
T+ Hovsvta  \2° 292" 72972 52

Corresponding to various cases (8.7.2), (8.7.5), and (8.7.6) in Section 8.7,
we obtain

o0 r2v+1 1
/ e Y T () d = ler 2)v : = (7.8.4)
0 ro+1 (1+ sz)v+§
00 rQv+2
/ e 2 I () dx = A0 qur 2) - S (1.8.5)
0 Fv+1) (1+S2)U+§
/oo e x M (x)dx = S (7.8.6)
0 v(s—i—\/l—i—sz)w
o XS 1
e ,(x)dx = . (7.8.7)
/0 ' «/1+s2(s+\/l+sz)v

7.9 Airy functions
If v is a solution of Bessel’s equation (7.0.1) and u is defined by
u(x) = x*v(bx°)
where a, b and ¢ are constants, then u is a solution of Lommel’s equation

X2u"(x) + (1 = 2a)x u'(x) + [b*c*x* +a* — P |u(x) =0.  (7.9.1)
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If v is, instead, a solution of the modified Bessel equation (7.5.1), then u is a
solution of the corresponding modified Lommel equation

X2u"(x) + (1= 2a)xu'(x) — [D*c*x* —a® + A |u(x) =0.  (7.9.2)

The particular case of (7.9.2) with v2=14=
Airy equation

@‘
Il
wll\J

% gives the

' (x) —xu(x) =0. (7.9.3)

The calculation is reversible: any solution of (7.9.3) for x > 0 has the form

1 2 3
ux)y=x2v <§x2>,

where v is a solution of the modified Bessel equation. The standard choices are
the Airy functions

Ai(x) = Vx K (zx%)

73 % 3

i 2 3 2 3\
_Vr 1<—x2)—11 (—xZ) , (7.9.4)

3 L-3\3 3\3 i

and

, Jx T 2 3 2 3\
B =Y 17 —x2 I —x2 . 7.9.5
i(x) N 3 +% 3 | (7.9.5)

It follows from (7.5.2) that the series expansions of the Airy functions are

o0 3n x3n+1
Ai(x) = Z - - . | (7.9.6)
n=0 !

32143 F(n + %) n! 32"+§F(n + %)n

=

3 x3n+1
Bi(x) = V3 Z +— :

32”+31" n+ )n! 32"+?F(n+%)n'

which show that these are entire functions of x. It follows from these expan-
sions that the initial conditions are

Ai(0) = . A0) = — 41 ;
351 (3) 35r()
Bi(0) = 11 ., Bi'(0) =
301(3) 301(3)
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The Wronskian is constant, so the constant is
2

320(3)r(3)
The asymptotics of the Airy functions as x — +oo follow from the asymp-
totics of the modified Bessel functions. The leading terms are

W(Ai,Bi)(x) =

[\S1[9%}

3
_2,2 2.
. e . e3
A1(x)~—1; Bi(x) ~ T-
27 x4 Jxd
The principal terms in the asymptotics of the derivatives are obtained by
differentiating (7.9.7). This gives a second determination of the Wronskian:

I

(7.9.7)

W(Ai,Bi)(x) = %

The asymptotics of the Airy functions for x — —oo can be obtained from
the asymptotics of the Bessel functions J,. Replacing x by —x in the series
expansions shows that

. Jx 2 3 2 3
A — = — J —Xx2 J —x2 ’
1(—x) 3 _% 3x + % 3x
2 3 2 3
- 511y (9) - (3)
V3 L1 -3\3 3\3
It follows from (7.4.8) that as x — +o00,
2 3 1 (2 3 1
cos §x2 — Zn sin §x2 — ZJT
Ai(—x) ~ ; ;o Bi(—x) ~— 7 .
JTx# JTx#
The original function that arose in Airy’s research on optics was defined by

the integral

1 [ 1 5
—/ cos | =t + xt ) dt. (7.9.8)
T Jo 3

To see that this integral is equal to the function (7.9.6), we first make a change
of variable + = t/i so that the integral becomes

1 ioo 1 5 1 ioo 1 5
— cosh| =t —x7 ) dt = — exp| =77 —xt ) dt. (7.9.9)
i Jo 3 270 J _iso 3

By Cauchy’s theorem, the vertical line of integration can be deformed into a
contour C which begins at infinity in the sector —7/2 < argt < —n /6 and
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ends at infinity in the sector 7 /6 < arg Tt < /2. So far we have restricted x to
be real, but the function

1 1
Ai(z) = %/Cexp <§r3 - zr> dt (7.9.10)

is an entire function in z, since the integrand vanishes rapidly at the endpoints
of C. Furthermore, by differentiation under the integral sign, one can readily
see that this integral satisfies the Airy equation (7.9.3). From (7.9.10), it can
be verified that the integral in (7.9.8) has the Maclaurin expansion given in
(7.9.6).

Let w = exp(27i/3). In addition to Ai(z), the functions Ai(wz) and
Ai (w?z) are also solutions of equation (7.9.3). With the aid of Cauchy’s
theorem, one can use (7.9.10) to show that these three solutions are connected
by the relation

Ai(z) + wAi(wz) + 0’ Ai(w?z) = 0. (7.9.11)

Returning to (7.9.9), we restrict x to be positive:

1 [iee 1
Ai(x) = — exp -3 —xt) dr.
270 J_iso 3

By deforming the imaginary axis into the parallel vertical line Re T = /x, one
can show that

o0
Ai(x) = —1 e_%xm e_ﬁpz_%iPS d
2 p
—0o0

1 2ap [ 1
e / e—ﬁpzcos<§p3) dp. (7.9.12)

T 0

By analytic continuation, this holds for | arg x| < . Let us now replace x by
z, and make the change of variable ,o2 = u so that (7.9.12) becomes

1 _23p [ 1 3\ d
Ai(z) = —e 37 ! / e Vi cos [ ~u2 —u, (7.9.13)
2 0 3 ﬁ
valid for |argz| < w. By expanding the cosine function into a Maclaurin

series and integrating term by term, we obtain a sharper version of (7.9.7):
the asymptotic expansion

Ai(z) ~

1 e
27TZZ n=0

asz — ooin |argz| < .
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7.10 Exercises

7.1 Show that

1
lim M (a, ST —f) =T+ 1)x2" 1,(2v%).
a

a——+00

7.2 Show that the Fourier transform of the restriction to the interval
—1 < x < 1 of the Legendre polynomial P,,

1
\/Lz_nfle_ingn(x)dx,
is
(—l)"
\/g

Hint: use the Rodrigues formula.
7.3 Use Exercise 7.2 and the Fourier inversion formula to show that

ixéJ dé§ {i”Pn(x), x| <1

1(5)

Ef_of HOFT o x| > 1.

7.4 Use Exercise 7.2 to show that the expansion of the plane wave e
sum of Legendre polynomials is

R A
ZnXZ;l (n+§>7Jn+%(K)Pn(x).

7.5 Use Exercise 7.4 and the orthogonality properties of the Legendre
polynomials to prove the integral formula

KX as a

(60 = (i —/ JK5 P () dix

7.6 Show that the expansion of the plane wave e/~

polynomials is

in terms of Gegenbauer

=m0 Yt () a0 G,
n=0

7.7 Use the orthogonality property of the Gegenbauer polynomials to derive
an integral formula for J; 1, («) involving C,)l‘ (x).
7.8 Prove (7.1.16).
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7.9 Verify the following relations:

2sin v
Jor1(0) Iy (x) + LX) I (x) = — v

| o

Jor1 ()Y, (x) = L)Yy (x) =

S|
o

L (x)Kyp1(x) + L1 (0)Ky(x) =

==

7.10 Prove that the positive zeros of any two linearly independent real
cylinder functions of the same order are interlaced.

7.11 Let y, » denote the nth positive zero of Y, (x). Prove that when v >—l,

W1 < ju,l < W2 < jv,2 <...

7.12 Assume that for fixed n, we know that j, , is a differentiable function of
vin (—1, 00).
(a) Differentiate the equation J, (j, ,) = 0 to get

dj dJ,
J Gon) ]vn [ v(x):| -0
X jU n

av
(b) Verity by differentiation

/X S L () dy = x{J () Iy (x) = T () (X)}
0

2 2
y n? —v? WA

(c) Letting u — v, show that for v > 0,

fjw, J2(x) e = ]vnj G )[aj,,(x)}
0 X=jun

X 2v av
(d) Establish the representation

djv,n .]v n j (.X)

dv ]vn{J (]v n)} /

which shows that when v > 0, j, , is an increasing function of v.

7.13 Prove the first statement of Theorem 7.2.2 by adapting the method of
Proposition 3.5.1.

7.14 Prove the second statement of Theorem 7.2.2.

7.15 Show that the sequence (7.2.6) has a limit and determine it, assuming
that u has the form (7.2.1).

7.16 Given an index v > —% and a constant A > 0, define f; (x) = J,(Ax),
x > 0.

dx, v>0,
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(a) Show that x? f' + xf] + (A*x2 —v?) fi = 0.
(b) Let W(f, f.) be the Wronskian. Show that

[x W@)] = (3 = 1?)x filx) fu ),

and deduce that if J,(A) =0 = J,,(n) and A # p, then

1
/ x Jy(Ax) Jy(ux)dx = 0.
0

(¢) Suppose that J,,(A) = 0. Show that

1 1
1
/ x J,(Ox)>dx = lim / x Jy(Ax) Jy(ux) dx = = J.(W)2.
0 =2 Jo 2

(d) Use (7.1.3) to show that J,,(A) = 0 implies J, (L) = —Jy41(A).
(e) Suppose that

f) =) ax J,0ux), 0<x <1, (7.10.1)
k=0

where the {A;} are the positive zeros of J,, numbered in increasing order.
Assume that the series converges uniformly. Show that

2

ag = ———
Jv+1 ()\k)z

1
/ x f(x) Jy(Akx)dx. (7.10.2)
0
The expansion (7.10.1), (7.10.2) is called the Fourier—Bessel expansion
of the function f. In particular, the Fourier—Bessel expansion of a

function f converges to f(x),0 < x < 1, if f is differentiable for
O<x<land

1
/ x%If(x)ldx < 00;
0

see Watson [306], chapter 18.

7.17 Show that

a0 <1, x>0, n=0,1,2,...

7.18 Show that

w(H", H?)(x) = —;_;: W(lo 1) () = _2s71Tnxv71.
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7.19 Deduce from the generating function for the Bessel functions of integer

order that
o0
sinx =2 (=) Jan 1 (x);
n=0
o0
cosx = Jo(z) + 22(—1)"J2n(x)§
n=1
o0
xcosx =23 (=)' (@2n — 1)* Iy (x).
n=1
7.20 Deduce from (7.5.5) that
1.\ roo
Ko(x) = M/ 2 — 1y Ydr. Re v s —
rv+3) i 2

Use this formula and the beta function integral to show that

o0 —
/ VK (1)dt = 22T (“;”>r<“2”), Re 1 > |Re v.
0

7.21 Show that

= N (cosnn) Iy (x) = Io(x) +2 Y (cosnt) I (x).

n=—oo n=1

7.22 Show that
X
/ cos(x — 1) Jo(t)dt = xJo(x).
0

7.23 Deduce from (7.1.6) that

m m

d
2" —— Ty (x) = Y (=" F (’Z) Tutm—2k (%).

dx™
k=0

7.24 Show that

o
/ e~ Jo(bx)dx = , a>0,b>0.
0

a? + b2
7.25 Show that
* e—azxz J, (bx)x”'de _ Le—bz/élaz,
0 (Zaz)”'H

a>0,b>0, Rev>-1.
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7.26 Using Exercise 7.22, show that for x > 0 and |[Re v| < %,

(%x) ! o0 sin xt
Jv(x): 1 /. 1
Val(z =v) i @2 —1vh:
1 v 00
Yy () = — (zx) / cos xt ldt
VED(3=v) i@ -yt

7.27 Derive from (7.1.3) the recurrence relation

X X
/ I, (0)dt = xP Ty (x) — (u—v — 1)[ T ()dt,
0 0
Re (u+v) > —1.
7.28 Show that
X o
/ Jy(t)dt =23 Jyyont1(x). Rev>—1.

0

n=0

7.29 Verify Sonine’s first finite integral formula [265]: for Re u > —1 and
Rev > —1,

3 2T+ 1
/(; Jyu(x sin6) sin*t1 6 cos?’ ! 0do = %quﬂ(x).

7.30 Verify the identities (7.8.4).
7.31 Show that w(x) = [Ai ()c)]2 satisfies the third-order equation

w® —dxw’ — 2w =0.
7.32 Show that the solutions of the differential equation
w® 2303 — 1+ 20w —xw) + 0 =4+ xHw =0

are the Kelvin functions ber, (x), bei, (x), ber_, (x) and bei_, (x),
defined by

ber, (x) = ibei, (x) = J, (xeE3/4) = VT2, (o4

(These functions were introduced by Kelvin [153] for v = 0 and by
Russell [243] and Whitehead [313] for general v and other types. [Not
the Russell and Whitehead, however.])

7.33 Show that
o0
r
/ Ai() t* Vdr = (al) .
: SR (fa+ )
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7.34 Prove that for 0 < ¢ < o0,
1 2
0<Ai(t) < —=¢ /4 —Z37).
s Al = 5o e"p( 3

7.35 Use Gauss’s formula (2.3.6) to show that the two determinations of the
Wronskian of the Airy functions Ai, Bi are the same.

7.11 Summary

7.11.1 Bessel functions

A cylinder function is a solution of Bessel’s equation
x2u” (%) + xu' (x) + (2 = vHu(x) = 0.

One solution is the Bessel function

o]

(_])m X\ v+2m
0= 2 rrmm (3)

m=0

holomorphic on the complement of (—oo, 0]. The series expansion implies

[xVJU]/vaJU*I’ [x_v']\)]/:_x_vjl)+la
SO
1 d\"
(——) [x" L )] = x"" Ty n(x);
X dx
1 d " —UJ _ 1 n —u—nJ
P X" h] = (D" vt (X)),
and
2v
Jo—1(x) + Jv+l(x) = ; Jy (x);
Jo—1(x) = Jygp1(x) =2 J)(x).
1
Forv = ii’
V2sinx V2 cos x
J1(x) = o 1) = ——
2 A/TTX -2 A/TTX

The derivative relation implies that J,(x) is expressible in terms of trigono-
metric functions and powers of x whenever v + % is an integer.
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Wronskian:

2sin v
Wy, J)(x) = — .

X

For integer values of the parameter
Jon(x) = (=D"Ju(x).

Bessel function of the second kind:

cosvrJy(x) — J_,(x)

Yv(x) = "
sin v
In particular,
Y100 \/jcosx Y L) «/Esinx
X)) = ——; X) = .
% X —% VX

Wronskian:

W(Jy, J- 2
W Vo)) = — S 2
sin v X
For integer values
Y_,(x) = (=D"Yy(x), n=0,1,2,...

The derivative and recurrence identities for the J, imply

2v
Yi1(x) + Y1 (x) = " Yy (x);
Yoo 1(6) = Yot (¥) = 2Y(0).

The series expansion leads to

(Vvy)' 1o
H(Vvy) »ro+n’

as v — —+o0, uniformly on bounded intervals.

7.11.2 Zeros of real cylinder functions

A real nonzero cylinder function u(x) has a countable number of positive zeros
O<xi<xp<...<xp<...
The distance x,+1 — x, is > w if |v| > %, and < 7 if |v| < % Asn — o0,

Xnpl —Xn =7+ 0.
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If u is a nonzero real cylinder function and the zeros of the derivative u’ in
(v, 00) are

Vi <m<...<Wm<...

then

lu(yDl > lu(y2)| > ... > lu(ya)[ > ...,

and

1 1 1
(o =v)* Gl < (3 =) * Gl <o < (v =) 3wl < ...

If v > 0, there is no zero of Jlﬁ in the interval (0, v], so the previous inequalities
apply to all local extrema of J,,.
Denote the positive zeros of J, by

O<jv1<jv2<...<jon<...
The zeros of J, and J, 4 interlace:
0 < Jjui < vl < Jjv2 < Jjv+12 < Jo3 < ...

All zeros of J,,(z) are real when v > —1, and all zeros of J/(z) are real when
v>0.

7.11.3 Integral representations

The gauge transformation u(x) = xVe*v(x) and the change of variables
y = —2ix convert Bessel’s equation to

yw”—i—(Zv—l—l—y)w/—(v—i—%)w:O.

This leads to the identity

Ju(x) 1 (x)u i (v Lo 12
X)=—— (=) e v+ =, 2v+1; —2ix
Y Cwv+1) \2 2
and to the integral representations
2x)Y ot 1 _1
Jy(x) = Ll e’x/ e 2V TI(1 — )" 2 ds
ﬁF(U + E) 0

1 X\V 1 ) 1 1
————— (3) [ cosxti—tar, Re (u+-) -0,
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Analysis of the Helmholtz equation in two variables leads to Bessel’s repre-
sentation

1 2 )
Ju(x) = — Fsin0=ind gg -y —0,+£1,42, ...,
2 0

the identity

(@]
eix sin — Z J,,(x) el’l’lﬂ7

n=—0oo

and the representations

5o = —— [ exp (%x[t — 1/;]) v dr

2mi Ci
1 - .

- P sinf—ivo do,
2 Cy

for arbitrary real v, where C; is a curve beginning and ending at —oo and
enclosing the origin and C» encloses the strip {—7 < Rez < &, Imz > 0}.

7.11.4 Hankel functions
The considerations in Section 4.9 motivate the Hankel functions, which are the

solutions of the Bessel equation given by the Poisson integral representations

(€)) —v i(x—ln—lwr) > —2s . v—l
H,”’(x) =2c,x" Ve 4772 e “ls(x+is)] 2ds;
0

2) —v —i(x—ln—lvn) © —2s . v—l
H,”(x) =2cyx""e 4772 e “ls(x —is)] 2ds,
0

for Re (2v + 1) > 0, where
21)

B JaT(v+1)

These are related to the Bessel functions of the first and second kind by
1
h@) = S[HP 0 + HP 0];
1
Y@ = —[HP @) - HP 0]

HD(x) = Ju(x) + i, (x);
HP(x) = J,(x) —iY,(x).
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It follows that the Wronskian is

4
W(HD, H?)(x) = —.
(H, v Tix

The Poisson integral representation leads to asymptotic expansions

H‘El)(x) N \/E ei(x—%ﬂ—%un)
A/TTX
N i S 1 Gk P
— 2mm | ’
H§2)(x) - e—t(x—%ﬂ—ivn)

= (—vt ), 0+,

2 2mm | *

m=0

There are corresponding expansions for J,, and Y,,, with leading terms

L6 V2 1 1
p(X) ~ COS\ X — =TT — -V ),
VX 4 2

Y,(x) ~

Particular values:

H(l)(x) = — ﬁ eix. H(l) (X) _ \/5 eix.
1 = ’ 1 = ’

5 ATTX -3 ATTX

2

HO () =i V2 it O (x)_ﬁe_m
1 - ’ 1 -
> A/TTX -3 A/TTX

2

The derivative and recurrence relations for J,, and Y,, imply that

2v
HY @)+ HY 0 = = HY (0);

x
2 2
H? (x) - H?, (x) = 2[HP] (0).
Moreover,

HY () = ™ HD (x);

Hizv)(x) — e—i]ﬂ)H]EZ)(x)‘

257
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7.11.5 Modified Bessel functions
Solutions of the modified Bessel equation
2 () +xu' (x) — (2 +1vHux) =0

can be obtained by evaluating solutions of Bessel’s equation on the positive
imaginary axis:

L =Y : (5)"" =
T LT T mym \2 - v

1 vl
— (f) / coshxt(1 — tz)v_% dt;
r(v+3) 127 Jo

7 L) = I (x)
2 sin v

1
— Lefx \/Ooeft <t+ ﬁ)u_z dt
S Varw+d) 2x '

The derivative formula

9

T 1.
Ku(x) _ = ezt(u+l)nHu(l)(l-x) —

NS}

d
E[X”Iu(x)] =x"I,—1(x)

leads to the relations
2v
L—1(x) = Ly41(x) = = I, (x);
L1 (0) + Lt (1) = 21(0);
2v
Ky—1(x) — Ky1(x) = - Ky (x);

Ky—1(x) + Kyp1(x) = =2 K}, (x).

Asymptotics:
e* Jre ™
I,(x) ~ ;o Ky(x) ~ ——, x = 4o0.
! V2mx ’ V2x

Full asymptotic expansions may be obtained from the expansion of the Hankel
functions.
Wronskian:

1
W(Ky, I,)(x) = P
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7.11.6 Addition theorems
The identity

[o9]

eixSll’l9 — Z Jn(.x) ein@
n=—oQ
can be written as a generating function:

o0
1
Ga.y= Y Ty =e2""V0 =1,

n=—oo

Addition formula:

o0

TG+ =D In) Jaem (),

m=—00

Graf’s formula:

o0

L) e = 3" Ju(r) Jopn(r2) €,

n=—oo

where r, r1 and r; are three sides of a triangle, ¢ is the angle opposite r1, and
6 is the angle opposite r. With the same notation, Gegenbauer’s formula is

J, > J, J,
(1) — oV () Z(V +n) van (1) Jogn(r2) C;(COS 0).
rv = riry

where C, are the Gegenbauer polynomials

V)= P Pn(”_%’”_%)(x).

T +a),

7.11.7 Fourier transform and Hankel transform

Suppose

/oo|f(x)|x%dx < 00.
0

The nth Hankel transform of f is

g(y) =/0 Jo(xy) f(x)xdx.
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If f is continuous and g satisfies the same integrability condition as f, then f
is itself the Hankel transform of g:

Flx) = fo Jn(ey) 83 y dy.

7.11.8 Integrals of Bessel functions

Under certain conditions

1) & (=)™ v+2m
fo FO0) Jy(x)dx = Z F(v+m+l)m'/ oo ( dx.
Examples: for Res > 0, Re (v +a) > 0,

o r(3v+1a
/ xa—le—sxzjv(x) dx — (2 2 1)
0 T+ 1)2vtig20Ho

1 1 1
XM|-v+—-a,v+1;——);

2 2 4s
o +1 5 %S
v —s5x _ .
/0 x" e J”(x)dx_—(zs)vH’
> '(v+a)
a—1 _—sx _
/0 x“ e Jv(x)dx_—l"(v+1)2"s"+“
P 1 +1 1 +l +1 1 1
X v+ —-a,-v+-a+—,v = |
2 2772 2 2 52
© re 1 1
o re 2
/ e xVH g (0 dx = ( v—il- 2)” . u 7
0 Fv+1) (1+S2)v+§
e xT L (x)dy = —m———;
/0 ' v(s+v1+s2)v
o0 1
e ], (x)dx = .
/0 ' «/1+s2(s+«/1+s2)v
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7.11.9 Airy functions

b (2
ux) =x v<§x )

and v is a solution of the modified Bessel equation with index v = %, then u is
a solution of the Airy equation

If

u’(x) —xu(x)=0.

Airy functions:

Al (x) = VX K (%ﬁ) _ Tx [1
3

Bi (x) x[l (2 %)+1
X)=— —x
N A 3

Series expansions:

o 3n 3n+1
. X X
Ai(x) = E [ 5 - ] ;
n=0 !

32”"’?1"(11—1—%)11! 32”+%F(n+%)n'

x3n+1
Bi(x) = IZ[ + }

32"+sr - §)n! 32 (0 + $)n !

Wronskian:
W(Ai (x), Bi (x)) =—
Asymptotics:
3 3
EX: E
Ai (x) ~ T3 Bi(x) ~ . X —> +00
27 x4 JT x4
3
2.5 1
cos(3x2 — zm
J x4
3
. sin (%)ﬂ — }‘n)
Bi(—x) ~ — , x— +o0
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Airy’s integral form:

1 +ioo 1
Ai(z) = ey / exp (513 — zr) dr.
—100

Let o =exp(27i/3). Functions Ai(w’7), j=0,1,2, are solutions of
(7.9.3) and

Ai(z) + wAi(wz) + 0 Ai(w?z) = 0.

The integral form is equivalent to

1 2 : © 1 3\ d
Ai(z) = 2—6_323/2/ e~V cos <§M2> 7”_
T 0 u

for | arg z| < m, which gives the full asymptotic expansion

3 1
25 r( 5) (=D)"
Ai(z) ~ — ﬁzzz—(””)( D
I 321 (2n) 3
2mz4 n=0 : Z2n

, z— 00, J|argz|<m.

7.12 Remarks

Bessel’s equation is closely related to Riccati’s equation [238], a case of which
was investigated by Johann and Daniel Bernoulli starting in 1694 [28]; see
Exercises 3.20 and 3.21 in Chapter 3. It also arose in investigations of the
oscillations of a heavy chain (D. Bernoulli, 1734 [25]), vibrations of a circular
membrane (Euler, 1759 [86]), and heat conduction in a cylinder (Fourier, 1822
[100]) or sphere (Poisson, 1823 [231]). Daniel Bernoulli gave a power series
solution which is Jy. The functions J, for integer n occur in Euler [86];
he found the series expansions and looked for a second solution, finding Yy
but not Y,,. The J, also appear as coefficients in studies of planetary motion
(Lagrange [171], Laplace [175]). The early history is discussed in some detail
in Dutka [77].

Bessel’s 1824 investigation of the J,, [30] and Schlomilch’s memoir [252]
left Bessel’s name attached both to the functions of integer order and to the
functions J, for arbitrary v which were introduced by Lommel [189] in 1868.

Up to factors, the Bessel function of the second kind Y, was introduced by
Hankel [123], Weber [309], and Schlifli [249]. Neumann [212] introduced a
different version. The functions Hv(i) were introduced by Nielsen [216] and
named in honor of Hankel. Up to factors, the functions 7, and K, were
introduced by Bassett [21]. The function K, also appears in [192] and is
sometimes called Macdonald’s function.
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Airy’s integral was introduced and studied by Airy in 1838 [4]. The current
notation Ai (x), Bi (x) is due to Jeffreys [146].

The theory, the history, and the extensive literature on cylinder functions
through the early 20th century, are surveyed in Watson’s classic treatise [3006].
Other references, with an emphasis on applications, are Korenev [162] and
Petiau [227].
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Hypergeometric functions

Hypergeometric functions were introduced briefly in Chapters 1 and 3. The
series representations of these functions, like the series representations of
Kummer functions, are examples of a more general concept of hypergeometric
series.

After a brief discussion of general hypergeometric series, we discuss solu-
tions of the hypergeometric equation

x(1=x)u"(x) +[c— (a+b+ Dx]u'(x) —abu(x) =0 (8.0.1)

and the two classic transformations (Pfaff, Euler) from one solution to another.

There are three natural pairs of solutions of (8.0.1), normalized at the
singular points x =0, x = 1, and x = oo respectively. Any three solutions
must satisfy a linear relation. In particular, for most values of the parameters
(a, b, c), each solution of one normalized pair is a linear combination of the
two solutions in each of the other two pairs. We find a fundamental set of such
relations.

When the parameter c is an integer, the standard solutions coincide (¢ = 1),
or one of them is not defined. A second solution is found by a limiting process.

Three hypergeometric functions whose respective parameters (a, b, c)
differ by integers satisfy a linear relation. A basis for such relations, due to
Gauss, is derived.

When the three parameters (a, b, c¢) satisfy certain relations, a quadratic
transformation of the independent variable converts a hypergeometric function
to the product of a hypergeometric function and a power of a rational function.
The basic such quadratic transformations are found.

Hypergeometric functions can be transformed into other hypergeometric
functions by certain combinations of multiplication, differentiation, and inte-
gration. As consequences we obtain some useful evaluations in closed form
and some useful integral representations. Jacobi polynomials, rescaled to the

264
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interval [0, 1], are multiples of hypergeometric functions. This leads to some
additional explicit evaluations, recalled from Chapter 4.

8.1 Hypergeometric series

A hypergeometric series is a power series of the form

9]

Z (ar)n(az)y - - (ap)n N (8.1.1)
€Dn(@Dn - (Can! ™ -

n=0
where again the extended factorials are defined by

I'(a + n)
I'(a)

and so on. It is assumed in (8.1.1) that no ¢; is a non-positive integer. If some
aj is a non-positive integer then (8.1.1) is a polynomial; we exclude this case
in the following general remarks.

The ratio test shows that the radius of convergence of the series (8.1.1)
is zero if p > g + 1, while the radius of convergence is 1 if p = ¢ + 1 and
infinite if p < g. Therefore it is assumed that p < g + 1. The function defined
by (8.1.1) for |x| < 1 is denoted by

(@p=a@+D@+2)---(a+n—-1 =

pFylar,az, ... ap;c1,c2,...,¢q:%). (8.1.2)

This function can be characterized as the solution of the generalized hyper-
geometric equation

L), oFx) =0, F@0) =1, (8.1.3)

where L), (¢) denotes the differential operator

q 14
_ d
Lavo=x"D[[D+c;—=)-[][(D+a). D=D, =x .
j=1 k=1
(8.1.4)

Indeed D[x"] = nx", so if F(x) = Z,fozo b,x™ is a solution of (8.1.3), the
coefficients satisfy

q 4
n[Jej+n=1-by=]]@+n-1- by

j=1 k=1

Therefore by = F(0) = 1 implies that the solution F is given by the series
(8.1.1).
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8.1.1 Examples of generalized hypergeometric functions

An empty product (no factors) is always taken to be 1, so
oo xn
_ T X,
oFo(x)—Zn! =
n=0

the corresponding operator is d /dx — 1. The binomial expansion gives

. (a) 1
Fy(a; x) = D= ———
1Fo(a; x) Zn! x T —x)e
n=0
the corresponding operator is (1 — x) d/dx — a.
Since
1 1 1 1

o0 " wd), e T e,

it follows that

1 1,
cosx =oF) Eg—zx ; (8.1.5)
11,
coshx = oF E;Zx ;
sin x 3 I,
=oF1 |z ——x7);
X 2 4

It is clear from the series representation (7.1.2) that the Bessel function J,, is

_ & 1o
J(x) = Fow+D) oF <U~|—1, 4x )

Integrating the series representations of (1 4+1)~', (1 + 2~ (1 -2,
1

(1= and (1+1>)72 from r =0 to r = +x or t = £x> gives the

identities

=,F(1,1;2; —x); (8.1.6)

tan~! x I 3 2
=2F (5. L5 —=x");
X 22

log(1 + x)
X
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sin™!x 13 ,
2F y 7y e X
22
tanh~! x 3,
—— =, F 1 =ix
X 2

sinh ! x F113 )
A\ )

Manipulation of the coefficients in the series expansions leads to the identities

N =

S

[(1+x) “+(1-x)""=1F (la,la—i-l %;x2>; (8.1.7)

i[(1 +X)7 = (1 -x)"] = —x2F <la + l, L 1, E; x2) .
2a 2 2°2 2
The order of the differential operator (8.1.4) is g + 1. It is not surprising
that for most applications, the cases of interest are those when the operator
has order two, i.e. ¢ = 1. The term hypergeometric function or Gauss hyper-
geometric function is usually reserved for the case ¢ =1, p =2, and the
subscripts are usually dropped:

A (@)n(b)
2Fi(a,b;c;x) = F(a,b,c; x) = E ﬁx", c#0,—1,-2,...
c)pn!
n=0 (8.1.8)

The case ¢ = 1, p = 1 is the “confluent hypergeometric” case of Chapter 6.
The terminology comes from the idea of replacing x by x /b in (8.1.8), so that
the singularities of the equation are at 0, b, and oo, and then letting b — 400
so that the latter two singularities flow together. The formal limit of the series
in (8.1.8) is the series for | Fi(a, ¢; x) = M(a, c; x).

8.2 Solutions of the hypergeometric equation

The operator associated with the series (8.1.8) is the hypergeometric operator

d? d
Lape =x(1 =x) = +[c = (@+b+ Dx] —— —ab. (8.2.1)

Any solution of L, F = 0 in a region in the complex plane extends analyti-
cally to any simply connected plane region that does not contain the singular
points x = 0, x = 1. The series (8.1.8),
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ee]

F(a,b,c;x)zz

n=0

@n O)n

O (8.2.2)

is the solution that is regular at the origin and satisfies F(0) = 1. It has a single-
valued analytic continuation to the complement of the real ray {x > 1}. In the
various formulas that follow, we choose principal branches on the complement
of this ray. Note the identity

d b
—[F@.b.c:x) = Fa+1b+1,c+1:x). (8.2.3)
X C

In the notation of (8.1.4), with D = D, = x(d/dx), the hypergeometric
operator (8.2.1) is

Lape =x'D(D+c—1)— (D +a)(D +b). (8.2.4)
Recall (6.1.5): for any constant b,
xPDxPux)} = (D + byu(x). (8.2.5)

It follows that conjugating by x!~¢ converts the operator (8.2.1) to the operator

x(,‘—] Labc-xl_c

=x'DD+1—-c)—D+a+1—c)D+b+1-0)
= Lat1—c, b+1—c,2—c-

Therefore a second solution of the equation L, F = 0 is provided through
the gauge transformation u(x) = x=Cux):

xTCFa+1—c,b+1—¢,2—cx), (8.2.6)

provided that ¢ is not a positive integer. (This is one of many provisos that
exclude certain integer values of combinations of the indices a, b, c. The
exceptional cases will be discussed separately.)

The hypergeometric operators L,,. can be characterized as the linear
second-order differential operators that have exactly three singular points on
the Riemann sphere, 0, 1, 0o, each of them regular. (For the concepts of regular
and irregular singular points, see Coddington and Levinson [55], Hille [129],
or Ince [135]; for a look at irregular singular points, see the exercises for
Chapter 10.) We mention this because it explains an important invariance
property of the set of hypergeometric operators {L,p.}: this set is invariant
under changes of coordinates on the Riemann sphere CU {oo} by linear frac-
tional transformations (Mobius transformations) that map the set of singular
points {0, 1, oo} to itself. This provides a way of producing solutions that have
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specified behavior at x = 1 or at x = co. These transformations are generated
by the transformation y = 1 — x that interchanges 0 and 1 and fixes co and the
transformation y = 1/x that interchanges 0 and oo and fixes 1.

Consider the first of these transformations. Let u(x) = v(1 — x). Then
equation (8.0.1) is equivalent to

yAd ="'+ [ —(@+b+1)y]v'x) —abv(y) =0,
d=a+b+1-—c.

Therefore there is a solution regular at y = 0 (x = 1) and another that behaves
like yl_c/ =(1-x)' at y = 0. These solutions are multiples of the two
solutions

Fa,b,a+b+1—c¢;1—x), (8.2.7)
A=x)""PFc—a,c—b,14+c—a—b;1—x),

respectively, provided that ¢ — a — b is not an integer.
The inversion y = 1/x takes D, to —Dy, so

Lape = yDy(Dy + 1 —¢) — (Dy —a)(Dy — b);
(=X Labe(=x) ™" = =[Dy(Dy = b +a) — y(Dy +a)(Dy + 1 — ¢ + a)],

where we have made use of (8.2.5). It follows from this and from interchanging
the roles of a and b that there are solutions that behave like (—x) ™% and (—x) —b
at co. They are multiples of the two solutions

1
(—X)_”F(a,l—c+a,a—b+l;—), (8.2.8)
X

1
(—x)_bF<l—c+b,b,b—a+l;—),
X

respectively, provided that a — b is not an integer.

These results can be used to generate identities for hypergeometric func-
tions. For example, composing x — 1 — x with inversion and composing the
result with x — 1 — x gives the map y = x(x — 1)~! that fixes the origin and
interchanges 1 and oo. This leads to a different expression for the solution that
is regular at the origin, given as a function of x (1 — x)~!; this is Pfaff s identity
[229]:

Fla.b.cix)=(1—x)"F <c —a. b, — 1). (8.2.9)
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(The special case of this with b = 1 was known to Stirling [274].) There is, of
course, a companion identity with a and b interchanged:

F(a,b,c;x)=(1 —x)"“F <a, c—b,c ) . (8.2.10)

x—1

If we iterate (8.2.9), fixing the index ¢ — a on the right, we obtain an identity
due to Euler [90]:

F(a,b,c;x)=(1—x)"*PF(c—a,c—b,c;x). (8.2.11)

Another derivation of Pfaff’s identity is given in the next section.

Kummer [168] listed 24 solutions of the hypergeometric equation. Four of
them occur in (8.2.9), (8.2.10), and (8.2.11). The remaining 20 are generated
in the same way, starting with the five solutions (8.2.6), (8.2.7), and (8.2.8).

If we replace a by a 4+ v and b by —v, the operator (8.2.1) has the form

d? d
x(1 —x)ﬁ + [c —(a+ 1)x]a +v(a +v),

so that A(v) = v(a + v) appears as a natural parameter associated with the
fixed operator

d? d
x(1— x)ﬁ + [c —(a+ I)X]E'

The following asymptotic result due to Darboux [62] will be proved in
Chapter 10:

1
F (a + v, —v,c; sin’ <§9>>

I'(c) cos (v@ + %a@ — %cr{ + J—tn) +o0™h

-1 c—l 1 l-‘:-(a—c)
V7 (vsin 30)° 2 (cos 50)2

(8.2.12)

asv — +oo,for0 <0 < .

8.3 Linear relations of solutions

In the previous section we identified six solutions of the hypergeometric equa-
tion L, F = 0 that have specified behavior at the singular points {0, 1, co}:

F(a,b,c;x)~1, x—0; (8.3.1)
xICFa+1—c,b+1—c¢,2—c;x)~x'"¢ x—0;

Fa,b,a+b+1—c;1—x)~1, x—1,;
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A=x)"*PFc—a,c—b,14+c—a—b;1—x)~1—x) "%t  x>1;
(—x)“*F@a,1+a—c,14+a—0b;1/x)~(=x)"% x— —o0;
(—x)_b Fb,1+b—c,1+b—a;l/x)~ (—x)_b, X — —00.

The hypergeometric operator has degree 2, so any three solutions must
be linearly related. Our principal tool for computing coefficients in these
relations is an integral representation due to Euler [88], which is obtained in

the same way as the integral representation (6.1.3) for Kummer’s confluent
hypergeometric function.

Proposition 8.3.1 (Euler’s integral representation) Suppose Rec > Rea > 0.

Then

1 1
F(a,b,c; x)=—/ s LA —s) T (1 —sx) P ds. (8.3.2)
B(a,c—a) Jy

Proof Since

(a) . I'(a+n)T(c) B B(a+n,c—a)
©n T@T(+n  Bl,c—a)

the integral representation (2.1.7) for the beta function implies

o0

1 ! a—1 c—a—1 (b)n n
F(a,b,c;x):mfo K (1—y5) Z . (sx)" | ds.

n=0

Summing the series in brackets gives (8.3.2). U

The identity (8.3.2) provides an explicit analytic continuation for x in the
complement of [1, co) when Rec > Rea > 0.
The change of variables t = 1 — s in (8.3.2) converts the integral to

1 —b
(1—x)*b/ e=a=1(] — pya-1 (1— o ) dr.
0 x—1

In view of (8.3.2) and the values at x = 0, we obtain Pfaff’s identity (8.2.9)
in the case Rec > Rea > 0. Analytic continuation in the parameters gives
(8.2.9) for all values.

Let us return to the six solutions (8.3.1). In principle, the first is a linear
combination of the third and fourth:

F(a,b,c;x)=Ci(a,b,c)F(a,b,a+b+1—c;1—x)
+Ca(a, b,o) (1 —x) 7
x F(c—a,c—b,1+c—a—>b;1—x). (8.3.3)
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The coefficients C; and C; are analytic functions of the parameters, so it is
enough to compute these coefficients under special assumptions. Assuming
that c — a — b > 0, the fourth solution vanishes at x = 1, so the coefficient of
the third solution is F (a, b, c; 1). This value can be obtained immediately from
(8.3.2) if we assume alsothatc > a > Qorc > b > 0:

I'(c)T'(c —a —b)
Fc—a)T(c—b)

Ci(a,b,c)=F(a,b,c;1) =

This extends by analytic continuation to the full case, giving Gauss’s summa-
tion formula [103]:

Z(a)"(b)"zr(c)r(c_“_b), Re(c—a—b)>0.  (83.4)
©)pn! I'c—a)T(c—b)

n=0

If b is a negative integer, the sum is finite, and (8.3.4) reduces to a combina-
torial identity usually attributed to Vandermonde in 1772 [295], but known to
Chu in 1303 [54]; see Lecture 7 of [14]:

k (@ _ (c—a)
F(a,—n,c; 1) _Z( 1) ( ) o= o (8.3.5)

valid forc #0, —1, =2, ...
We may use Euler’s identity (8.2.11) to rewrite (8.3.3) as

F(c—a,c—b,c;x)
=Ci(a,b,c)(1 —x)* " F(a,b,a+b+1—c;1—x)
+ Cy(a,b,c) F(c—a,c—b,1+c—a—b;1—x).

Assuming thata + b > ¢, we evaluate C, by computing F(c —a,c — b, c; 1).
By (8.3.4) (with a change of indices) the result is
'e)'(a+b —c¢)
[(a) T'(b)

Cyla,b,c) =F(c—a,c—b,c;1) =

Therefore

Flab cxy= Q= a=b) @ bt —e1—
I'c—a)T(c—>b)
I'e)l'(a+b —c)
T(a)T(b)

x F(c—a,c—b,14+c—a—>b;1—x). (8.3.6)

( _ )C—(l—b
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This identity can be inverted by replacing x by | —xandcbya+b+1—c¢
in order to express the first of the solutions normalized at x = 1 as a linear
combination of the solutions normalized at x = 0:
_Ta+b+1-0)T'(l—-c)
" Ta+1—cT(h+1—-0)
Fra+b+1—-c)T'(c—1)
T'(a)T(b)

Fa,ba+b+1—c¢;1—x)

F(a,b,c;x)

x'TCFa+1—c,b+1—¢,2—c;x).

(8.3.7)

This identity and a change of indices allows one to obtain the second of
the solutions normalized at x = 1 as a linear combination of the solutions
normalized at x = 0.

Similarly, the first solution in (8.3.1) is a linear combination of the last two,
and it is enough to obtain one coefficient, under the assumption thatc > a > b.
Under this assumption, take x — —oo in (8.3.2) to obtain

F(a,b,c;x) ~ (_x)_b ! a—b(l )c—a ds
GCREV T Bae—ay Jo ® BT
(—x)7° I'(c)T'(a—b)

B(a—b,c—a)=(—x)"

T Bac—a) Tc—bT(a)

By symmetry and analytic continuation, we obtain
o —a)
 T(c—a)T(b)

I'(c)T(a — b)
T(c—b)T(a)

1
F(a,b,c;x) (—x)_“F(a,1+a—c,1+a—b;—)

X

1
(fan<a1+b—a1+b—m—).
X
(8.3.8)

This can be inverted to give
a 1
(—x)“Fla,1+a—c,14+a—b; -
X

_Td+a—-b)T(1—c)

T Ta+1—-0Td=b)

Fl4+a—-b0T-1)
['(c —b)T(a)

F(a,b,c;x)

xTCFa+1—c,b+1—c¢,2—c;x).
(8.3.9)

The identities (8.3.6), (8.3.7), (8.3.8), and (8.3.9) are valid when all co-
efficients are well-defined, no third index is a non-positive integer, and all
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arguments x and ¢(x) are in the complement of the ray [1, co). Additional
identities can be obtained by applying the Pfaff transformation or the Euler
transformation to some or all of the terms.

8.4 Solutions when c is an integer

As is the case for the confluent hypergeometric functions, when c is an integer
# 1, one of the two solutions (8.1.8) and (8.2.6) of the hypergeometric equa-
tion (8.0.1) is not defined, while if ¢ = 1 these two solutions coincide. We can
find a second solution by adapting the procedure used in Section 6.3.

Assume first that neither @ nor b is an integer. Assuming that ¢ # 0,
—1,-2,..., let

@I T I
N(a,b,c;x)EMF(a,b,c;x)zz (@+m I +n)x".
I'(c) = L'c+n)n!
The series expansion is well-defined for all values of c. Note that if ¢ = —k

is a non-positive integer, then the first k + 1 terms of the series vanish. In
particular, if ¢ = m is a positive integer,

Na+1—m,b+1—m,2—m;x)

i Tla+1l—-m+m)Th+1—m+n) ,
=m-—

re—m+n)n! *

n 1

" U'N@,b,m:x).  (8.4.1)

=xm_1i Ca+k) Tk +k) ko

— T(m+hk!

We define a solution of (8.0.1) by analogy with the Kummer function of the
second kind:

( ) = a ) ( )
U(a,b,c;x F(a,b,c;x
T Fra+1—-—c'b+1-c) T
[(c—1) l—e¢
_— F l—c,b+1—¢,2—c¢;
+ @ ()x (a + c,b+ c c;Xx)

(8.4.2)
_ T
T sinmeT@Ta+1—)TBHTB+1—0c)

X [N(a,b,c;x) —x""*N@+1-c,b+1 —c,2—c;x)].
(8.4.3)
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In view of (8.4.1), the difference in brackets has limit zero as ¢ — m, m a
positive integer. Therefore, by I"Hopital’s rule,

(=D"

Ua,b,m;x) = T T@a+1—mTBIb+1—m)

a
—|N sbs 5 - 1=
Xac[ (a,b,c;x) —x
xN(a+1—c,b+1—c,2—c;x)]|czm

For non-integer values of a and b and positive integer values of m, calculating
the derivative shows that
(=n"

U@ bom:x) = s o T+ 1 —m) (m = D)1

{long(a b, m; )+Z( Dnlb )n[l/f( +m)+yd+n

—Y(n+1)—ym+ n)]x”}

(m 2)! 1mZ(a+1_m)"(b+l_m)"x"
I"(a)l"(b) 2Q-—m),n!

’

(8.4.4)

where ¥ (b) = T'/(b)/ T'(b) and the last sum is taken to be zero if m = 1.

The function in (8.4.4) is well-defined for all values of a and b. By a
continuity argument, it is a solution of (8.0.1) for all values of a, b, ¢ and
all values of x ¢ (—oo, 0]. If neither a nor b is an integer less than m, then
U (a, b, m; x) has a logarithmic singularity at x = 0 and is therefore indepen-
dent of the solution F'(a, b, c; x). If neither a nor b is a non-positive integer and
one or both is an integer less than m, then the coefficient of the term in brackets
vanishes and U (a, b, c; x) is the finite sum, which is a rational function that is
again independent of F'(a, b, c¢; x).

If @ and/or b is a non-positive integer, then U (a, b, m; x) = 0. To obtain a
solution in this case we start with non-integer a and b and multiply (8.4.4) by
I'(a) and/or I"(b). The limiting value of the resulting function as a and/or b
approaches a non-positive integer is a well-defined solution of (8.0.1) that has
a logarithmic singularity at x = 0.

We have found a second solution of (8.0.1) when c is a positive integer.
When c is a negative integer, we may take advantage of the identity

Ua,b,c;x)=x""U@+1—c,b+1—1c,2—c;x). (8.4.5)
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The various identities of Section 8.3 can be extended to exceptional cases
by using the solution U. As an example, to obtain the analogue of (8.3.6) when
1 4+ a + b — c is a non-positive integer, we may start with the general case and
express the right-hand side of (8.3.6) using the solutions

(1—x)"PF(c—a,c—b,1+c—a—b;1—x),
U(a,b,1+a+b—c;1—x).
The result in this case is

F(a,b,c;x)=T(c)U(a,b,1+a+b—c;1—x).

8.5 Contiguous functions

As in the case of confluent hypergeometric functions, two hypergeometric
functions are said to be contiguous if two of the indices of one function are the
same as those of the other, and the third indices differ by 1. Gauss [103] showed
that there is a linear relationship between a hypergeometric function and any
two of its contiguous functions, with coefficients that are linear functions of the
indices a, b, ¢ and the variable x. By iteration, it follows that if the respective
indices of three hypergeometric functions differ by integers, then they satisfy
a linear relationship, with coefficients that are rational functions of the indices
a, b, ¢ and the variable x.

It is convenient to use again a shorthand notation: fixing indices a, b, c, let
F be the function F(a, b, c; x) and denote the six contiguous functions by
F(a*t), F(b+t), F(ct), where

Flat) = Fla+1,b,c;x)

and so on. Since there are 15 pairs of these six functions, there are 15 contigu-
ous relations. Because of the symmetry between a and b, however, there are
nine distinct relations: we do not need the five that involve b but not a, and the
relation that involves F'(a—) and F(b+) follows from the one that involves
F(a+) and F(b—).

These relations can be derived in a way similar to that used for Kummer
functions in Section 6.5. The coefficient of x” in the expansion of F is

— (@)n(b)n
T o@an!
The coefficients of x" in the expansions of F(a+) and F(c—) are
(a+ 1), a+n (©)n c—1+n
— &y = Sn, 8}1 - Eﬂ

(@)n a (c—1), c—1
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respectively. Since D[x"] = nx", the corresponding coefficient for D F is ne,,.
It follows that

DF =a[F(a+) — F]=b[F(b+)— F] = (c— D) [F(c—) — F].
These identities give
(a—=b)F =aF(a+)—bF(+); (8.5.1)
(@a—c+1)F=aF(a+)—(c—1) F(c—). (8.5.2)
The coefficient of x” in the expansion of F’ is

(n+ D(@n41(B)ny1  (@+n)(b+n)

= En- (8.5.3)
(Dny1(n+ D! (c+n)
Now
b — —b
(a+M(+%)=n+m+b_@+}c a)(c {
c+n c+n
while the coefficient of x” in the expansion of F(c+) is
(Sn I
(c+ 1), "Toe4n "
Therefore (8.5.3) implies that
— —b
F=DF+@a+b—c F+ =D pety
¢
Multiplying by x gives
— —b
(1—x)DF = x |:(a+b—c)F+ wF(H—)]
¢

Since
(1—x)DF = (1 =x)a[F(a+) — F],
it follows that

[a+ B —c)x]F =a(l —x) F(a+) —

w Flc+). (8.5.4)

The procedure that led to (8.5.4) can be applied to F'(a—) to yield another such
relation. In fact, the coefficient of x" in F’'(a—) is

(a—1)b+n) [ (a — 1)(c—b):|
L e =la-1) - —— g,
c+n c+n
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Multiplying by x gives

DF(a—)=(a—1)xF — F(c+).

(a—1(c—b)x
c
Replacing a@ by a — 1 in a previous identity gives
DF(a—) = (a — D)[F — F(a—)].
Therefore

(c—Db)x
(l—x)F:F(a—)—T

F(c+). (8.5.5)

Identities (8.5.1)—(8.5.5) can be used to generate the remaining five identi-
ties. Eliminating F(c+) from (8.5.4) and (8.5.5) gives

2a —c+ (b —a)x]F =a(l —x)F(a+) — (c —a) F(a—). (8.5.6)
Eliminating F(a+) from (8.5.2) and (8.5.4) gives

[c=D+@+b+1-20)x]F

=(c—D(l —x)F(c—) — w

F(c+). (8.5.7)
Eliminating F (c+) from (8.5.5) and (8.5.7) gives

[l—a+(—b—1x]F=(c—a)Fa-)—(c— 1D —x)F(c—).
(8.5.8)

Eliminating F'(c+) from (8.5.4) and (8.5.5), with a replaced by b in (8.5.5),
gives

(@a+b—c)F =a(l —x) F(a+) — (c —b) F(b—). (8.5.9)
Eliminating F (a+) from (8.5.6) and (8.5.9) gives
b—a)(l—x)F =(—a)Fa—)— (c—b)F(b—). (8.5.10)

8.6 Quadratic transformations

Suppose that ¢ is a quadratic transformation of the Riemann sphere, i.e. a two-
to-one rational map. Under what circumstances is the function F (a, b, ¢; ¢(x))
a hypergeometric function:

F(a, b, c; (p(x)) =F@d, b, c;x)? (8.6.1)

Assume first that ¢ is a polynomial of degree 2. An equation of the form (8.6.1)
implies that ¢ takes the singular points {0, 1} of the equation satisfied by the
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right-hand side of (8.6.1) to the singular points {0, 1} of the equation satisfied
by the left-hand side. Furthermore, by comparison of these two equations, it is
readily seen that the unique double point of ¢, the zero of ¢’, must go to 0 or 1.
The right side is holomorphic at x = 0, so necessarily ¢(0) = 0. Finally, the
origin must be a simple zero of ¢. The unique such polynomial ¢ is 4x(1 — x).
Considering asymptotics at infinity for the two sides of (8.6.1), we must have
{a’, b’} = {2a, 2b}. Considering behavior at 0 and at 1, we must have 1 — ¢ =
I —c and1—c=c" —a’ — b so,up to interchanging a’ and b’,

1
a =2a, b =2b, c:c’:a—i—b—}—z.

A comparison of the two differential equations and of the behavior at x = 0
shows that these necessary conditions are also sufficient:

1 1
F (a,b,a~|—b+ 5;4x(1 —x)) =F (2a,2b,a—|—b+ E;x). (8.6.2)

This can also be written in the inverse form

F(a,b,a+b+%;x) = F<2a,2b,a~|—b+%; % — %\/1 —x). (8.6.3)
The general quadratic two-to-one rational map of the sphere has the form
¢(x) = p(x)/q(x), where p and g are polynomials of degree <2 with no
common factor, and at least one has degree 2. The requirement for an identity
of the form (8.6.1) is that ¢ map the set {0, 1, co}, together with any double
points, into the set {0, 1, oo} and that the origin be a simple zero. This last
requirement can be dropped if we look for a more general form

F(a,b,c;o(x)) = (1 —ax)PFd', b, s x).

Indeed, if ¢ = a’b’/c’ then the right-hand side will have a double zero at
the origin, i.e. the derivative vanishes at x = 0. A candidate for ¢ here is
x2/(2 — x)?, which takes both 1 and oo to 1. In this case we would expect
to take o = % to compensate for the singularity of the left-hand side at x = 2.
Since

2
X 4(1 — x)
1— - ~4(1 = x), 1;
C—x2  a—xp DX
4
~——, X — 00,
X

comparison of the behavior of the two sides as x — 1 gives the condi-
tion c —a — b = ¢’ —a’ — b’, while comparison of the two sides as x — oo
gives {0,c —a — b} ={B —a’, B — b'}. Up to interchanging a’ and &', these
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conditions together with % B =d'b’/c imply that B = b', ¢’ = 2a’. Compari-
son of behavior as x — 2 shows that, up to interchanging a and b, we should
have 2a = B,2b = B+ 1. Thenc = a’ + % Our proposed identity is therefore

1 x? x\24 1
F(a,a—i-z,c,m):(l—z) F(c—E,Za,Zc—lgx).
(8.6.4)
It can be shown that both sides satisfy the same modification of the hypergeo-

metric equation. The inverse form is

1 _ 1 2
F<a,a+§,c;x) =(1+ﬁ) 201F<c—§,2a,2c—1; 1+\/\;/)_c)'
(8.6.5)

Starting with (8.6.2), inverting it, applying Pfaff’s identity (8.2.9) to the
right-hand side, and repeating this process yields the following sequence of
identities. (At each step we reset the indices a, b, c.)

1
F(a,b,z(a+b+1);x>
=F : 1b 1( + b+ 1);4x(1 ) ) (8.6.6)
= Ea,z sza )5 4x( X)) e

1
F(a,b,a—i—b—i—i;x)

11 1
=F<2a,2b,a+b+§;§—§\/1—x> (8.6.7)
1 1 —2a 1 1 VT—x—1
—(=+=Vi—x Fl2a,a—b+-a+b+-; 3 —" ",
<2 2 ) ( 2 2 «/1—x+l>

(8.6.8)
F(a,b,a—b+1;x)
11 1 dx
=(1-x)"“F(-a,=a—b+-,a—b+1;,———— 8.6.9
(I=x) <2a 54 +2a + (1—x)2> ( )
dto=r(tatastapir (8.6.10)
=+x 54, 54+ 5.a— 3 | 6.
272772 (1+x)?

1
F|a, =, C;
<a a+2 cx)

1 1 —2a 1— V1=
=<-+- l—x) Floa2a—c+1.c: —Y""2) 8611
2 2 1+4/1—x
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T—x—1
= (1 —x)°F (2a, 2e—2a—1,c: 2—x) : (8.6.12)

1—x
1
F(a,b,i(a+b+1),x>

1 1 11 4x(1 —x)
=(1—2x)"%F (5 Sz@+b+1);———F"2). (86.13
( ) (2a2 3@ tb+h (1—2x)2> (8.6.13)
Applying (8.2.9) to the right-hand side of (8.6.13) returns us to (8.6.6).
Similarly, starting with (8.6.4), inverting it, applying (8.2.9) to the right-
hand side, and repeating this process yields the following sequence of identi-
ties. (Again we reset the indices a, b, c.)

F(a,b,2b; x)
R TR Y D S P S (8.6.14)
= 2* 24Ty Ty a2 ) o
F +1 :
a,a E,c,x
% 1 2/x
=(1 Fl2a,¢c—~,2c—1; 8.6.15
( +«/)_c) (a c 3 c l—i—ﬁ) ( )
—2a 1 Zﬁ
=(1-— Fl2a,c—=,2c—1; — ; 8.6.16
( \/;) (a c 5 c 1—\/J_C> ( )
F(a,b,2b; x)
1 1 1 1 x2
=1 —=x)2|(=a,b—=a,b 8.6.17
(d-=x (2“ 24Ty 4) (8.6.17)

Applying (8.2.9) to the right-hand side of (8.6.17) returns us to (8.6.14).

One more collection of identities can be generated by starting with (8.6.17)
and following it with (8.6.8), then proceeding to invert and to apply (8.2.9) on
the right:

—2a

1 1
F(a,b,2b;x) = <§ + 54/1 —x)

x Fla,a—b+

2
1b+; [1_”_1 : (8.6.18)

E’
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Fla,b,a—b+1;x) = (1 +/x)

1 4
x F<a,a—b+—,za—2b+ I iz) (8.6.19)
2 (1+x)
—2a
= (1= V%)
1 4
x F a,a—b+—,2a—2b+1;—l2 ; (8.6.20)
’ (1=v%)
1
F(a,b,2b,x) = (1 —x)"2°
2
1—JT—
x F a,2b—a,b+l;—¥ . (8.6.21)
2 41 —x

Applying (8.2.9) to the right-hand side of (8.6.21) returns us to (8.6.18).

Additional identities can be generated from (8.6.6)—(8.6.21) by applying
(8.2.9) (in the first or second index) and (8.2.11) to one or both sides, or by a
change of variables. We mention in particular the identity obtained by applying
(8.2.11) to the left-hand side of (8.6.2):

1 1 1
1—20)F(a+ .0+, a1 —
( X) (a+2 +2a+b+24x(1 x)>

1
=F (Za, 2b,a + b+ 5; x) (8.6.22)

and an identity obtained by a change of variable in (8.6.18):

dx 1 1
Fla b, 2b; ——— ) =1 2Fla,a—b+~,b+—:x>).
(“ (1+x>2) (4o <“ @Ot y0Ts x)

(8.6.23)

Each of the identities (15.3.15)—(15.3.32) in [3] can be obtained in this
way. The basic identities are due to Kummer [168]; a complete list is found
in Goursat [117].

8.7 Transformations and special values

A given hypergeometric function may be transformed into another by oper-
ations that involve multiplication and differentiation or integration. Two
examples are
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1+k—a dk xa—l
F(a,b,c;x) =x W[mFm—k,b,c;x)}
dk xc+k—1
1—c
— | —— F(a, b, k; , k=0,1,2,...
e |: O (a c+ x)j|

(8.7.1)

The proofs are left as exercises.
Formulas like this are primarily of interest when the hypergeometric func-
tion on the right-hand side can be expressed in closed form, such as

F(a,b,a;x) = (1 —x)"". (8.7.2)

This example, together with (8.7.1), shows that F(a, b, c; x) can be written in
closed form whenever ¢ — a or ¢ — b is a non-negative integer.

The identities (8.7.1) allow us to decrease the indices a, b by integers or
to increase ¢ by an integer. The following integral transform allows us, under
certain conditions, to increase an upper index or to decrease the lower index
by integer or fractional amounts.

Given complex constants « and B with positive real parts, we define an
integral transform E, g that acts on functions that are defined on an interval
containing the origin:

_ Ta+p) R -1
Eqpf(x)= TR Jo s = )P f(sx) ds. (8.7.3)
Then
AR R
Ea,ﬁ[x ]—F(Q)F(IB)B(OI‘FH,,B)X _—(a+ﬁ),,x

Taking o = ¢, or @ + B = a, respectively, we obtain
EcpF(a,b,c;-) = F(a,b,c+ B; )
and

Ea,afaF(av b,c;)=F(a,b,c;-).
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Reversing the point of view, we may write a given hypergeometric function
as an integral. For Rea > 0 and Ree¢ > O or for Rec > Re ¢ > 0, respectively,

F(a,b,c;x) = Eqs¢[F(a+e¢,b,c;)](x)

_Ta+e (!
S T@T(e) Jo

F(a,b,c;x) = Ec_¢¢[F(a,b,c—¢;)](x)

s M1 =) 'F(a+e, b, c:sx)ds, (8.7.4)

I'(c) !

= sCE A — )V F(a, b, c — &; sx) ds.
F'(c—¢e)T(e) Jo

Therefore if Rec > Rea > 0 we may take ¢ = ¢ — a and use (8.7.2) and
(8.7.4) to recover the integral form (8.3.2)

F(a,b,c;x) = Eqe—a[(1 —x)7"].

The collection of well-understood hypergeometric functions can be
enlarged by combining (8.7.2) with the various quadratic transformations in
the previous section, choosing values of the indices so that one of the first two
is equal to the third and (8.7.2) is applicable. In many cases the result is a
simple algebraic identity; for example, taking ¢ = a + % in (8.6.5) yields

A== (1+x)™ (%)ﬂ .

In addition, however, one can obtain some less obvious identities.
Taking b = a + % in (8.6.3) gives

—2a
1 1+ V1=
F(a,a+§,2a+1;x> - (%) . (8.7.5)

Taking ¢ = 2a in (8.6.11) gives

1 freyTi=x)
)_m 2 ‘

Another category of special values occurs when one of the first two indices
(a, b) is a non-positive integer, say a = —n, so that F(a, b, c; x) is a poly-
nomial of degree n. As we noted in Chapter 4, this polynomial is a rescaling
of a Jacobi polynomial, provided ¢ > 0 and b —c —n + 1 > 0. The identity
(4.6.12) is equivalent to

1
F(a,a—l——,Za;x (8.7.6)

2

|
Fla+n, —n,c;x) = —— pl=la=o(q _oy). (8.7.7)
(©n



8.7 Transformations and special values 285

The arguments that led to the formulas (4.7.14) and (4.7.19) for the
Chebyshev polynomials, as well as to (4.7.24) and (4.7.25), are valid for
general values of n. It follows from this fact and from (8.7.7) (carried over
to general values of n) that

11
Flv,—v,=; =(1 —cosf) | = cosvb;
2°2

31 i 1)o
Flv+2, —v,—; =(1 —cosb) =sm(v—+.);
22 (v+1)sinf

cos (v + %)9

11
Flv+1,—v,—; =1 —cos@)) =
( 22 cos%é

sin (v + %)9

31
Flv+1,—v,—;=(1—co0s0) | = ———="———.
< 22! )) (v + 1) sin 46

These can be rewritten, setting x = %(1 — cos 6), to obtain
1
F <v, —v, 5;x) :Re{[l —2x +i/Ax(l —x)]”}; (8.7.8)

3 Im{[l —2x +iAx(d —x)]”“]
F<v+2,—v,—;x>= ;
v+ D/4x(1 —x)

) Re {[1 2 +i/AR( =x) ]"+%}
i X

(8.7.9)

[\

= ; (8.7.10)
1—x

1
F I, —v, =
<v+ UZ

1
3 m{[1 -2+ VAT -0 ]2}
F<v+1,—v,—;x> = (8.7.11)

Qv+ 1x

In addition to these identities, we note that the identities (8.1.6) and (8.1.7)
involve F =, F].
An integral transform that is more specialized in its application is

) _TQa+28) ' st opet g
Ea’ﬁf(x) = Tea) TR J s (1—y) f(s“x)ds. (8.7.12)
Then
EZL[x"] = Q0 e+ 3), n

_ _ X
Qo + 28)2n (@ + Bl +B+1),
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It follows that

Fla,a+ z,c;x | =E7 |Fla+—,a+—,¢x])|. (8.7.13)
2 a.z 4 4

For use in Chapter 9 we give two examples of these considerations. The first
uses (8.7.3) and (8.7.10):

1
Ep | [F<v+1,—v;—;x>}
22 2

1
1 rlRe {[1 — 25x +i/4sx(1 — sx)]v+§} ds
_/ V1 —sx Vs =5)

The second uses (8.7.13) and (8.7.6): forRev > —1,
F ! + Ll + L v+ 3.
A R e

E(z) F lv—l—E l1)—{-§'1)—i—§'x
- lorng 20 42 4 Y

Fwo+1,—-v,1;x) =

(8.7.14)

1+v1—s s¥ds
\/l—szx«/l—s.
(8.7.15)

J—F(v+1)/

8.8 Exercises

8.1 Show that

lim F(a,b, ¢ %) = | Fi(a,c:x), x| < 1.

b—+00

8.2 Verify the identity (8.2.3).
8.3 Verify the identities (8.1.6).
8.4 Verify the identities (8.1.7).

8.5 Show that
1 1 3
log +x=2xF —,1,—'x2 .
1—x 2
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8.7

8.8

8.9

8.10
8.11
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Show that for |f] < 1 and |(1 — x)t| < 1,

Z ('Cl)‘n Fla,—n,c;x)t" =1 =0)*[1 = (1 —x)]™
n=0 ’

Show that for Rea > 0 and x ¢ [1, 00),
X xa
f 1= tdt = — Fa, 1 —b,a+1; x).
0 a

The integral is called the incomplete beta function, denoted B, (a, b).
The identity is due to Gauss [103].

Use the reflection formula (2.2.7) and the integral formula (8.3.2) to
verify the integral formula for Rec > Rea > 0:

F'l—a)T() 1 /za—1(1+z)b—c
C

F(a,b,c;x) =e '™ — | —————-dt,
I'(c—a) 2mi (14+1t—xt)?

where the curve C runs from o0 to 0 along the upper edge of the cut
on [0, 00) and returns to +oo along the lower edge.

Verify the integral formula, for Re a > 0 and arbitrary complex b, c:
F(a,b,c;x)
I'c)I'(1 — 1
_Tford+a-o —/ s = 1)1 — xs) 7P ds,
I'(a) 2wi Jo

where C is a counterclockwise loop that passes through the origin and
encloses the point s = 1. Hint: assume first that Rec > Rea > 0 and
change the contour to run along the interval [0, 1] and back.

Derive Kummer’s identity (6.1.10) from Pfaff’s transformation (8.2.9).
Show that

11
/ @ _ _TF 1K k| < 1;
l—kzsm 2 22

T 1
1 —k2 do = — ==, 1:k%), k| <1.
/ V sin® 9 dp = > ( 2 ) k| <

The functions K = K (k) and E = E (k) that are defined by these
integrals are called the complete elliptic integral of the first kind and
second kind, respectively; see Chapter 11. Hint: evaluate

/2
/ sin? ¢ dg.
0
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8.12 Let u; and uy be two solutions of the hypergeometric equation (8.0.1).

8.13

8.14

8.15
8.16

8.17

Show that the Wronskian has the form
Wi, u)(x) =Ax (1 — x)cfafbfl

for some constant A.
Denote the following six solutions of the hypergeometric equation by

Fi(x) = F(a, b, c; x);
Fr(x)=x"Fla+1—c,b+1—c¢,2—c;x);

F3(x) =F(a,b,a+b+1—c;1—x);

Fi(x) = (1 —x) "% bFc—a,c—b,1+c—a—b;1—x);
F5(x) = (—x)""F(a,l —c+a,a—b+1;1/x);

Fs(x) = (—x)°F(l—c+b,b,b—a+1;1/x).

(a) Compute the Wronskians
W(F1, F2)(x), W(F3, Fy)(x), W(Fs, Fg)(x).
(b) Compute the Wronskians
W(F, F3)(x), W(F, F3)(x), W(F, F5)(x), W(F, Fe)(x).

Hint: use (a) and the relations in Section 8.3.

Exercise 8.13 lists six of Kummer’s 24 solutions of the hypergeometric

equation. Use (8.2.9)—(8.2.11) to find the remaining 18 solutions.

Verify the contiguous relations (8.5.6)—(8.5.10).

Suppose that Q(x) is a quadratic polynomial and

u(x) = F(a', b, ¢; Q(x)) satisfies the hypergeometric equation (8.0.1)

with indices a, b, c.

(a) Let y = Q(x). Show that x (1 — x)[Q’(x)]* = Ay(l — y) for some
constant A.

(b) Show that A = 4 and Q(x) = 4x(1 — x).

(c) Show thatc = (@ + b+ D andd’ = ta,b' = 1b, ¢’ = c.

Show that

F(a,1—a,c;x)

=(1-x)¢"'F (%[c —al, %[c +a—1],¢4x[1 — x]) )



8.18

8.19

8.20

8.21
8.22

8.23

8.24
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Show that
1 : T3
F<a,l—a,c, —):2lc © ( )
2 T(3lc+al)T(3lc—a+1])
Use (8.6.23) (with a and b interchanged) to derive Kummer’s quadratic

transformation (6.1.11).
Show that

(3l 1)r(;
F(a,b,l[a~|—b+1];l> 1(261—1—19—#1]) (3) .
2 2} T(3la+1)T (306 +11)

Verify the identity (8.4.5).
Suppose ¢ > 0, ¢’ > 0. Let w(x) = x“~1(1 — 0L o<x < 1.
(a) Show that the hypergeometric operator

Lex(-n bl +cra]d
=X —X) —= c — (C C)X|—
dx? dx

is symmetric in the Hilbert space Lz([O, 1], w(x) dx).
(b) Given A > 0Oand f € sz, the equation Lu + Au = f has a unique
solution u € Lﬁ), expressible in the form

1
u(x) = /O Gi(x, y) f(y) dy.

(Note that if we seta = ¢ + ¢’ — 1 and v > max{a, 0} is chosen so that
A =v(v —a), then L + X is the hypergeometric operator with indices
(a — v, v, ¢).) Compute the Green’s function G, . Hint: see Section 3.3.
The appropriate boundary conditions here are regularity at x = 0 and at
x =1

Let ¢, ¢/, w(x), L, and a be as in Exercise 8.22. Let

F,(x) = F(a+v, —v,c; x), so that Fy, Fy, F>, ... are orthogonal
polynomials for the weight w. What is wrong with the following
argument? Suppose that (@ +v)v # (@ +n)n,n =0, 1,2, ... Then

_)"V(Fl)v Fn)w = (LFU7 Fn)w = (Fllv LFn)w = _)\’I’I(Fl)v Fn)w-

Therefore (F,, F,,),, = O0foralln =0, 1,2,... By Theorem 4.1.5, the
orthogonalized polynomials

Po(x) = [|Fully, Fu(x)

are complete in L2 . Therefore F, = 0.
Verify the identities (8.7.1). Show that similar identities hold for the
Kummer functions.
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8.25 Change a to 2a and b to a + 1 in (8.6.10) and show that the resulting
identity is a special case of (8.7.1).

8.26 Change a to 2a + 1 and b to a in (8.6.14) and show that the resulting
identity is a special case of (8.7.1).

8.27 Show that forc > 2 and x > 0,

1
F(. 1. ¢ —x) = %/ (1 — 53 log(lx—i-sx) »
- 0

8.28 Show that

F 1 1 1 .,
sax = —a,——a, =; sin ;
cosax 2& Tod pisnTx )

1
+

sinax = a sinx F >

11 1 3 .,
—a, - — —a, —;sin“x ) .
22 22

8.9 Summary

8.9.1 Hypergeometric series

Hypergeometric series have the form

(@n@n - (aphn
=0 (cn(c)n -+ (Cq)n n!

s

c#0,—1,-2,... and p < g + 1. The corresponding function
pFylar,az, ... apic1,c0,...,¢4:%), x| <1
is the solution of
Lw.oF =0, F(0) =1,

q p
- d
Ly, @) =x 1Dl_[(DJer—1)—1_[(D+ak), D=D,=x—.

dx
j=1 k=1

Examples:
oo _Xn
_ T X,
0Fo(x) = Eo"! =e';
n=

e¢]

VFolainy = 3 D -

R v
=t (1 —x)¢
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1, 2\"
ofF1 <v +1; ——x ) =T'(v+1) (—) Jy(x).
4 X

More examples, involving F = 5 Fy, are listed below, where F is the Gauss
hypergeometric function

e8]

2Fi(a,b;c;x) = F(a,b,c; x) = Z

n=0

%(:)!nx", c#0,—-1,-2,...

The case ¢ = 1, p = 1 is the “confluent hypergeometric” case of Chapter 6:
1Fi1 =M.

8.9.2 Solutions of the hypergeometric equation

Two solutions of (8.0.1) are
F(a,b,c;x), xlf"F(a+1—c,b+l—c,2—c;x), c#0,£1,+£2,...

Other solutions can be produced by using linear fractional transformations that
permute the singular points {0, 1, co}:
Fa,b,a+b+1—c¢;1—x);
A=x)""PFc—a,c—b,14+c—a—b;1—x);
(=x)"%F(a,1 —c+a,a—b+1;1/x);
(—x)PFQ —c+b,b,b—a+1;1/)x),

with certain restrictions on the indices.
Pfaff’s identity:

F(a,b,c;x):(l—x)_bF<c—a,b,c; a 1).
X —

Euler’s identity:

F(a,b,c;x) = (1 —x) " *PF(c—a,c—b,c;x).
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Asv — 4oo,for0 <6 < 7,

1 r cos(v0 + Lao T+ ir)+o0w!
F<a+v, -, C; sin2<§9>) © ( 2 12C : )+(a C§ )
V7 (vsin£6)77 2 (cos 36)2
(8.9.1)

8.9.3 Linear relations of solutions

The solutions listed above satisfy linear relations. When all coefficients are
well-defined, no third index is a non-positive integer, and all arguments x and
@(x) are in the complement of the ray [1, 00):

I'c)I'(c —a —b)

F(a,b,c;x) = F(a,b b+1—c;1—
(a,b,c; x) Fe—aTc—b (a,b,a+ b+ c X)

'e)T'(a+b—c)
I'(a) (D)

(1=x)""PFc—a,c—b,14+c—a—b;1 —x);

Fra+b+1—-c)T(1 —c)
Fa,b,a+b+1—c,1—x)= F(a,b,c;
(a,b,a+b+ c X) Fatl—OTb+l—o (a, b, c; x)

Tla+b+1—c)T(c—1)

X TCFa+1—c,b+1—c,2—c;x);

I'(a) ' (b)
) _F(c)l"(b—a) —a _ B l
F(a,b,c,x)——r(c_a)r(b)( X) F<a,l+a c,1+a b,x)
I'(c)T(a —b)

Frela=>b) B oy
F(c—b)F(a)(x) F(b,1+b c,1+b a,x>,

1) _T(+a-bT(-c)

—x)"“F la, 1 —c 1 —b,—) =
= (a ta-e At ) S Tt 10T —b)

F(a,b,c;x)

'l4+a—->b)T'(c—1)

1—c
F l—c,b+1—¢,2—c;x).
Fe—b)T@ X (a + c,b+ c c;Xx)

Additional identities can be obtained by using the Pfaff and Euler transforms.
Particular cases give Gauss’s summation formula

i (@ (b)) _T(c)T(c—a—b)

0 (an!  T—a)T(c—b) Re(c—a—-0)>0

n=

and the Chu—Vandermonde identity

k @k _ (c=a)n L
Z( 1)(>(C)k o AL
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8.9.4 Solutions when c is an integer

A second solution of (8.0.1) when c is a positive integer m is obtained as the

value of
r'a—-c
Ua,b,c;x) = F(a,b,c;x)
Fa+1—c)'b+1-c¢)
Fe=1 .,
_ F l—c,b+1—-1¢,2—c;
F(a)F(b)x (a + c,b+ c c; X)
at ¢ = m, which is
G

e b ) = T S T+ 1 —my = 1)1
(a)n(b)n

{long(a b, m; X)+Z o

[w( +n)+ Y (b+n)

— Yo+ 1) = yim+m)]x"]

3

(m—2)! 1,m’"§ @+1—myub+1-—m), ,
. X
T(a) T (b) =~ Q—myn!

where ¥ (b) = I'"(b)/ T'(b) and the last sum is taken to be zero if m = 1.
For ¢ a non-positive integer we may take advantage of the identity

Ua,b,c:x) =x""“U@+1—c,b+1—c,2—c;x).

This solution, or a transformed version, may be substituted in the various linear
relations among solutions in the exceptional cases.

8.9.5 Contiguous functions

Two hypergeometric functions are said to be contiguous if two indices are the
same and the third indices differ by 1. Let

Flat)=F(a=x1,b,c;x), etc.

The basic identities follow from

xF' =a[F(a+) - F] = (c = D [F(c—) - F].
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They are
(a—b)F =aF(a+)— b F(b+);

(a—c+1)F=aF(a+)—(c—1)F(c—);

[a+(B—c)x1F =a(l —x) F(a+) —

(c— a)ic —b)x F(e:

(c—Db)x
(1—x)F =F(a—) — .

F(c+);
[2a —c+ (b —a)x] F = a(l — x) F(a+) — (c — a) F(a—);
[(c—D+(@+b+1-2¢)x]F = (c — 1)(1 — x) F(c—)
_ezae=bx gy,
[l—a+(c—b—-—Dx]F=(c—a)F(a—)—(c— 1)1 —x)F(c—);
(@a+b—c)F =a(l —x) F(a+) — (c — b) F(b—);
b—-—a)l—x)F=(c—a)F(a—)—(c—Db)F(b—).
8.9.6 Quadratic transformations

Quadratic transformations of the plane lead to the identities

1 1 1 1
F - :x)=F|(=a,=b, - 1); 4x(1 —x) );
(a,b,z(a+b+ ),x> (20’ 2b,z(aerJr ); 4x( x)>,

1 1 1 1
F(a,b,a—i—b—i—i;x)=F(2a,2h,a+b+—;———«/1—x>

2’2 2
11 —2a 1 1 JI—x—1
=(=+=-V1—x Fl2a,a—b+-,a+b+-—; — |,
(2 2 ) ( 2 2«ﬂ—x+l)

F(a,b,a—b+1;x)

1 1 1 4x
=(1-x)"%F|=a,-a—b+~-,a—b+1;—
(1—x) (2a 2a +2 a + (l—x)z)

(1+ Y”’l L b1
= X —a,—a-+—,a— P —
242973 (1+x)2
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— —2a l _ i
_(1+ﬁ) F(a,a b+2,2a 2b+1; a ﬁ)2>
_ _2a 1 ) 4ﬁ )
_(1—ﬁ) F<a,a—b+§,2a—2b+l,——(1 ﬁ)2>,

1
F\a, =,
(a a+2 cx)

11 2 I-vi-x
=(-+-V1—x Fl\2a,2a —c+1,¢c; ————
<2 2 > < 1+«/1—x>

T—x—1
=Q=x)F (22,220 —1,6: X2 "),
2V 1 —x

1
F (a,b, E(a—i-b—i- l),x)

e Y L R .
=0-2x)""“F | =-a, —a+ ,2(a+b+1),

242473
Fabmo=(1-1¢) F(lalarlps L x
@0 250 = 2t 2424 T a2

’

4x(1 — x)
(- 2x>2)

_1 1 1 1 x2
=1 -x)"2¢F —a,b——a,b—l—i;—

2 2 4x — 4

2

11 —2a 1 1 [1-V1T—x

==+ -VI—x Flaja—b+=-b+—; | —Y——
(2 2 ) 2 2 |:1+«/1—x:|

1 1 1—1T—2x)?
= —x)"2F a,2b-a,b+-;—M :
2 41 —x

1
F\a, =, C
(a a+2 cx)

~ 1 2
= (14 VX) 2aF<2a,c—§,2c—l;%>
X
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8.9.7 Transformations and special values

Apart from some exceptional values of the parameters,

dxk | (a —k)y

_ e d_k xc+k71
dx* (©)k

For Rea > 0, Reb > 0, define the integral transform

. 14+k—a dk xa—l .
F(a,b,c;x) =x — | —— F(a—k,b,c; x)

F(a,b,c+k;x)i|, k=0,1,2,...

Fa+p) [!
') I'(B) Jo

Then for Rea > 0 and Ree > 0 or for Rec > Ree > 0 respectively,

Eqpf(x)= s - S)ﬂ_lf(sx) ds.

F(a,b,c;x) = Ey¢[F(a+e¢,b,c;)](x)

_Ta+e (!

a—1 e—1

= — s =) F(a+e,b,c;sx)ds,
F(a) T (e) Jo

F(a,b,c;x) = Ec—¢¢[F(a, b, c —¢;-)](x)

I'(c)

1

c—e—1 e—1
== 1— F(a,b, ; ds.
Fe—o) T Jo s ( ) (a,b,c+¢€;s5x)ds

A special case is Euler’s integral form
F(a,b,c;x) = Eq c—al(1 — x)_h], Rec > Rea > 0,
which uses the identity
F(a,b,a;x) = (1 —x)"".

Other useful special cases are

—2a
1 1+ 41—
Fla,a+=,2a+1;x) = i A i) ;
2 2
1-2a
F( +1 5 > 1 1+4J/1—x
a,a+ —,2a;x | = 5
2 J1—x 2

1
5[(1 +0)7+ (1 —x)";

~
RS
DN | =
=
DN | =
N}
_l’_
N =
N =
=
(S
N——
I
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o1 3 1
F - Sy A 17_; 2 = — 1 —a_ 1— —d;
(2a+2 24t ha x) R e Ut

1
Fla+n,—n,c; x) = 1 P,fc_l’“_c)(l —2x);
(©n

11
F{v,—v, —; =(1 —cosf) | =cosvb;
22

sin(v + 1)0

31
Fv42 —v 2 =1 —cosh) | = v )P
(”+ v 53 51— cos )> v+ 1)sind

cos (v + %)9

11
F v—i—l,—v,—;—(l—cos@)):
( 2 cos %9

2
sin (v + %)9 '

31
F (u+ 1, —v, =; =01 —cos@)) ==
22 (2v + 1) sin 50

log(1
F(1,1,2; —x) = M;
X
1 3 2 tan~! x
Fl=,1,-;—x") = ;
2 2 X

A second transform is

IQa+28) (!

il S Ml v 20171 _ \2B—1 4,2
FQa) TP Jy s (1—19) f(sx)ds.

ES (o) =

Then

F a,a—i—z,c;x :Ea‘% F a—i—Z,a—i—Z,c;x .
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Two examples used in Chapter 9 are

1
Fv+1,-v. Lix)=E; | [F<V+1,—v;—;x)}
2°2 2

v+l
1 1Re{[1—2sx+i«/4sx(l—sx)] 2} ds
:Efo V1 —sx Vs(T=s)
F ! +1 ! +1 +3
I PRI DU
2V Tyt T

=E9? F lv—i—zlv—i—é'v—l—é'x
- feng 20 42 4 2’

o1
B r(v+3) 1+ /T—s2x) 2 sV ds
T+ DJm o 2 VI—s2xJT—s

8.10 Remarks

The hypergeometric equation was studied by Euler and Gauss, among others.
According to Askey in the addendum to [280], both the hypergeometric
equation and its series solution were probably first written down by Euler
in a manuscript dated 1778 and published in 1794 [90]. The six solutions
in Section 8.2 and the relations among them were obtained by Kummer in
1836 [168]; see the discussion by Prosser [234]. Another method for obtaining
such relations was introduced by Barnes [20]. The contiguous relations were
obtained by Gauss in his 1812 paper on hypergeometric series [103]. They
include as special cases many of the recurrence relations given elsewhere.

Riemann [239] studied hypergeometric functions from a function-theoretic
point of view. Riemann’s study of the conformal mappings defined by the
quotient of two solutions of the same equation was carried out systematically
by Schwarz [254]. The theory and history, pre-Riemann and post-Riemann, are
treated in Klein’s classic work [156], which has an extensive bibliography. The
history, and its roots in work of Wallis, Newton, and Stirling, is also discussed
in Dutka [75].

Hypergeometric functions are discussed in almost every text on special
functions; see the relatively recent books by Andrews, Askey, and Roy [7]
and by Seaborn [255]. In particular, [7] contains a different treatment of
quadratic transformations and more information about general hypergeometric
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series. Various algorithms have been developed to establish identities involving
hypergeometric series; see Koepf [159], Petkovsek, Wilf, and Zeilberger [228],
Wilf and Zeilberger [317]. Algebraic solutions of the hypergeometric equation
are treated in Matsuda [199].

Separation of variables in various singular or degenerate partial differential
equations leads to solutions that are expressible in terms of hypergeometric
functions. These include the Euler—Poisson—Darboux equation, see Darboux
[63], Copson [57]; the Tricomi equation, see Delache and Leray [68]; certain
subelliptic operators, see Beals, Gaveau, and Greiner [22]; and certain singular
or degenerate hyperbolic operators, see Beals and Kannai [23].

A modified version of hypergeometric series is called “basic hypergeo-
metric series.” The basic series that corresponds to the series for the Gauss
hypergeometric function F = Fj is

o
2®@1(abcigix) =)

n=0

(@; @n (b; @) o
(c;Pn (G @n

in which the extended factorials (a), and so on are replaced by the products
(@@ =1 —a)1 —aq)---(1 —ag"™")

and so on. Identities involving these expressions also go back to Euler and
Gauss. This “g-analysis™ has applications in number theory and in combinato-
rial analysis; see Andrew, Askey, and Roy [7], Bailey [18], Fine [97], Gasper
and Rahman [102], and Slater [261].

There are a number of multidimensional generalizations of hypergeometric
series and integrals; see Appell and Kampé de Fériet [10], Dwork [78], Mathai
and Saxena [197], and Varchenko [297].
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Spherical functions

Spherical functions are solutions of the equation

2
A=xHu"(x)—2xu'(x) + |:v(v +1) — 1,11—x2j| u(x) =0, (9.0.1)

that arises from separating variables in Laplace’s equation Au = 0 in spher-
ical coordinates. Surface harmonics are the restrictions to the unit sphere of
harmonic functions (solutions of Laplace’s equation) in three variables. For
surface harmonics, m and v are non-negative integers. The case m = 0 is
Legendre’s equation

(1 =x>u"(x) = 2xu'(x) + vV + Dux) =0, (9.0.2)

with v a non-negative integer. The solutions to equation (9.0.1) that satisfy
the associated boundary conditions are Legendre polynomials and certain
multiples of their derivatives. These functions are the building blocks for all
surface harmonics. They satisfy a number of important identities.

For general values of the parameter v, Legendre’s equation (9.0.2) has
linearly independent solutions P,(z), holomorphic for z in the complement
of (—oo, —1], and Q,(z), holomorphic in the complement of (—oo, 1]. These
Legendre functions satisfy a number of identities and have several representa-
tions as integrals.

For most values of the parameter v, the four functions

Py(z), Py(—=2), (@), Q12

are distinct solutions of (9.0.2), so there are linear relations connecting any
three. Integer and half-integer values of v are exceptional cases.

The solutions of the spherical harmonic equation (9.0.1) withm = 1,2, ...
are known as associated Legendre functions. They are closely related to

derivatives Pv(m) and Qf,m) of the Legendre functions. The associated Legendre

300
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functions also satisfy a number of important identities and have representations
as integrals.

9.1 Harmonic polynomials; surface harmonics

A polynomial P(x, y, z) in three variables is said to be homogeneous of degree
n if it is a linear combination of monomials of degree n:

i k_l
P(x,y,z): Z ajklx]y z.
Jj+k+l=n

By definition, the zero polynomial is homogeneous of all degrees. A homoge-
neous polynomial P of degree n is said to be harmonic if it satisfies Laplace’s
equation

AP =Py, + Py, + P, =0.

The homogeneous polynomials of degree n and the harmonic polynomials of
degree n are vector spaces over the real or complex numbers. (Note that our
convention here is that a harmonic polynomial is, by definition, homogeneous
of some degree.)

Proposition 9.1.1 The space of homogeneous polynomials of degree n has
dimension (n + 2)(n 4+ 1)/2. The space of harmonic polynomials of degree n
has dimension 2n + 1.

Proof The monomials of degree n are a basis for the homogeneous polyno-
mials of degree n. Such a monomial has the form

x"ikyi gk,
and is uniquely determined by the pair (j, j + k + 1), which corresponds to
a choice of two distinct elements from the set {0, 1, ..., n 4+ 1}. This proves
the first statement. To prove the second, we note that A maps homogeneous
polynomials of degree n to homogeneous polynomials of degree n — 2. It is
enough to show that this map is surjective (onto), since then its kernel — the
space of harmonic polynomials of degree n — has dimension

n+2)(n+1) _ nn—1)

—m+1.
2 2 nt

To prove surjectivity we note that Ax” = n(n — 1)x"~2, and in general

A(x"_-j_ky-/zk) =mn—-—j—-kn—j—k— l)x”_z_j_kyjzk + Rujk
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where R, has total degree j +k — 2 in y and z. It follows by recursion on
j that monomials x" =277 y/ are in the range of A, and then by recursion on k
that monomials x" =27/~ yJ z¥ are in the range of A. O

In spherical coordinates (3.6.7), monomials take the form

xIykl = rit*H cos/ ¢ sin* ¢ sin/t* 9 cos! 6.

In particular, a harmonic polynomial of degree n has the form
P(r,0,9) =r"Y(0, ),

where Y is a trigonometric polynomial in 6 and ¢, of degree at most n in each,
and
Yy ——lsin6 Ylo + 0+ DY =0;  ©.LD
—_— —[sin =0; 1.
sing Y ' sing olo
see (3.6.10). The function Y can be regarded as the restriction of the harmonic
polynomial P to the unit sphere {x> + y> + z2 = 1}; it is called a surface
harmonic of degree n.
As in Section 3.6 we may seek to solve (9.1.1) by separating variables: if
Y0, ¢) = ©0)P(¢), then wherever the product @d # 0 we must have
O sing BT L+ Dsintel =0
— sin ——— +nn sin =0.
P C
The first summand is a function of ¢ alone and the second is a function of 6
alone, so each summand is constant. Since Y is a trigonometric polynomial

in ¢ of degree at most n, it follows that ®” = —m?® for some integer m =
—n,—n+1,...,n — 1, n. This gives us 2n + 1 linearly independent choices
for &:

cosmep, m=0,1,...,n; sinme, m=12,...,n,

or the complex version
e’ m=0,%£1,...,£n.

Let us take ®(x) = ¢/*. Then @ is a solution of the equation

1 d de m?
——— |sinf — 1) — ® =0.
sinf do [sm :|+ [n(n—i— ) sin291|
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As noted in Section 3.6, the change of variables x = cos 6 converts the preced-
ing equation to the spherical harmonic equation
2

1 —x2

A —x2u"(x) — 2xu' (x) + |:n(n +1) — :| u(x)=0, 0<x<1.

(9.1.2)
Suppose for the moment that m > (0. As noted in Section 3.7, the gauge
1
transformation u(x) = (1 — x2) 2" p(x) reduces (9.1.2) to the equation

A=) —2m+Dxv' +(—m)n4+m+Dv=0 (9.1.3)
P(m,m)

This has as a solution the Jacobi polynomial P,”; ", so (9.1.2) has a solution

1
(1 — x2)2" pmm ).

n—m

In view of (4.3.11), Pn('fn;" )is a multiple of the mth derivative P™ of the
Legendre polynomial of degree n:

2Mp!
(m,m) __ (m)
P = —(n Y P, 9.1.4)

Therefore ®,,,, is a multiple of the associated Legendre function
2 l
PM(x) = (1 —xH2" P (x). 9.1.5)

Formula (9.1.5) may be used to obtain an integral formula for P". The
Rodrigues formula (4.2.12) for P, and the Cauchy integral representation for
the derivative give

1—x2)%’” (n+m)!f (1 —sH"ds
c (

1
Py ) = (1" 21 ( 2mi s — x)ntm+l’

where C is a contour enclosing x. Let us take C to be the circle centered at x
with radius p = V1= x2:
s(@) = x + pe'® =x ++/1—x2¢%
Then
1 —s()? = —2pe'(x + ipsina)
so form > 0,

m+n)! 1

P (cos0) = T 7

2 .
/ e "% (cosO +isinfsina)" da. (9.1.6)
0

In defining ®,,,,, and Y,,,,,, we normalize so that the solution has L? norm 1
on the interval [—1, 1] or, equivalently, the corresponding multiple of Pn(r_"nT )
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has L? norm 1 with respect to the weight (1 — x2)". Using (4.2.15) and the
Rodrigues formula we obtain the solution

O (x)

= 2’"1n! |:<n+ %) (n—m)!(n+m) !:|

1
1 2041 (+m)!]2 L g -
2"n![ 2 (n—m)!i| e R = (Gt

dxnfm
(9.1.7)

8=

1
(1=x%)2" P70 (x)

— (_l)n—m

Combining (9.1.7), (9.1.4), and the Rodrigues formula for P,, we obtain

Onm (x)

_|:2n+1(n—m)!

1
2 L
) AR

[(1 _ xZ)I‘I].
(9.1.8)

1
1 2 1(n— 112 1 gntm
— (_1)]’! 2n ' n + (l’l m) (1 _ x2)2m_
n! 2 (n+m)! dxntm

The expressions (9.1.7) and (9.1.8) were obtained under the assumption that
m > 0. Comparing the last part of each, it is natural to define ®,, for
m= —1,-2,...by

Onom@®) = (=D)"Opn(x), m=12,...n. (9.1.9)

Then the last parts of (9.1.7) and (9.1.8) are valid for all integers m = —n,
-n+1,...,n.
The previous considerations lead to surface harmonics

1 .
Ym0, @) = E e'"? O, (cosh), —n<m<n. (9.1.10)
The factor 1/+/27 is introduced so that the {Y,,,,} are orthonormal with respect
to the normalized measure sin 0 d6 d¢ on the sphere.
Combining (9.1.6) with (9.1.10) and (9.1.8) gives Laplace’s integral [175]:

A 27
Ym0, @) = 2’;”/ M@= (cosh + i sinfsine)”" da, 9.1.11)
0

—_

1 |:2n+1 }5
Ayn = — n—m)n+m)| . (9.1.12)
n! 4
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In view of (9.1.8), this is valid for all m = —n, ..., n. This leads to an integral
formula for the corresponding harmonic polynomial:

nm

2
We have proved the following.

r" Ym0, ¢) =

2
/ e "*[rcos® + irsind sin(a + ¢)]" da.
0

Theorem 9.1.2 The functions Y, of (9.1.10) are a basis for the surface har-
monics of degree n. They are orthonormal with respect to normalized surface
measure sin@ d6 do. The corresponding harmonic polynomials of degree n
have the form

Anm

rnYnm(ea @) =
21

2w
/ e " (z+ixsina +iycosa)’ da (9.1.13)
0

where Ay, is given by (9.1.12).

Remarks. 1. If we allow both indices n, m to vary, the functions Y, are still
orthonormal. This is clear when the second indices differ, since the factors
involving ¢ are orthogonal. When the second indices are the same, but the first
indices differ, the second factors involve polynomials Pk(m’m) with different
indices k, and again are orthogonal.

2. A second solution of the equation r’R”+42rR' —n(n+ 1)R =0 is
R(r) =r"!. Thus to each surface harmonic Y, there corresponds a
function

r_n_IYnm(ea ®)

which is harmonic away from the origin, and, in particular, in the exterior of
the sphere.

Suppose that O is a rotation about the origin in R3 (an orthogonal transfor-
mation with determinant 1). The Laplacian A is invariant with respect to O:

A[f(Op)] = [Af1(Op), peR’.

If P(p) is a homogeneous polynomial of degree n, then so is Q(p) = P(Op).
Therefore the space of harmonic polynomials of degree n is invariant under
rotations. The surface measure sin 6 d0 dg is also invariant under rotations. It
follows that any rotation takes the orthonormal basis {Y},,,,} to an orthonormal
basis; thus it induces a unitary transformation in the (complex) space of
spherical harmonics of degree n. This implies that the sum

n
Fu (0, ¢; 9/7 90/) = Z Yum (0, @) 7nm(e/» §0/)7

m=—n
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where Y, is the complex conjugate, is left unchanged if both points (6, ¢)
and (0, ¢’) are subjected to the same rotation O. It follows that this sum is
a function of the inner product between the points with spherical coordinates
(1,0, ¢)and (1,0, ¢):

(cos @ sinf, sin @ sin @, cos ) - (cos ¢’ sin@’, sing’ sin’, cosH')

= cos(p — ¢')sinf sinf’ + cos O cos .

If we take (0, ¢’) = (0, 0), which corresponds to the point with Cartesian
coordinates (0, 0, 1), then the inner product is cos 6. With this choice, the
function is independent of rotations around the z-axis, which implies that it is
a multiple of Yy0:

Y00, 9) = D Yum(0, 9) Y (0,0). (9.1.14)

m=-—n

The constant ¢, may be determined by multiplying both sides by Y ,0(6, ¢)
and integrating over the sphere. This computation, together with (9.1.10),
(9.1.7), and (4.6.4), yields

— 1
cn = Yn0(0,0) = —= ©,0(1)

V2
_ V2n +1
NZEE

The identities (9.1.8) and (9.1.9), together with (9.1.10), imply that

v2n 41 2n +1
BV Y000, @) = I P, (cos0);

2n +1
T

Y000, 9) Yno(0', ¢') = P, (cos 0) Py(cos6');

Yn,im (CR ®) 7n,im (0/’ (P/)
_ 2n+1 (n—m)!
4w (n4+m)!

giim(‘f’_‘f’/)P,:"(cos 6) P™(cos 0y, m=1,2,...,n.

This shows that the left-hand side, and each summand on the right-hand side,
of (9.1.14) is a function of the difference ¢ — ¢’. We take ¢’ = 0 and obtain
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Legendre’s addition formula [181]:

P, (cos ¢ sinf sin@’ + cos cos )

n

— !

= P,(cos®) P,(cos6) +2 Z (n—m! cos(mg) P"(cos6) P} (cos®’).
m=1

— (n+m)!
- (9.1.15)

We have chosen the surface harmonics Y, to be orthonormal in L2(X), the
space of functions on the sphere whose squares are integrable with respect to
the measure sinf df dg.

Theorem 9.1.3 The surface harmonics {Y,,} are a complete orthonormal set
in LA(2).

Proof The restrictions to the sphere ¥ of polynomials are dense in the space
L%(%). Therefore it is sufficient to show that any such restriction can be written
as a sum of harmonic polynomials. It is enough to consider homogeneous
polynomials. For this, see Exercise 9.2. (]

9.2 Legendre functions

A Legendre function is a solution of the Legendre differential equation
(1 =2 u"(@) =224/ @) + v + Du(@) =0, ©2.1)

where the parameter v is not necessarily a non-negative integer. When v is a
non-negative integer, one solution is the Legendre polynomial P,. We know
from Section 4.3 that this solution has the integral representation

1 =1y
Py(z) = EYEspe /c o dt, (92.2)

where C is a contour that encloses z. As noted in Section 4.9, the function
P, defined by (9.2.2) for general values of v is still a solution of (4.7.2) if C
is a closed curve lying in a region where [(t> — 1)/(t — z)]"” is holomorphic.
We use (9.2.2) to define a solution that is holomorphic in the complement of
the interval (—oo, —1] by choosing C in this complement in such a way as to
enclose both = z and r = 1. The resulting solution satisfies P,(1) = 1, and
is called the Legendre function of the first kind.

As noted in Sections 3.4, 4.6, and 9.1, the change of variables y = %(1 —2)
converts (9.2.1) to the hypergeometric equation
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YL ="+ 1 =200 (y)+ v+ Doy =0.

It follows that
1
Pu(z)=F(v+l,—v,l;5(1—1)). (9.2.3)

Since the hypergeometric function is unchanged if the first two indices are
interchanged, it follows that

P_,_1(2) = Py(2). (9.2.4)

Suppose that z > 1. Then we may take the curve C in (9.2.2) to be the circle
of radius R = +/z2 — 1 centered at z. Let

t=t(p)=z+ 2—16% -—xm <¢<m.
Then (9.2.2) becomes the general form of Laplace’s integral:

=L 2 v
v@—;o[ﬁ-z—mwﬂd@ (9.2.5)

Combining this with (9.2.4) gives

1 [7 do
ﬂ@z—/ — 9.2.6)
T Jo [z+4+z2—1cos¢]

Each of these formulas extends analytically to z in the complement of (—oo, 1].
The change of variables

e =z++vz2—1cosg

leads to the Dirichlet-Mehler integral representation [71, 201]:

1 [? e_(VJr%)a da
P,(coshf) = —/ . 9.2.7)
7 J_9 /2cosh@ — 2 cosha
This representation shows that
Py(x)>0, for 1 <x <oo, vreal (9.2.8)

Note that if u is a solution of (9.2.1), then so is v(x) = u(—x). The third
index in the hypergeometric function in (9.2.3) is the sum of the first two,
so this is one of the exceptional cases discussed in Section 8.4; for non-integer
v the hypergeometric function in (9.2.3) has a logarithmic singularity at z = 0.
For non-integer v, P,(x) and P,(—x) are independent solutions of (9.2.1).
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However for integer v, P, = P_,_; is a Legendre polynomial and P,(—x) =
(=D Py (x).

To find a second solution of (9.2.1) we proceed as suggested in Section 4.9
by adapting the formula (9.2.2) to a different contour. The Legendre function
of the second kind is defined to be

L (1 =sHvds
(z — S)v+1 ’

0,(x) = zvlﬂ vE—1,=2,... (9.2.9)

Here we take the principal branch of the power w ™" on the complement of the
negative real axis, so that Q,, is holomorphic in the complement of the interval
(—o0, 1].

The function @, is a multiple of a hypergeometric function, but with
argument z 2. To verify this, suppose that |z| > 1 and Re (v + 1) > 0. Then

0u() = 1 /1 (1 —sH)vds
viZ) = (2Z)”+1 4 a —S/Z)”+1

| > (v+1)k/ i ]
= . 1—s ) s“ds

The integral vanishes for odd k. For k = 2n,

1 1 1
/ (1—s2)”s2"ds=/ (1 —0)'""2 dt
—1 0

1\ Tw+DIT(n+3)
1
<v+ n+2> F(v+n+3)
_re+nri)(),
rv+3)(v+3),
Also
0 2 i)
! ORI

Therefore, for [z] > 1and Re (v + 1) > 0,
l"(v—i—l)l"(%) i (%V-}-%)" (%v+l)nz—2n
F(V + %) (ZZ)U+1 n=0 (U + %)n n!

r 1 1 11 31
z(‘”;—)*/EF< v+ =, —v+1,v+ -—2) (9.2.10)
T(v+3) Q2! 2" 22 2

Qv(Z) =
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This formula allows us to define Q,, for all values of v exceptv = —1, =2, ...
The apparent difficulty for v + % a non-positive integer is overcome by
noting that the coefficient of z7~1=2" has I'(v + 3 + n) rather than (v + 3)
in the denominator. A consequence is that when v = —m — % for m a positive
integer, these coefficients vanish for n < m.

We take the principal branch of the power z". It follows that

Qu(=2) = =" 0y(2), Imz>0. 9.2.11)
Suppose z > 1. The change of variables
s=z—vVz2—1¢é

in the integral (9.2.9) gives the integral representation

0,(z) = /a [z — V22 — 1 cosh8]" a8, (9.2.12)
0

where coth @ = z. This extends by analytic continuation to all z in the comple-
ment of (—oo, 1].
A further change of variables

[z— V2 -1 cosh@]f1 =z++Vz> — 1 coshg

leads to a form similar to (9.2.6), due to Heine [125]:

00 de
0.(2) Z/ , Rev>0. (9.2.13)
' 0 [z++vZ22—1 coshg]"*

Let z = cosh #. The change of variables
€% = cosh0 + sinh 6 coshg

leads to a form similar to (9.2.7):

o0 e_(wr%)a do
coshf) = . 9.2.14
Qv ) /9 /2 cosha — 2 cosh @ ( )

This representation shows that

0,(x)>0, for 1<x<oo, vreal, v#-—1,-2,... (9.2.15)



9.3 Relations among the Legendre functions 311

9.3 Relations among the Legendre functions

Although P, = P_,_1, the same is not generally true for Q,. To sort out the
remaining relationships among the solutions

Py(z), Py(-z2), Ov(@), Q-v_1(2)

of the Legendre equation (9.2.1), we start by computing the Wronskian of Q,
and Q_,_1. If u; and u, are any two solutions, the Wronskian W = ulu’2 —
upu| satisfies

(1-22)W'(2) =2z W(2).

Therefore wherever W(z) #0, it satisfies W'(z)/W(z) = —(1 —z%)'/
(1—2%):

Wur, u2)(z) = C = constant.

1—2z%°

To compute the constant it is enough to compute asymptotics of u; and u’/.,
say as z = x — 4o0. It follows from (9.2.10) or directly from (9.2.9) that as
X — +00,

Q@) ~ e L QL) ~ —e v+ DT
T+ m
I(v+3)2vtt
so long as v is not a negative integer. Therefore the Wronskian is asymptoti-
cally

V! x| @Qu+Deyey
—(w+ Dxv2 v T x2 ’

CyCoy—1

The reflection formula (2.2.7) gives
rv+HIr'(—v)x
W+ )T+ (—v+1)2

CyCoy—1 =

7 sin (vrr + %n’) B T COS VIT
T Qv+ Dsin(—vr) Qv+ Dsinvr’

It follows that
7T cotvrmr

W0y, 0—v-1(2) = 1_—

= (9.3.1)
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Recall that Q, is not defined when v is a negative integer, so Q_,_1 is not
defined when v is a non-negative integer. Therefore the right-hand side of
(9.3.1) is well-defined for all admissible values, and these two solutions of
the Legendre equation are independent if and only if v + % is not an integer.

Assuming that v is neither an integer nor a half-integer, every solution of
the Legendre equation (9.2.1) is a linear combination of Q,, and Q_,_;. The
coefficients for

P, = Ava + Bvavfl

are analytic functions of v, so it is enough to consider the case —% <v<O.
Then the integral form (8.3.2) gives

1—

P,(x) = s'(1 — 5)~"! <1—s x) ds. (93.2)

1 1
ro+1HIr (v /(.)
It follows that as x — 400,

BQ2v+1,—v)
X
22T'(v+ DT (—v)
rev+1 , T+l
= X =
2Ty + 1)2 Fw+1) 7

where we have used Legendre’s duplication formula (2.3.1). In the range
—% <v<0,Q_y_1~c_p_1x" and Q, decays more rapidly, so the coeffi-

cient B, is the ratio

F(U+%)2“|: C(—v) /7 j|_l

v

Py (x) ~

(2x)",

FTo+DyT | T(—v+ 12
_F(v+%)l‘(—v+%)__ sin v _ tanvr
T+ DI (=v)7m sin(vn—i—%n)n T

Since P_,_; = P, the coefficient B, = A_,_; = —A,. Thus

tan v

P, = [Qv - vafl]- (9.3.3)

T

Equations (9.3.3) and (9.3.1) allow the computation of the Wronskian

tan v
W(Q,, P))(z) = —

W(Qv, Q—v-D() = —

—= (9.3.4)

The identity (9.3.3) can also be derived by a complex variable argument.
Given 0 < 6 < 2m, the function f (o) = cos8 — cos « has no zeros in the strip
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0 < Ima < 27 and is periodic with period 27, continuous up to the boundary
except at « = £6 and o = +6 + 27. Assuming that —1 < v < 0,

ei(u+%)a
V2cosa —2cosb

is integrable over the boundary and has integral zero over the oriented bound-
ary. Keeping track of the argument on the various portions of the boundary, the
result is again (9.3.3).

Multiplying (9.3.3) by cos vr and taking the limit as v approaches a half-
integer n — %, we obtain

, n=0,%1,£2,... (9.3.5)

Recall that P, is holomorphic for z ¢ (—oo, —1], and therefore continuous
at the interval (—1, 1). We show next that Q,, has finite limits Q, (x £ i0) from
the upper and lower half-planes for x € (—1, 1) and that these limits are linear
combinations of P, (x) and P,(—x). It follows from (9.3.4) that each limit is
independent of P,. We define Q, on the interval to be the average:

0,(x) = %[Qu(x +i0)+ 0y(x —i0)], —l<x<1. (9.3.6)

To compute the average and the jump, note that (9.3.3) and (9.2.11) imply that

tan vt
1

Py(—z) = Q@) +e 0, 1(2)], Tmz>0.

Eliminating Q_,_ between this equation and (9.3.3) gives

0,(2) = 7 [ Py(z) — Py(—2)], Imz > 0. (9.3.7)
2sinvm
Similarly
0,(2) = ———[e"™ P,(zx) — Py(-2)], Imz <O. (9.3.8)
2sinvm

It follows from the previous two equations that the average Q, is

0,(x) = % cot v P, (x) — Py—x), —l<x<I1, (939

2sinvmw

while the jump is

Oy(x+i0) — 0,(x —i0) = —ir P,(x), —1l<x<l. (9.3.10)
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In terms of hypergeometric functions, then

i
0,(x) = %cot v F (v +1,-v, 1501 —x))

1
F<v+1,—v,1;§(1+x)>, —1<x <.
(9.3.11)

2sin v

The recurrence and derivative identities satisfied by the Legendre polynomi-
als, (4.7.3), (4.7.4), (4.7.5) carry over to the Legendre functions of the first and
second kinds. They can be derived from the integral formulas as in Section 4.9
or checked directly from the series expansions (see the next section). As an
alternative, the identities

W+ DPys1(x) — Qv + Dx Py(x) + vPy_q(x) = 0, (9.3.12)

O+ DOyr1(x) = 2v+ Dx Qy(x) +vQy—1(x) =0,
and

Pl (¥) — P|_;(x) — @v+ D)P,(x) =0, (9.3.13)

0y () — Q)1 (x) = v+ D Qy(x) =0,

follow easily from the integral representations (9.2.7) and (9.2.14). To derive
(9.3.12) for P, from (9.2.7), we write

1
—di{e_(v+7)a«/2cosh9 — 2cosh(x}
o

_(U+%)a (v+ %)[2 coshf —e* — e ] + %(e"‘ — e
/2 cosh® — 2 cosha

=e

as a linear combination of the integrands of
Py41(cosh®), cosh@ Py(cosh®), P,_i(coshf)

and integrate. The proof for Q, is essentially the same, using (9.2.14).
To derive (9.3.13) from the integral representation, note that the integrand of

P,41(cosh@) — P,_1(cosh@)

1
is e_(”+7)“ multiplied by the derivative with respect to « of

2+4/2cosh6 — 2 cosha.
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Integrating by parts,
Py41(cosh@) — P,_1(coshf) =

w+1 [? 1
vt / e_(”+2)“\/2cosh9—2coshada.
T -6

Differentiation with respect to 6 gives (9.3.13) for P,. The proof for Q, is
essentially the same, using (9.2.14).
Differentiating (9.3.12) and combining the result with (9.3.13) gives

Pl (x) —x Py(x) = v+ 1) Py(x); (9.3.14)

0, 1(0) —x Q)(x) =+ 1) Qy(x).
Subtracting (9.3.14) from (9.3.13) gives
X Pi(x) = Py_j(x) = v Py(x); (9.3.15)

x0,(x) = 0,1 (x) = v Qy(x).
Multiplying (9.3.15) by x and subtracting it from the version of (9.3.14) with
v replaced by v — 1 gives

(1 —x%) P/(x) = —vx P,(x) + v P,_1(x); (9.3.16)

(1 —x%) Q)(x) = —vx Qp(x) + v Qy_1(x).

9.4 Series expansions and asymptotics

Expansions of the Legendre functions P,(z) and Q,(z) as z — oo in the
complement of (—oo, 1] follow from the representation (9.2.10) of Q, as a
hypergeometric function, together with the representation (9.3.3) of P, as a
multiple of O, — Q_,_1, for v not a half-integer.

To find expansions for P, and Q, on the interval (—1,1) at x =0, we
begin by noting that taking y = z?> converts the Legendre equation (9.2.1) to
the hypergeometric equation

4 1 3 / 1
yd —=y)v"(y) + (5—§y) v(y)+Z(v+1)vv(y) =0.

It follows that P, is a linear combination of two solutions

Poo) = Ay F (Lo 1, — 2, 1522
V-x_ v 2\) ’ 21),2,)(

C By F (vt 1[ 1]3 2
- , — =<V — T .
v LY 2 2
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Then
P, (0) = Ay, P;(O):Bv

To determine P, (0) and P/ (0) we assume —1 < v < 0 and use (9.3.2) to find
that

1 ! v —v—1 1 ’ .
PU(O)Zm‘/(‘) N (I—S) (I—ES) dS,

1 v—1
vl — 5! (1 — —s) ds.

P (0) =

v 1
T+ l)F(—v)/o ’ 2

To evaluate the integrals we first let s = 1 — ¢ so that the first integral becomes
1
27 / (1—13Y " dr.
0
This suggests letting u = 12, so that the integral is

1 1 1
2*1*"/ A—w'u2""'dqu=2"1"B (v +1, —§v> .
0

Use of the reflection formula (2.2.7) and the duplication formula (2.3.1) leads
to the evaluation

1 1
P,(0) = M cos (lvn).

The same procedure applied to the integral in the expression for P, (0) leads to

1 1
27V / A=)’ ' (1 =2Vu+u)u 2" " du
0

=2"|B v—lv — 2B v—lv—|-l +B v—lv-|-1
= ) 2 5 2 2 . 2 .

The first and third summands cancel. Since vI'(v) = I"'(v + 1), use of the
reflection formula and the duplication formula leads to the evaluation

1
P)(0) = M sin(lvn> )
F(v+3)vm  \2
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The result expresses P, as the sum of an even function and an odd function
of x:

r(3v+3) 1 11 1 1,
Pv(x)zl— cos| mvr ) F{=v+ =, —=v, —; x
F(§v+ 1)«/71 2 2 22 2

2r(3v+1) . /1 1 11 3,
+fsm —vr | xF|{=v+1,=-—-v, —;x°).
r(§v+§)ﬁ 2 2 2 22
9.4.1)

Thus P, is an even function precisely when v is an even integer, and an odd
function when v is an odd integer: the case of Legendre polynomials.

The identities (9.3.7) and (9.3.8), together with (9.4.1), give the correspond-
ing expression for 0, in general:

| T(E+1) /7 1 1 1 3
0y»(x) =€¥%W” [MxF<§v+ 1, 37 -, _-xz)

rv+d) 22
r(ly 41
:Fl (U+ )ﬁF<lv+l’_lv’l;x2) s +Imx > 0.
ar(zv+1)  \2 20 272
(9.4.2)

This is mainly of interest on the interval (—1, 1), where (9.3.6) gives a formula
dual to (9.4.1) as a sum of odd and even parts:

T(5v+1) /7 1 1 1 1 3
Ov(x) = M cos(—vn) xF <—v +1, - ——v, —;x2>

T(5v+3) 2 2 2 272
(L 1
— M Sln(lvn’) F (lv + 1’ _lv’ l; x2> .
2 (3v +1) 2 272 272
(9.4.3)

The following asymptotic results of Laplace [175], Darboux [62], and Heine
[125] will be proved in Chapter 10:

e(u+%)€

Py(cosht) = —— [1+ o(v|™)]; 9.44
(cosh6) m[ +0(vI™)] (9.44)

\/_e U+2)9 B 1
Qv(cosh6) = e [1+ O (0] D] largv = o —s,

as |[v| — oo, uniformly for0 < § <0 < s-L
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Asymptotics on the interval —1 < x < 1 can be computed from (9.2.3) and
(9.3.9) using (8.2.12):

V2 cos (v + 30 — Jm) + O(lvI7")

P, (cosf) = ; (9.4.5)
( ) /v sin @
. 1 1 —
0. (cos8) = _ﬁ sin (v + 30 — ) + O(lv|™!) 046
+/2vsinf '

as |v| — oo, uniformly for0 < <6 <m —§.

9.5 Associated Legendre functions

The associated Legendre functions are the solutions of the spherical harmonic
equation (9.1.2)

2
(1 —2)u"(z) — 2z () + [v(er 1) — ITH} uiz) =0, m=12,...

(9.5.1)

1
As in Section 9.1, the gauge transformation u(z) = (1 — zz)imv(z) reduces
this to

A=)V @) -2m+DzV @D+ —m@+m+ Do) =0. (9.52)

Repeated differentiation shows that the mth derivative of a solution of the
Legendre equation (9.2.1) is a solution of (9.5.2). Therefore the functions

m

PM(z) = (z* 1>%’"d—[P<>] (9.5.3)
L (2) = (27— ao v (2) |, 5.

" 2 L. d"
0, =@ -12 d_m[Q”(Z)]’
z

are solutions of (9.5.1). These are conveniently normalized for |z| > 1. Various
normalizations are used for associated Legendre functions on the interval

(—1, 1), including
Ld"
Pl'(x) = (=" (1 = x)2" ——

dﬂiauﬂ, (9.5.4)

m m L, d”
0" (x) = (—1)™(1 — x%)2 dx—m[Qu(x)].

In this section, z will always denote a complex number in the complement of
(—00, 1] and x will denote a real number in the interval (—1, 1). It follows
from (9.2.3), (8.2.3), and the definitions (9.5.3), (9.5.4) that
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W+ D (=V)m

1
(2 —1)2"
2Mmm |

P (z) = (=D"

1
xF(v~|—1+m,m—v,m+1;—(1—z)>

2
1
_ Frv+m+1) 2 1y
2" T'(v—m+1)m!
1
xF<v+1+m,m—v,m+1;§(1—z)>; 9.5.5)
r 1 1
Py = (—y = LM ED 2w

2" T(v—m+ 1)m!

1
xF<v+1+m,m—v,m+1;§(l—x)>.

To obtain a representation of Q7' as a multiple of a hypergeometric function,
we differentiate the series representation (9.2.10) m times. Since

% [Z—V—I—Zn]

— (—l)m(\) + 1 + Zn)mz—v—l—Zn—m

W+ D+ 1+m),
(V + 1)2n

—v—1-2n—m

= (="

W+ Dz +3m +3),(Gv+ 3m +1),
(3v+13),(3v+1),

it follows from the series expansion in (9.2.10) that

—v—1-2n—m
b

= (="

am Cwv+1+m)/m
_ v = —1 m
aan QO] = D

AL VRS U S SN A
X —V+ = -, v+ = vt == ).
2V M Ty VM 222

Therefore

L, TO+1+m)m
m = (—1)™ 2 _ 1 ym
0, (@) =(=D"( ) D(v+ 3)2v+igvtiem

x F ! +1 +1 ! +1 +1 +3 ! (9.5.6)
—V+-m+ =, v+ -—m W+ = —= . .S,
2 2 2°2 2 27 72
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To obtain integral representations of P)* and Q7', we begin with the repre-
sentations (9.2.6) and (9.2.13). Set

A(z,9) =7+ V72— 1 cosg,

so that (9.2.6) is

mm=1f 4o
0

7 Az, )Vt

The identity

i sin?f ¢ _r(r—=2k—1) sin?k+2 ¢
0z | Az, @)" 2k+1 Az, @)t}

r a sin?k+1 17
S N 9.5.7)
2k+10¢ | Aoy Va2 —1

implies that

d ("sin*ode  r(r—2k—1) (" sin¥2pdy
dz Jo Az, @) — 2k+1 0o Az, )Tl

Applying this identity m times starting with k =0, r = v 4+ 1 shows that
(9.2.6) and (9.5.3) imply

1 (—m+v+1
Pz = (22— 12" W
2
T s 2m d
x/ S $4 e (9.5.8)
0 [z4+ 22 —1cosg]

Similarly, let

B(z,¢) =7+ +vz? — 1 coshg.

Then

Kl sinh ¢ _ rr=2-=1) sinh%**2 ¢
3z | Bz.o)" | 2k+1  B(z, @) !

r ad sinh®**1 ¢
_ — ) (9.5.9)
2k +10¢ | B(z, p)'Vz2 — 1
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Together with (9.2.13) and (9.5.3), this implies that

%m (_m + Vv + 1)2)11
2"(2).

o sinh®” ¢ dg 9.5.10
x : ©9:5.10)
0 [z4+z2—1 coshg]

0" (z) = (=1)™(Z* — 1)

These integral representations will be used in Chapter 10 to obtain the
asymptotics on the interval —1 < x < oo:

. (+3)0 ol 1
Pl (cosh) = s (m + 1 1) 2 [I—I—O({m—l—l—i—v} 2)]
9.5.11)
*(”%)ﬂ/‘ 1 1
m _ _ n‘le T m—= -7
0} (cosh®) = ()" 2 + 1 1) 2[1+0({m+1+v} z)]

as v — 0o, uniformly on intervals 0 < § <6 < s

9.6 Relations among associated functions

As noted above, the mth derivatives Pv(m) and Qsm) are solutions of (9.5.2).
Putting these derivatives into the equation and using (9.5.3), we obtain the
recurrence relations

P2 () + 2(’”2;1” Py @) = 0 =m)v+m+ 1) P'@) =0;
o
(9.6.1)
oV (@) + 2(’"2#1)12 V@ — v =m) v +m+1) Q) (2) =0,
o

for z ¢ (—oo, 1]. Similarly, on the interval (—1, 1):

P"2(x) 4 % P () + (v — m)(v +m + 1) P"(x) = 0;
9.6.2)
0"+ 2(x) + 2E DX il (o) 4 o=y +m+ 1) Q") =0,

V1 —x2
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for —1 < x < 1. Now P]? = P,, and it follows from (9.3.16) and (9.5.3) that

PVI(Z) = % Py(z) — % Py_1(2),
so P and Q" can be computed recursively from the case m = 0.

Other relations can be obtained from general results for Jacobi polynomials.
As an alternative we may use the results above for the case m = 0. Differ-
entiating (9.3.12) and (9.3.13) m times and multipling by (z> — 1)%’" gives
analogous identities involving the P]"*, Q7. Proceeding from these identities as
in the derivation of (9.3.14)—(9.3.16) gives identities that generalize (9.3.14)—
(9.3.16).

In addition, a pure recurrence relation can be obtained. Differentiate
(9.3.13) (m — 1) times, differentiate (9.3.12) m times, use the latter to elim-

1
inate the term Plfm_l) from the former, and multiply the result by (z2 — 1)2"
to obtain the recurrence relations
w+1-=m) Pl (2) = Qv+ 1)z P (@) +v+mP] (2) =0; (9.6.3)
w+1-m) Oy (2)— Qv+ 1Dz 0V (@) +w+mQy (z) =0.

Differentiating the relations (9.2.4), (9.2.11), (9.3.3), (9.3.5), (9.3.7), and
1

(9.3.8), and multiplying by (z> — 1)2", gives the corresponding relations for
the various solutions of (9.1.2):

P (z) = P, (2);
0" 1 @=0" ()
n— -3

D=

Q" (—z) = —e™"" Q" (z), +Imz > 0;

tan vt

Pl = ——[0V'() - 0%, ()]

07 () = 7— [T P (2) — P['(=2)], +Imz > 0.
2sin v

In view of these relations, to compute Wronskians we only need to compute
W(P", Q). Differentiating (9.5.3) gives

1
[P"]'(2) = (22 = D72 P () + mz(z> — DT PM(2);

[07] () = (* - 1)‘% 0" () +mz(z> — 1) Q"(2).
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It follows that

1
WP, Q") () = (22 = D) 2[Pl'2) 00 () — PP ()07 ()]
The recurrence relation (9.6.1) implies that
PIQYT = PIFIQY = v+ m)(m —v = D[P QY — PO,

so that the computation leads to

1
Py(2)0L(2) — P1(2)0u(2) = (2% — D2[Py(2) Q) (2) — PL(2) 04(2)]

1
B ( ~1)2
=@ - 1)2W(Pu, 0)@) = ——3—
Combining these results,
m m _Tw+1+mT(=v+m) 1 W+ Dy (=v)n
VB OOO ="ty 12 1-2

9.7 Exercises

9.1 Suppose that f(x) and g(x) are smooth functions in R”. Show that
A(fg) = (Af>g+22—— + f Ag.
dx;

Show that if f(Ax) = A™ f(x) for all A > 0, then

9.2 Suppose that p(x, y, z) is a homogeneous polynomial of degree n. Use
Exercise 9.1 to show that there are harmonic polynomials p,_5; of
degreen —2j,0 < j < n/2, such that

_ 2 4
P=DPn+7r"pno2+r ppa+...

9.3 Suppose that p is a harmonic polynomial of degree m in three variables
and r> = x2 + y? + z2. Show that

AGCEp) =k +2m + 1) k2 p
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9.4

9.5

9.6

9.7

9.8

9.9

9.10

9.11

9.12

Spherical functions

Use this fact to show that the harmonic polynomials in Exercise 9.2 can
be identified in sequence, starting with pg if n is even, or pj if n is odd.
This procedure is due to Gauss [106].

Use the Taylor expansion of f(s) = 1/r(x,y, z — s) to show that

zy _ (=Dremttogn T
n(O)- L]
r n! az | r
Verify that the change of variables after (9.2.4) converts (9.2.2) to

(9.2.5).
Show that the change of variables after (9.2.6) gives the identity

(z> = 1) sin? ¢ = ¢*(2z — 2 cosha)

and show that (9.2.6) becomes (9.2.7).
Use (9.2.2) to prove that for |z| < 1,

1 2
Pu(z)=—/ (z—l—i\/l —zzsinqo)vdq).
0

2
Show that for |z]| < 1,

2 1
Po(2) = —/ do.
) 2 Jo (z4iVT—2Zsing)" ™!

Use the identity

1 1 > —oSs v
= e “s¥ds, Rea >0,
ot T Tw+1) Jo

to show that
1 o0
Py, (cos0) = m/ e 89 Jo(sinfs) s ds,
0

where Jj is the Bessel function of order 0.
Show that

1 > 8
Py(cosh @) = m / e~ <oM0S I (sinh 6s) s ds,
0

where I is one of the modified Bessel functions.
Prove the Rodrigues-type identity

(_ l)n ar
2ntl gt dzn

On(2) =

1 _ 2\n
/uds, 2 # (—o0, 11,
-1 Z—S

Prove the generating function identity

o0

1 z—t+R
Z;)Qn(z)t” =g loe——— R =V1+12 -2tz
n=

z—t—R
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9.13 Show that

0 (z) (=Dt T log T2

"\r) n! az" | 2r Ogr—z ’
where 2 = x? + y2 + 2.

9.14 Show that the change of variables after (9.2.11) converts (9.2.9) to

(9.2.12).
9.15 Show that the change of variables after (9.2.12) leads to the identities

R%sinh? ¢ = 5% — 25z + 1 = s2R? sinh? 9,
where
R=+vVz2—1, s=z+ Rcoshg =[z— Rcosh6]™".

9.16 Use Exercise 9.15 to show that (9.2.12) implies (9.2.13).
9.17 Show that the change of variables after (9.2.13) leads to the identity

e“(2cosha —2coshf) = sinh? @ sinh® 1%

and show that (9.2.13) implies (9.2.14).
9.18 Show that for x < —1,

P,(x +i0) — P,(x —i0) = 2i sinvm P,(—x);
0,(x+1i0) — Q,(x —i0) = 2i sinvw Q,(—x).

9.19 Use the method of proof of (9.4.1) to prove

2 22

9.20 Prove (9.4.6). Hint: 2cos A cos B = cos(A + B) + cos(A — B), and
cos(A 4+ B) — cos(A — B) = —2sin A sin B.

9.21 Use (8.3.8) and (9.4.6) to give a different proof of (9.3.3).

9.22 Prove by induction the Jacobi lemma

11 1
P,,(z)=F<—v+—,——u,1;1—z2), 11—2z% < 1.

dmfl
d,L,Lm71

2m)!
m2™m !

[sinz’"_1 (p] = (-pm! sin(mg)

where 4 = cos ¢ and deduce that
(2"m!dm o,

du
Qm) ! dpm L do

do’

m—1

cos(me) = (=)™~

¢]

9.23 Use Exercise 9.22 to give another derivation of the integral
representation (9.5.8).
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9.24 Use (9.2.2) and (9.5.3) to derive the identities

P"(z) = (2 — 1)

%m (U+1)m/ (tz_l)v
C

v+l (t _ Z)‘H—H—m

and

1 s
Pl'(z) = @/{; [z ++v7z2 — 1cos <p]uc0s(m<p) do

(= V)m /'” cos(my) de
T Jo [Z+\/Z2—lcosg0]v+l-

9.25 Use (9.2.9) and (9.5.3) to derive the identity

0"(2) = (—y"(2 — 1yzm U D fl (-

v+l | (Z _ t)”+1+m

= (D" + Dn

o
x/ [z —Vz2-1 cosh(p]v cosh(mg)de, cotha = z.
0

9.26 Verify (9.5.7) and (9.5.9).

9.8 Summary

9.8.1 Harmonic polynomials; surface harmonics

Harmonic polynomials of degree n are homogeneous polynomials of degree n
that are solutions of Laplace’s equation

AP:Pxx+Pyy+PZZ=O.

They are a vector space of dimension 2n + 1. In spherical coordinates they
have the form

P(r,0,¢9) =r"Y(0,¢),

where Y is a trigonometric polynomial in 6 and ¢ and

1

1
—Y —— | sin0Y, 1HY =0.
o~ o + sinQ[Sm 9]9+n(n+ )
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The function Y is called a surface harmonic of degree n. Basis of solutions:

1 .
Yum (0, ¢) = Felmw Oum(cosf), —n<m<n,
T

2n+l(n—m)!]%
2 (n+m)!

n+m

dxn+m

1
®nm(x) = (_l)n My |:

[(1—xH"].

1
x (1 —x%)2"

Another characterization is in terms of derivatives of the Legendre polyno-
mial Py:

=

2”+1(n_m)!] (1_x2)%mprfm)(x)

® =
nm (X) [ 2 nt+m!
for m > 0, with

Opn-m=ED"Opyn, m=12,...,n.

Since

11 2 )
P (cos0) = M - / e "% (cosO +isinf sina)" da,
n' T Jo

the corresponding surface harmonic and harmonic polynomial have the form

A 2 .
Yum 0, @) = 2"'" / M@0 (cosh + i sinf sina)" da;
T Jo
. P . "
r"Yum@, p) = > e (z+ixsina+iycosa)' do,
T Jo
1
1 [2n+1 2
Apm = ; i n—m)!(n+m)!| .
The set {Y,;u}, n=0,1,2,..., m = —n,...,n is an orthonormal basis for

functions on the sphere, with respect to normalized surface measure.
The functions

Y (0, 9)

are harmonic in the complement of the origin in R.
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These functions satisfy the addition formula

P, (cos ¢ sinf sin®’ 4 cos@ cosO’) = P,(cosh) P,(cos’)

" (n—m)! ,
+2 ——— cos(mg) P"(cos6) P, (cosO’).
n; (n+m)!

9.8.2 Legendre functions

Legendre functions are solutions of the Legendre equation
(1 -2 u"(z) = 2zu'(z2) + v(v + D u(z) = 0.

Legendre function of the first kind:

P = 1 (tz—l)”dt_F : 1.11
U(Z) - 2v+1]'[l c (t—z)“"‘l — U+ , —V, 1 5( _Z)
=P_,_1(2),
holomorphic in the complement of (—oco, —1]. Forv=n=0,1,2,..., P, is

the Legendre polynomial of degree n. Moreover,
P,(x) >0, 1<x<o0, vreal

Legendre function of the second kind:

1 L1 =sHvds

Q”(Z)=2v+l 1 (z—=s)VF!
r 1 1 11 3 1
F(v+3) @)+t \2 272 2z

v#£E—1,-2,....
0, is holomorphic for z ¢ (—o0, 1], and

0v(—2) = —€""0,(z), Imz>0;

0y(x) >0, 1l<x<oo, vreal, v#—1,-2,...
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Integral representations:

P, (cosh6)

1 T
— f [cosh@ + sinh € cos <p]v do
T Jo

do
T Jo [cosh9 + sinh @ cos ]V !

“da
0 \/2cosh9 ZCosha

0, (coshf) = / [cosh® —sinh6 coshg]”dg, cotha = coshd
0

_ f - dy
0 [cosh® + sinh6 cosh <p]v+1

o ( ) da
N /(; V2 cosha — 2cosh@

9.8.3 Relations among Legendre functions

The functions

Py(z), Pu(=2), Qv(2), Q-v-1(2)
are solutions of the Legendre equation. For v =n — % a half-integer,

0 1=0 , n=0,+1,+£2,....
)

1
—n—%
Otherwise 0, and Q_,_ are independent with Wronskian

T cotvmw

W(Qy, 0-v-1) = ﬁ

Relations among solutions:

tan vt
P, = [Qv - Q—v—1]§
v
0v(2) = =——— [ Py(2) — Py(—=2)], Imz>0;
2sinvmw
0,(2) = [¢""'Py(z) — Py(—2)], Imz <O.

2sin v
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For —1 < x < 1, by definition:

1
Qv(x) = E[Qv(x +i0) + Oy (x —i0)]

= % cot v P, (x) — Py(—x)

2sin v

T cotvr F(v 41, —v. 1 21 — x)
= —cotvw Flv ,—v, 1;=(1 —x
2 2

1
- Flv+1,—v, 1;=(14+x)), —-1<x<l.
2sin v 2

Jump across the interval:

0,(x+i0)—0,(x —i0) =—im P,(x), —1l<x<l.
Recurrence and derivative relations:

W+ DP1(x)— Qv+ Dx Py(x) +vP,_1(x) = 0;
Pl (x) — P, (x) — Qv+ DPy(x) = 0;
(1 = x?)P)(x) + vx P, (x) — vP,_1(x) = O;
Pi(x) —2x P,_ (x) + P)_5(x) — Py_1(x) = 0;

v+ DQut1(x) = 2v+ Dx Qp(x) +vQy—1(x) =0;
QL1 (x)— 0, _1(x) = v+ 1)Q,(x) = 0;

(1= x*) QL (x) +vxQy(x) —vQy_1(x) =0;

0,(x) = 2x Q)1 (x) + Q) _,(x) = Qv—1(x) = 0.

9.8.4 Series expansions and asymptotics

Expansions of P,(z) and Q,(z) as z — oo follow from the representation of
0, as a hypergeometric function, together with the representation (9.3.3) of
P, as a multiple of Q,, — Q_,_1, for v not a half-integer.

Expansions around x = 0 are obtained from

T(5v+3 1 11
P,(x) = M cos(—vn) F (—v 4+ =, ——v, —;x2>

r(fv+1)ym 2 2020 272
2r(3v+1) /1 1 11 3,

+ o =sin(yvr | xF{sv+ 15— Zv, oix7 )
F(5v+35)Jm 2 2 2 22
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2 2

Fgv+)vr (1 13,
Qv = W COS(gvn) xF (EI) +1, 5 VX )

1 1

SV + 5) /T 1 1 1 1 1
(2])1—2) sin(—vn) F(—v—l— —, ==V, —;x2),
2I(5v+1) 2 202 272

—1l<x <.

Asymptotics as [v| — o0:

e(v+%)6

P, (cosh0) = m [1 + 0(|V|_1)];

1
ﬁe—(v+§)0 . 1
0, (cosh§) = W[l—i—O(M )] largv| < S =

as |v| — oo, uniformly for § <6 < §—1. Also

ﬁcos(u@—k 50 — 4JT)+0(|V| b
/v sin 6 ’

P,(cosO) =

0, (cosf) = /A sin(vl + 30 — gm) + 0w
/2vsin @

as |[v| — oo, uniformly for§ <0 <m —§.

9.8.5 Associated Legendre functions
These are the solutions of

2
[a —z2)u/]/(z) + |:v(v+ 1) — 1T121| u(z) =0, m=1,2,...

Solutions include the functions

d™m
m _ m/2
Pz =@ -1 dz [P.(2)];
0" (z) = (2 1)’"/2 [Q @]
for z ¢ (—oo, 1], and

m

d
m _(_1\m 2 m/2 %
Pl (x) = (=D"(1 —x%) T [Po(0)];

oy () = (=D"(1 - 2)’”/ij[Qv(x)], ~1<x <l
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These functions are multiples of hypergeometric functions:

Tw+m+1)

2 my2
1
T —mt Hm & D

P'(2) =

1
><F<v—|—1—|—m,m—v,m+l;E(l—z));

Fw+m+1)
2" T(v—m+ 1)m!

PI"(x) = (=)™ (1 —x?)ym/?

1
xF<v+1+m,m—v,m+1;E(l—x)), —l<x<l1;

(~D"T(+m+ 1) J7

2 1ym/2
F(v + %) Qv+l gu+l4m (2 D

07 (2) =

AL RS IS S SN A
xF|-v+ = —, v+ = V== ).
D N L 222

For z = cosh 6 ¢ (—oo, 1] they have integral representations

P =@ 1yl [ o1
C

v+l (t _ Z)v-i—l+m

_ v+ D

T
- / [z + V22 =1 cos ]’ cos(mp) dg
0

(=) /” cos(me) de
= o

T Z+\/Z2—lcosq)]v+l
— (2= 1y (=m+v+ Dom /” sin" ¢ dg
nzm(%)m 0 [Z + 22 =1 cos (p]v+1+m

and

0" (z) = (—)"(* — )"/?

W+ 1D, /1 (1 =72

v+l 1 (z— t)v+1+m

=(=D"W+ Dp /a [z — V22 — 1 coshg]” cosh(me) d,
0

cotha =z
— (_l)m(ZZ_ 1)”1/2(1 +V—m)2mfm Sinhzmgﬁd(ﬂ
2m (%)m 0 [Z + Z2 — 1 cosh §D]U+l+m
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Asymptotics:
(”+%)9 1
P™(cosh) = ———— (m + 1 + v)"~ 2[1+O(m—|—l+v i)]
o) = omn g ( b

7v+—9
— m \/— m—
0} (cosh®) = (=" =X m 1 40) 2[1+0({m+1+v} 2)]

as v — oo, uniformly on intervals 0 < § <6 < s—L.

9.8.6 Relations among associated functions

The functions P]" and Q7' can be computed recursively from the case m = 0
using

P) =P,
pPl=—2% p M
= - ——— -1,
SV eV
2 1
P2 4 (m_+ iz P —m) w4+ m+1)P" =0,
2(m + 1)z
QT+2+ﬁQm+l w—m)(+m+1)Qy =
for z ¢ (—oo, 1].

For—1 <x < 1:

2 1
P;”Jrz_'_ (m+ 1)x

— L P L v —m)wm+ 1) P =0;
1_x2 % %

2(m + 1)x
V1 —x2

"2 4 Q" L w—mv+m+1)Q" =0

The associated Legendre functions also satisfy

W+1-mPl —Qu+1z P+ @ +mP =0;
W+1T-m Ol —Qu+ Dz + W +mQi, =0
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PS”(Z) e va_l(Z);

0" (@=0" (2
_ —n-d

n

|

oV (—2) = —eivaZn(Z), +Imz > 0;

tan vt

Pl = — [0V(2)— 0", (@];

OM(z) = ——— [P P () — P"(-2)], +Imz > 0.
2sinvmw

Wronskians can be computed from the preceding relations using

rv+14+mToD(—v+m) 1

W(Pv s Qv )(2) = Fwv+1DHI(—v) 1— Zz‘

9.9 Remarks

The surface harmonics Y,¢ occur in Laplace’s work on celestial mechanics
[175]. In his study of potential theory for celestial bodies he introduced
Laplace’s equation and found solutions by separating variables in spherical
coordinates. As noted earlier, Legendre polynomials were studied by Legendre
in 1784 [180, 181]. See the end of Chapter 4 for remarks on the early history of
Legendre polynomials. The functions P, were defined for general v by Schléfli
[250]. Associated Legendre functions for non-negative integer values of v were
introduced by Ferrers [96], and for general values of v by Hobson [131].

Laplace [175] gave the principal term in the asymptotics (9.4.4) of P, for
positive integer n, and Heine [125] investigated asymptotics for both P, and
Q,, for integer n. Darboux [62] proved (9.4.4) and (9.4.5) for integer n. Hobson
[131] proved the general form of (9.4.4), (9.4.5), and (9.5.11).

The term “spherical harmonics” is often used to include all the topics
covered in this chapter. Two classical treatises are Ferrers [96] and Heine [125].
More recent references include Hobson [132], MacRobert [194], Robin [240],
and Sternberg and Smith [269]. Miiller [209] treats the subject in R” and in C".



10
Asymptotics

In this chapter we prove various asymptotic results for special functions and
classical orthogonal polynomials that have been stated without proof in previ-
ous chapters.

The method of proof used in the first three sections is to reduce the second-
order differential equation to the point where it takes one of the following two
forms:

u” (x) + 2u(x) = f(x)u(x),

a perturbation of the wave equation; or:
2

" 1 /!
v ()\X)—i-gv()\x)—f—(l—m

) v(Ax) = g(Ax) v(Ax),

a perturbation of Bessel’s equation. In each case A is a large parameter and one
is interested in the asymptotic behavior of solutions as A — 4-00.

Taking into account initial conditions, these equations can be converted to
integral equations of the form

[
u(x) = uo(x) + X/ sin(Ax — Ay) f(y)u(y)dy
0
or
1 AX
v(Ax) = vo(rx) + X/ Gy(rx, Ay) g(Ay) v(ry) d(ry),
0
where u( and v are solutions of the unperturbed equations
uy + 2ug = 0; xzvg + xvy + (x> =P =0,

and G, is a Green’s function for Bessel’s equation. The asymptotic results
follow easily.

335
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Asymptotics of the Legendre and associated Legendre functions P, Q7'
on the interval 1 < x < oo are obtained from integral representations of these
functions, by concentrating on the portion of the contour of integration that
contributes most strongly to the value.

Other asymptotic results can be obtained from integral formulas by means
of elaborations of this method. One of these is the “method of steepest
descents,” another is the “method of stationary phase.” These two methods are
illustrated in the final section with alernative derivations of the asymptotics of
the Laguerre polynomials and the asymptotics of Bessel functions of the first
kind, J,.

10.1 Hermite and parabolic cylinder functions

The equations (6.6.1) and (6.6.2),

1 'x2 1
W) F ulo) + (v+§) u(x) = 0, (10.1.1)

can be viewed as perturbations of the equation

u”(x) + (v + %) u(x) =0. (10.1.2)

The solutions of the corresponding inhomogeneous equation

v (x) + <v + %) v(x) = f(x)

have the form

Y sinA(x —y) 1
U(X)ZMO(X)"‘/ ff(y)dy, K=\/v+§,
0

where u is a solution of (10.1.2). Note that v(0) = u((0), v'(0) = u(0). Thus
solving (10.1.1) is equivalent to solving the integral equation

TsinA(x —y)

u(x) = ug(x) :I:/O Y yu(y)dy, (10.1.3)

where u( is a solution of (10.1.2). For any given choice of u, the solution of
(10.1.3) can be obtained by the method of successive approximations, i.e. as
the limit

u(x) = lm up(x),
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where u_j(x) = 0 and

YsinA(x —y)

m Vium_1(y)dy, m=0,1,2,...

U (x) = uo(x) i/
0

Since |ug(x)| < A for some constant A, it follows by induction that

x3m

m! (12))m"

|t (x) — -1 (0)] < (10.1.4)

Therefore the sequence {u,,} converges uniformly on bounded intervals, and
u(x) = uo(x) + 0.7

uniformly on bounded intervals.
To apply this to the parabolic cylinder functions D, given by (6.6.6),
we take
sin Ax

1o(x) = Dy (0) cos ix + D/,(0) —

It follows from (6.6.10) and (2.2.7) that

1 1
22" /7 227 1 1 1
D,(0) = =—TI(= - -
v(0) I‘(%—%v) N (2v+2) coszvn
1.1 1.1
, 22V /g 22VF2 1 _
D,(0) = — : = '\ =v+ 1) sin-vm.

Formula (2.1.9) implies that

1
r 1 Tl 1 EF 1 +1
2" 2" 2" T3
as v — 400, so we obtain

2 (L] ! Ax +sin 2vr sinA
uy ~ —— -V = COS —VIT COSAX SIn — V7w SINAX
0Ty 20 T2 2 2

1

22" (1] .
=—T(zv+ =) cos —x - = ,

J7 2" "2 R R A

which gives (6.6.19).
The asymptotics of the Hermite polynomials can be obtained in a similar
way. Recall that H,, is the solution of

H,/(x) — 2x H, (x) + 2nH, (x) = 0,
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with

2m) !
Han(©) =~ S ) =0
m:

and

22m +1)!
m! ’

Homy1(0) =0,  Hy, (0) = (="
The gauge transformation H, (x) = e2% zhn (x) gives the equation
hyy(x) = x> hy(x) + 2n + 1) by (x) =0,
with conditions

ha(0) = Hy(0), 1y, (0) = H,(0).

Stirling’s approximation (2.5.1) implies that

m! e L

2m)! N 2m+% (2_m>m o [2m) !]%.

(mm)4
1 1
2Q2m +1)! - omt <2m+ 1)m+z N2m+% [2m + 1)!]2
Vam +3m ! e :

[(m+3)7]

as n — oo. It follows that for even n = 2m,

[(2m) !]% !
1

H,(x) = (=D)™"2" 02" [cos(«/2n + lx) +0 (n_%)]

(mm)4

as n — oo, while foroddn =2m + 1,

1

Mefxz |:sir1(«/2n + lx) +0 (n_%>:|

[(m + 3)]

as n — 00. These two results can be combined as

Hy(x) = (—1y"2"+3

=] WI—

1
1. 24(mNH2 1 1 1
H,(x) =22" L)leﬂz |:cos<\/2n +1x— Enn) +0 <n2>i| ,

which is (4.4.20).
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10.2 Confluent hypergeometric functions
Starting with the confluent hypergeometric equation
xu'(xX)+ (c—x)u'(x) —aux) =0, (10.2.1)

we use the Liouville transformation. This begins with the change of variables
y = 24/x that leads to

el X} V' (y) —av(y) =0,

v (y) + [ 5

followed by the gauge transformation

1 19
v(y) = y2 e8Y w(y)

to remove the first-order term. This leads to the equation

121 2

w’(y) — [(C;% + f—é = % + a:| w(y) = 0. (10.2.2)
We are considering this equation on the half-line y > 0. If we could identify
u(yp) and u'(yp) at some point we could use the method of the previous
section: solve (10.2.2) as a perturbation of w” —a w = 0. The singularity at
y = 0 prevents the use of yp = 0 and it is difficult to determine values at other
points, such as yp = 1. Instead, we shall introduce a first-order term in such a
way that (10.2.2) can be converted to a perturbation of Bessel’s equation. The

gauge transformation

1
w(y) =y2 W(y)
converts (10.2.2) to

Wi+ L wiy [€D ¢ 1w =o
&) 3 () )2 §+G+Ri| (») =0.

Let us assume that ¢ — 2a is positive. The final step in getting to a perturba-

_1
tion of Bessel’s equation is to take y = (%c - a) 2z, so that the last equation

becomes
2

(c — 1)? z
(2c — 4a)?

V”(z)+lV/(z)+ [1 -— ] V() =
Z Z

V(). (10.2.3)

This is indeed a perturbation of Bessel’s equation with index v =c¢ — I.
Tracing this argument back, a solution of the confluent hypergeometric
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equation (10.2.1) has the form

1—c ly2 1
y ‘es” V(By), B= ¢4

where V is a solution of (10.2.3). Since y = 2./x, this has the form

1 1
x2U-9,2%y (w/(zc — 4a)x> . (10.2.4)

The Kummer function u(x) = M(a, c¢; x) is the solution of (10.2.1) with
u(0) = 1. The corresponding function V(z) must look like a multiple of
7261 =7V as 7 — 0. Let us assume for the moment that ¢ > 1. To obtain a
solution of (10.2.3) with this behavior we begin with the Bessel function J,
and convert (10.2.3) to the integral equation

V@) = 1) + v /0 Gz V() s,y = (10.2.5)

o

(2c — 4a)?’

where G, (z, ¢) is the Green’s function

Yy (2) 4y (§) — Ly ()Y (§)
W), ()

The solution of (10.2.5) can be obtained by the method of successive approxi-
mations:

GU(Zv ;) =

V(z) = mli—>moo Vin(2),
where V_(z) = 0 and
Z
V@) = 1@+ [ G O V@) de, m=0.1.2,...
0

It follows from results in Sections 7.1 and 7.4 that there are constants A = A,
and B = B, such that

L@ <A, |Gy 0l < B <§) .

It follows from these inequalities and induction that
(vBZ)"
3" m!

Therefore the sequence {V,,} converges uniformly on bounded intervals, and

V(z) = Jy(2) + O(lc —2a]7?)

V(@) = Vp—1(2)| < AZ" (10.2.6)

uniformly on bounded intervals. Up to a constant factor, the Kummer function
M(a, c; x) is given by (10.2.4). As x — 0, the function defined by (10.2.4) has
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limiting value

o= B
2 Frw+1)°

Therefore, forc > 1 and ¢ — 2a > 0,

lC) 1

M(a,c;x)=T(w+1) [—cx — axi| e2* VvV \/2cx — 4ax)
1
2

NI'—

c

(ST

EX

=TI(¢) |:lcx — ax]

x [Jc_l (m) +o0 ([c - 2a]*2)] . (1027

According to (7.4.8),

— e e— COoS — —CTT —TT
c—1\Z \/_ Z ) + + 0(z
as z — —+oo. COIIlbiIliIlg this with (102 7) giVCS

I'(c) 2¢ 1.
M(a,c;x) = ﬁ <§cx—ax> e2

1 1 1
X |:cos<\/2cx —4ax — Ecn + Zn) + 0(|a|_2>j| , (10.2.8)

as a — —oo, which is the Erdélyi—Schmidt—Fejér result (6.1.12). The conver-
gence is uniform for x in any interval 0 <6 < x < s~

We have proved (10.2.8) under the assumption ¢ > 1. Suppose that
0 < ¢ < 1. The contiguous relation (6.5.6) with ¢ replaced by ¢ + 1 is

Bl

c+x c—1
M(a,c;x) = —M(a c+1; x)—i—me(a c+2;x).

The asymptotics of the two terms on the right are given by (10.2.8). They
imply that

M(a,c;x)~ o +1)M(a c+2;x)
I'(c) —ax 1.
~ ﬁ 3.1 €2
(%cx —ax —i—)c)‘_ﬁ_EC

2 4

1 1
X cos<\/(20 —4da+4)x — —cmr + —n)
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as a — —oo. Since —ax, %cx—ax + x, and %cx—ax agree up to

O([—a]™") for x > 0, it follows that (10.2.8) is true for ¢ > 0. This argument
can be iterated to show that (10.2.8) is valid for all real indices ¢ # 0, —1, . ...
The asymptotics of the function U(a, c; x) can be obtained from (10.2.8)
and the identity (6.2.6). We use the reflection formula (2.2.7) to rewrite (6.2.6):
'd—cor'(c— i —
Ula. e x) = ( c)'(c—a) sin(c —a)r Ma.c:x)
T
I'ec—1TI'(1—a)sinar
n ( ) (n )

XTCM@+1—¢,2—c;x).
Therefore the asymptotics are

Ul(a,c; x)

N I'l—c¢)I'(c)T'(c — a)
-

1 1.1
(—ax)472ce2x

2 4

_ _ — 1 1 3
L Te-nre : Tl —a) B e (Lo

T2

1 1
X sin (¢t — am) cos(y — —cmw + —n)

. 1 3
X Sinasm cos(y + Ecn - er)

11, 1 1
= — [(—a)4 2°T'(c — a) sin(cmw — am) cos(y — Ecn + Zn)

1.3 1 3
—(—a)2°74T(1 —a) sinanw cos(y + Ecn — Zn>i| ,
where y = /(2¢ — 4a)x; we used (2.2.7) again. It follows from (2.1.9) that
1.1 1 1 1.3
(—a)3 2°T'(c—a) ~T <§c —a+ Z) ~(—=a)2°"3T (1 —a).

Letz=y— %cn + %n. Then

2 4

= sin(cwr — amw) cosz + sinamw cos(z + cm)

1 1 1 3
sin(cr — am) cos(y — —cm + Zn) —sinarm cos(y + ECT[ - —rr>

1 1
= sincm cos(z +am) = sincw cos(y — Ecn +am + Zn) .
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Therefore
r(be—a+}

) Ao g
X 4
JT

1 1
X cos<v2cx —dax — zcn +am + Zn) ,

Ua,c;x)~

which gives (6.2.11).
As noted in (4.5.11), the Laguerre polynomial

(o + D

L;(ga)(x) = 0 M(—n,a + 1; x).
It follows from this, (2.1.10), and (10.2.8) that as n — o0,
by} C 1
L;a)(x) — e’ n — |:c0s<2«/nx — Eom — Zn’) + 0<n_§)i| ,
JTx2973

which is Fejér’s result (4.5.12).

10.3 Hypergeometric functions, Jacobi polynomials
Consider the eigenvalue problem
x(1=x)u"(x)+[c—(a+ Dx]u'(x) +ru(x) =0. (10.3.1)

As we have noted several times, the change of variables y = 1 — 2x converts
the hypergeometric equation (10.3.1) to the equation

(1 —yHv" () +la+1—-2c— @+ Dyl (y) +rv(y) =0.
Setting« = ¢ — 1, B = a — c, this equation is
1=V +[B—a—(@+B+2y1vV() +Av(y) =0. (10.3.2)

We noted in Section 4.6 that the change of variables & = cos™! y followed by
the gauge transformation

1 1
1\ %2 1\ #2
v(y) = (sm §9> (cos 59) w(B)

converts (10.3.2) to

2

, 1 — 4 [ 1 —4p? }
W (0) + —————w(O) + | ———— + A1 | w®) =0,  (10.3.3)

16 sin® 16 16 cos? 16
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where A| = A + ;11(01 + B + 1)2. Now

1 4 1 5 2
—sin2%9:ﬁ+§+0(9 ); C052%9=1+0(0 ),
so (10.3.3) can be written as
oo+ 122 o+ [1 L Bk +x1} w(©) = r©) w@),
462 48 16

where |r(8)| < AG%. As in the previous section, we can convert this to a

1
perturbation of Bessel’s equation. First, taking w(0) = 62 W (0) leads to

1 2
w”(®) + i W) + [ - ‘;—2] W) =r@)We®), (10.3.4)
where
1 —4a® 1-—4p% (@+pB+1)?
2
= A .
" 8 16 AT 4

We are interested in the limit A — 400, so suppose that p is positive. The
change of variables z = 6 leads to the equation

(c—1)?

V(@) + % Vi) + [1 -0 ] V() = w

, (10.3.5)

with |R(2)| < Az2. This equation is very close to (10.2.3) and can be analyzed
in exactly the same way.
So far we have shown that a solution of (10.3.1) has the form

vty
ulx) =v(l —2x) = (sin 50) (cos 59) w(6)

1 1
9% i 10 e 19 e 4G
sz cosz )

1 1
L7 1\ %2 1\ #2
=62 (sm 50) (cos 59) V(ub),

where V is a solution of the perturbed Bessel equation (10.3.5). Note that

l—y 1—cosf 1
x=— 2 = 2T Gn? g (10.3.6)
2 2 2

so that as x — 0+, 0 ~ 2,/x and

w(x) ~ V2xIV () = V22207 V().
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We suppose first that ¢ — 1 > 0, and we want to choose V so that u(x) is
a hypergeometric function: the solution of (10.3.1) that is characterized by
u(0) = 1. Since

wo ' 1 et Ly
Jo—1(uo) ~ | — ~——x2
et ) < 2 ) L) To) g

as x — 0, we obtain V = lim,,_, », V};; as in the previous section, with

r X
Vo) = 2D = 12,

V2

which has asymptotics

') _. 1 1
Vo(z) ~ «/_ﬂ_Z n cos(z 3T + Zn)
as z — +0o0.

Taking A = v(a + v), the hypergeometric solution to (10.3.1) is the func-
tion with indices a + v, —v, c. As v — 400 we may replace u = /A in the
asymptotics by v, or by the more precise v + %a. Putting all this together, we
have, for0 <6 <,

1
F <a + v, —v,c; sin? <§0>>

I'(c) cos(v@ + %a@ — %cn + %n) +o0™h

-1 l+(afc)
VT (v sin %6) 2 (cos %9) 2
as v — +o00. This is Darboux’s result (8.2.12).

We have proved this asymptotic result under the assumption ¢ > 1. The
contiguous relation (8.5.7) shows that the asymptotics with index ¢ — 1 can
be computed from those with indices ¢ and ¢ 4 1 in the range ¢ > 1, and that
the result extends to ¢ > 0. By induction, it extends to all real values of c,
c#0,—1,-2,...

As a corollary, we obtain Darboux’s asymptotic result (4.6.11) for Jacobi
polynomials. In fact

1 1
P,f“’ﬂ)(cose) = u F (a +n, —n, c; sin? (56?)) ,
n!

withc=a+1,a =a + B + 1. Since

©n _ Te+n  n!
n!  T@Tm+1) T()
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asn — 00, by (2.1.9), it follows that

cos (16 + Yo+ B+ 110 — Jaw — 47) + 0(n ™)
PP (cos ) =
+

=

aty |
M(sm 9) (cos 9)

10.4 Legendre functions

As noted in Section 9.4, the asymptotics in v for the Legendre functions P,
and Q, on the interval —1 < x < 1 follow from the asymptotics of the hyper-
geometric function. To determine the asymptotics on the interval 1 <x < 0o
for the Legendre functions and associated Legendre functions, we make use of
the integral representations in Section 9.5, written in the form

(_m +v+ 1)2m
2 (1)
(3), 7

/” (sin@)?" do
X
0

(cosh® — sinh 6 cos ar)m+1+v’

P/ (cosh®) = (sinh6)"

(10.4.1)

(_m +v+ I)Zm
1
om (7)m

/OO (sinh@)?" do
o (cosh@ + sinh @ cosho)m+1+v’

0" (cosh§) = (—1)" (sinh §)"

(10.4.2)

These representations, and the asymptotic formulas below, apply in particular
to the Legendre functions P, = PS and Q, = Qg.

As v — oo the principal contribution to each integral comes where the
denominator is smallest, which is near « = 0. We use Laplace’s method: make
a change of variables so that the denominator takes a form for which the
asymptotics are easily computed.

For the integral in (10.4.1) we take

s(a) =log(A — Beosa), A =e"cosh, B =e’sinh6,
SO

cosh® — sinh @ cosa = e '@,
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Then s is strictly increasing for 0 < « < 7, with s(0) =0, s(7) = 26.
For o ~ 0,

1
A—Bcosa=1+§Ba2+0(a4), s(a) = —Ba + 0,

SO
da 1 . V2s
K_ \/ﬁ[l-l-O(S)] sino = ﬁ[ + 0(s)].

Therefore the integral in (10.4.1) is

1
2’"*5 e(m+l+v)0 1
1 / e” IS T3 1 4 0(s)] ds
Bm+§ 0

1
=7 Hm+1+1)0

1 1
B" 2 (m + 14 v)"t2
(m+1+4v)20
x/ e—f”’z[1+0(t[m+1+u] )]
0

Up to an error that is exponentially small in v, we may replace the preceding
integral by an integral over the line and write it as the sum of two parts. The
first partis I" (m + %), and the second part is dominated by

F(m+1+3 m+ 1 1
( 2)= 2 T (m+=).
m+14+v m+14+v 2

Therefore the integral in (10.4.1) is

1
-3 1 0 1
Mm=3 e(m—i— +v) F(m §)

: [1+0(m+1+v7)] (10.4.3)
B" 2(m+1+v)""2
as v — 00.

To complete the calculation we note that as v — oo, (2.1.9) implies that
Cim+v+1)

S I
=(m+v+ 1™ [1+0([m+1+v]_1)],

while
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Combining these with (10.4.1) and (10.4.3) gives the Hobson-Darboux—
Laplace result

(V%)" 1
L m+ 140" 214 0(m+ 140171,
/27 sinh §

TS (10.4.4)

The same idea is used to compute the asymptotics of Q7': the integral in
(10.4.2) is rewritten using the variable

P (cosh0) =

s(a) =log(A + Bcosha), A= ¢’ coshf, B = ¢ sinh6.

The calculation is essentially the same and gives Hobson’s result

e*(l)+%)9 ﬁ
+/2sinh 0

x [1 —i—O([m—i—l—i—v]_l)]. (10.4.5)

Q’:’ (COSh 9) = (_1)m (m + 1 + \))mi%

10.5 Steepest descents and stationary phase

In this section we discuss briefly two methods of deriving asymptotics from
integral representations. Both methods address integrals that are in, or can be
put into, the form

(L) = / 0 £(1)dr, (10.5.1)
C

and one is interested in the behavior as the parameter A — +o0.

Suppose that the functions ¢ and f in (10.5.1) are holomorphic in some
domain that contains the contour C, except perhaps the endpoints. If ¢ is
real on the contour, then clearly the main contribution to 7(A) for large A
will occur near points where ¢ has a maximum value; any such point 7y that
is not an endpoint of C will be a critical value: ¢’(fg) = 0. The idea is to
deform the contour C, if possible, so that ¢ is real along C and attains a global
maximum. If this is not possible, we look for a contour such that Re ¢ attains a
global maximum and g is real near any points where the maximum is attained.
Thus in a neighborhood of such a point the curve will follow the paths of
steepest descent: the paths along which the real part decreases most rapidly.
This accounts for the terminology: method of steepest descents. One can then
use a method like that used in Section 10.4 to get the asymptotic result.
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As an illustration, we consider the Laguerre polynomials. The generating
function is given by (4.5.7):

oo
Ca— Xz
Y LYW == 1exp<—TZ>, el <1.

n=0 1

By Cauchy’s theorem,

1 Xz dz
L9290 ==— [ (1—-g ! — : 10.5.2

n ()C) i CO( Z) CXP< 1— Z) Zn+1 ( )
where the path of integration encloses z = 0 but not z = 1. The change of
variable z = exp(¢/+/n) converts (10.5.2) to

L@ (x) = 2711/%, /Cexp[\/ﬁ(é - r)} f <%) dr, (10.5.3)

where the amplitude function

Fls) = (1 —eb)o! exp{—x < < 4 1)}
1 —e K

is holomorphic in the strip {|Im s| < 27} cut along [0, co). The contour C starts
at +o0, follows the lower edge of the cut, encircles the origin in the clockwise
direction, and returns to 4+-oo along the upper edge of the cut.

The real part of the phase function ¢(f) = —t + x/t has the same sign as
Rer(x — |t%), and its critical points for x > 0 are r = +i./x. The second
derivative at the point #i+/x is £2i//x. It follows that there is a change of
variables u = u(t) near £i\/x such that

t=Va(EiEeH )+ 0w?), ’7‘ — = X2 — D).

Therefore each of these points is a saddle point for the real part of ¢: at
t = i /x the real part decreases in the southwest and northeast directions and
increases in the southeast and northwest directions, while the opposite is true
at 1 = —i/x. The path C can be chosen so that it lies in the region where
Re ¢(1) <0, except at the points +i./x, while near these points it coincides
with the paths of steepest descent.

These considerations imply that, apart from quantities that are exponentially
small in \/n as n — oo, the integral in (10.5.3) can be replaced by the sum of
two integrals I, along short segments through the points ¢ = +i./x coincid-
ing with the paths of steepest descent. Moreover, up to terms of lower order in
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/n we may replace f(t//n) by its value at t = %i /x. Taking u(t) as above,
and taking into account the orientation of C, the integral ;. is then

/_i f (%) exp{—\/ﬁ(Zi + uz)} Jx e du

_ <zﬁ) el(—2m+zn)ﬁ/' exp(—\/ﬁuz) du,
NG -5
while /_ is the negative of the complex conjugate of /.
Up to an error that is exponentially small in /7, we may replace the last
integral over [—§, 8] with the integral over the line and use

/0067 nxuzduz 1]/006*3261_9: ﬁ
—00

(nx)4
Asn — 00,

T
> (nx)4

¥ (lx/)—f) ~ e%(a—i—l)ﬂi x—%(a-H) n%(a-{-l) e%x'
n

Collecting these results, we find again Fejér’s result

| 11 111 1 1
Lﬁ,“)(x)zﬁx 2971 p2% 74 e2% cos 2«/nx—§om—zrr

13
+ 0<n§°‘_71> .

Suppose now that the function in the exponent of (10.5.1) is purely imagi-
nary. We change notation and write exp iAg@. We assume that the functions f
and ¢ have some degree of smoothness but are not necessarily analytic. The
idea here is that wherever ¢’ # 0 the exponential factor oscillates rapidly as
A — oo and therefore there is cancellation in the integral. If ¢” does not vanish
at any point of C, we may integrate by parts using the identity

g _ L d [eiwm]
iLg/(t) dt
to introduce a factor 1/A. On the other hand, if, say, ¢'(fp) =0 and
f(t0)¢" (to) # 0, then it turns out that the part of the integral near #y contributes

an amount that is O(A_%). Thus once again the main contributions to the
asymptotics come from points where ¢’ = 0, i.e. points of stationary phase,
hence the terminology: method of stationary phase.

As an example, we consider the asymptotics of the Bessel function J,, (x)
as x — 4-o00. In Chapter 7 the asymptotics were obtained by expressing J, in



10.5 Steepest descents and stationary phase 351

terms of Hankel functions. Here we give a direct argument by the method of
stationary phase applied to the Sommerfeld—Bessel integral (7.3.12):

1 L )
JU(X) zn/‘ezxsme—wede’

where the path of integration consists of the boundary of the strip
{IRef| <m,Im6 > 0}. The critical points of the phase function sinf on this
path are at & = /2. As noted above, on any straight part of the path of
integration that does not contain a critical point, we may integrate by parts to
get an estimate thatis O (x~!). Thus we are led to consider integration over two
small intervals, each containing one of the two points £ /2. We may change
variables u = u(f) in these intervals in such a way that

2
b 2 . u
0::&54—14—1—0(14), sm@::l:(l—;).

Up to terms of lower order, we may replace exp(—iv6) by exp(Fivmr/2). Thus
the integral over the interval that contains 6 = /2 becomes

L1,

Ix—xivmw F)

e 2 L0

c. - e Fixu du,
27 -5

while the integral over the interval that contains 8 = — /2 becomes the com-
plex conjugate. Up to quantities of order 1/,/x, we may replace the last integral
by the integral over the line, interpreted as

© 71' 2 o0 71 (i+¢€) 2
/ ¢ 2" du = lim e~ 2x e gy (10.5.4)
—oo e—0+

Recall that fora > 0,
—o0 — JVa

This formula remains valid, by analytic continuation, for complex a with
Rea > 0,0 (10.5.4) gives

/001 hn V2T 2w Lo

e 21xu du —

—e0 sw NI

Combining these results, we obtain the Jacobi—Hankel result

Jy(x) = ng COS()C — %vn — %n) + O(JFI)

as x — +oo, which is (7.4.8).
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10.1
10.2
10.3

10.4

Asymptotics

10.6 Exercises

Verify (10.1.4).
Verify (10.2.6).
Consider the second-order differential equation

w’'(@)+ fw'(@) +g@ w(k) =0,

where f(z) and g(z) have convergent power series expansions

f(Z):Zf_:’ g(z)=Z%.
n=0 n=0 "~

Assume that not all coefficients fy, go and g are zero, i.e. z = 00 is an
irregular singular point. Show that this equation has a formal series
solution of the form

> a

n

w(@) =y
n=0 <

where

Mt fort+g0=0, (fot+20pm=—(fir+g1),

and the coefficients a,, are constants. Derive the equation that
determines the coefficients a, recursively.

The quadratic equation of A in Exercise 10.3 is called the
characteristic equation, and it has two characteristic roots A1, A3.
Solutions with the kind of expansions given in Exercise 10.3 are called
normal solutions. Suppose that fo2 = 4g0, S0 A1 = X>. Show that the
Fabry transformation [92]

w@) =e VPW, =27
takes the differential equation in Exercise 10.3 into the new equation
W'@t)+ F(t)y W @t)+ G@) W) =0,

where
2f1—1 n 2f

F@) = cee
®) ; 3

4oy —2
G = (g1 —2fofi) + 2202

If 4g1 = 2 fy f1, then infinity is a regular singular point of the new
equation, so it has a convergent power series solution. If 4g1 # 2 fy f1,



10.5

10.6

10.6 Exercises 353

then the new equation has distinct characteristic roots. By

Exercise 10.3, we can write down formal series solutions in the form
given there, with z replaced by 7 or, equivalently, z!/2. Series solutions
of this kind are called subnormal solutions.

Let A and X, be the two characteristic values in Exercise 10.3, and
suppose that Re A1 > Re A;. Consider first j = 1 and, for convenience,
drop the subscript and write

n—1
w@) = La(2) + &2(2),  La(z) = 2" Z Z_nm1.

m=0
Use the recursive formulas in Exercise 10.3 to show that
L))+ f@L,(2) + @)Ly (2) = 2" Ry (2),
where R, (z) = O(z7""1) as z — co. Show that the error term &, (2)
satisfies the integral equation

,—iw

&n(2) =f K (z, 0){e™ 1" Ry (1) + [f (1) — fole, (1)

+ [g() — golen(2)}dt,

where

M=) _ pha(z=1)

K(z,t) = 7 . w=arg(Ay — A1).

Recall that we have used A for A;. Use the method of successive
approximation to prove that for sufficiently large n,

en(z) = O(eMzM™)

as z — oo in the sector |arg(loz — A12)| < 7.
In Exercise 10.5, we established that for all sufficiently large n, the
differential equation in Exercise 10.3 has a solution wy, 1 (z) given by

n—1
am,1 1
wn,l(Z) = EAIZZMI |:Z —me + 0 <Z_”>:|

m=0

as z — 00,

arg(Aaz — A1z)| < m. By relabeling, we get another
solution

n—1
am 2 1
wn,Z(Z) = ekzZZuz |:Z —me + 0 <Z_n):|

m=0
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10.7

10.8

10.9

Asymptotics

as z — 09, |arg(Aaz — A1z)| < w. Show that wy, 1(z) and wy, 2(z) are
independent of n.
Show that the equation

d*w 1+ 4\?2
_ = —_ w
dz? z

has two linearly independent solutions given by

. 1_Z<1 2,5 4 )
wi(z) ~ —e _cy 2o
: z z 2 338

as z — oo, |argz| < m,and
1 1 2
wz(z)wzez<l+g—2—zz+§+~--)
as z — oo, |arg(—z)| < .

Find a change of variable z — £ that transforms Airy’s equation
w” — zw = 0 into the equation

" 1 / _
w (E)+§w(§)—w(§)—0~

Show that the new equation has two linearly independent asymptotic
solutions

5 1 5.7-111
~ e Sg1/0 1 Z Z 4.
w1 (§) ~ ek (1 FEit T )
5 1 5.7-111
~ fg1/6 - — 4
wa(§) ~ e & <1+23.32$+27.34 §2+ >,

the first valid in the sector | arg &| < m, and the second in the sector
|arg(=§)| <m.

Show that the modified Bessel equation (7.5.1) has an irregular
singular point at oo, and that for x real, two linearly independent
asymptotic solutions are

42 —12)  @? — 1)) @? -3
T 18 21(8x)? o ] ’

wy(x) ~ x~1/2 e [1

2 _ 12 2 _ 12 2 _ 12
wz(x)~x—1/2e—X[1+(4” 12)  @? - 132 - 3% }

118x 21(8x)2
as x — o0o. The modified Bessel function 7,,(x) grows exponentially as
x — 00, and its asymptotic expansion is given by wj(x) multiplied by
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the constant (277) /2. The function K, (x) decays exponentially as

Xx — 00, and its asymptotic expansion is given by w;(x) multiplied by
(/2)1/2; see (7.5.6).

Show that the equation

xy'(xX)—(x+Dyx)=0, x>0,
has solutions of the forms
00 b,

xn’

o0
1 a Y
yi) ~xze" x—:,' y2(x) ~x"ze"
n=0 n=0

Furthermore, the two series involved are both divergent for all values
of x.
Show that the equation

Y'(x) —x*y(x) =0

has two linearly independent formal solutions given by

o0
1y Gn)! —3n—1
yi(x) ~e3 ,; Wx ,

o]

3 —D)"3Bn)!
ya(x) ~ e_%x Z —( 183(:1')”2) x 31

n=

as x — oo; see de Bruijn [65].
Consider the equation

¥ + [12a0) + 600 | v = 0.

Assume that a(x) is positive and twice continuously differentiable in a
finite or infinite interval (a;, ap) and that b(x) is continuous. Show that
the Liouville transformation

§=/a1/2(X)dx, w=a’*)yx)

takes this equation into

d*w 2

d—§2+[/\ + 9@ ] w=0,
where
54d7%x)  1d'() | b&)

Ve = 16 a3(x) 4a2(x)  akx)
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Asymptotics

Discarding v in the transformed equation gives two linearly
independent solutions e**¢ . In terms of the original variables, one
obtains formally the WKB approximation

y(x) ~ Aa—l/“(x)exp{i,\fal/z(x)dx}

+ Ba~/* exp{—ik / a1/2(x)dx}

as A — 0o, where A and B are arbitrary constants. (See the remarks at
the end of this chapter concerning the history and terminology of the
WKB approximation.) This formula sometimes also holds as x — oo
with A fixed. For a discussion of this double asymptotic feature of the
WKB approximation, see chapter 6, p. 203 of Olver [222].

Use this idea to show that the equation in Exercise 10.3 has solutions

w(z) ~ C exp(rz + pnlogz),

where C is a constant and

_—hEUG 40" firta

2 C EE T

This is the leading term of the formal series solution given in
Exercise 10.3.

In the transformed equation in Exercise 10.12, substitute
w(€) = e*[1 4 h(£)]. Show that

h'(€) + 200 (€) = =Y ()1 + h(©)].

Convert this to the integral equation

A

§ .
hE) = —12%/ {1 —e’“@—@}w(v)[1+h(v>]dv,

where « is the value of x = ¢, ¢ = aj or ¢ = a;. Assume that « is
finite. Verify that any solution of this integral equation is also a
solution of the second-order differential equation satisfied by 4 (&). Use
the method of successive approximation to show that

1
()] = eXP{X‘I’(%')} -1

where

§
‘I’(S)=/ [V (v)ldv.
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10.14 Introduce the control function

Flo) — 1 d? 1 b J
= aFa e |t ar |
and the notation
X
Ver(F) = / \F'(1)d1
C

for the total variation of F over the interval (c, x). Verify that

W (&) = Ve x(F), where W is defined in Exercise 10.13. By
summarizing the results in Exercises 10.12 and 10.13, show that
the equation

¥ () + {A%a(x) + b(x)}y(x) =0

has two linearly independent solutions

yi(x) = a Y4 (x) exp{ik/al/z(x)dx} [14+e1(X, x)],

y2(x) =a—l/“(x)exp{—m/al/z(x)dx;} [1+ e, x)],
where
lej (A, x)| < exp{%VC,X(F)} -1, j=12.

For fixed x and large A, the right-hand side of the last equation is
O(A~1). Hence a general solution has the asymptotic behavior given
by the WKB approximation.

10.15 By following the argument outlined in Exercises 10.12—10.14, prove
that the equation

¥ = [ + b v =0

has two linearly independent solutions

W) = a V) exp{x/a”z(mw} [+ 610001,

ya(x) = a4 ) exp{—k/a”%x)dx} [1+ e300, )],
where

1
lej(h, x)| = eXp{aVc,x(F)} -1 j=12
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10.16

10.17

Asymptotics

If V4, 4, (F) < 00, then these inequalities imply that

yi(x) =a *x) exp{(—l)jlk/al/z(x)dx} [1+00.7h]

with j = 1, 2, uniformly for x € (aj, a2).
Let N =2n + 1 and x = N'/2¢. From the generating function of
the Hermite polynomial H, (x) given in (4.4.6), derive the integral
representation

(—=D"*n! 1

Hn(x) = Nn/2 2_7'[1

/ g(ne M Day,
C

where
1
gy =172 ft,0) =20t +1*+ 5 logr

and C is the steepest descent path passing through the two saddle
points

_Ci /;2_1
S T

Note that for fixed x € (0, 00), { — 07 as n — oo and, hence, 1 are
two well-separated complex numbers both approaching the imaginary
axis. Show that

12
v ()
2wi N/ Nf'"(ty, )

~ X2 /2=iVNxp(n=1)/2 (E)n/z 2 as n— oo,
e

Use this to prove that
n/2 1
H,(x) ~201+D/2 (f) <12 cos(«/2n +1x — Enn) ,
e

as n — o0; thus establishing (4.4.20).

Returning to (10.5.3), we deform the contour C into an infinite loop
which consists of (i) a circle centered at the origin with radius /x and
(i) two straight lines along the upper and lower edges of the positive
real axis from /x to +00. (a) Show that the contribution from the two
straight lines is of magnitude &, (x) = O (n 2l p—/nx ). On the circle
we introduce the parametrization ¢ = \/)_cei(’, 6 € (0, 2m). Show that

2
L@@ = / V6D 4 4+ 6, (x),
0
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where A = 2/nx, ¢ (#) = —sin0,

. N [X io
W(Q)———zﬂﬁe f( ;6 >,
f(s) =1 —eH ! exp{—x( ¢ + l)}
1 —e’ s

The oscillatory integral is now exactly in the form to which the method
of stationary phase applies. The stationary points, where ¢’(0) = 0,
occuratf =6 = % and 0 =0, = 37” The contribution from 6, is

1y 1y-1
¥ o) B P LI (PR SN
W'(@ ) 2 mxdeth

The contribution from 6; is simply the complex conjugate of the last
expression, thus proving (4.5.12).
10.18 (a) Use (4.6.3) to derive the representation

PP (x)

_<n+oz)<x+1) (n—k+1)k<n+,3>(x—1>k
o n Pt (o + )i k x+1
n4+a\ (x+1 x—1
:( ; )( > ) F—n,—n—ﬁ,a—l—l,m).

(b) Show that the formula in (a) can be written as

PP ()

1 x 41\t x—1 \"F
— 1 1 =1y,
2711 c( + > z) ( + 3 z> 4 Z

where we assume x 7# =1, and where C is a closed curve that

encircles the origin in the positive sense and excludes the points
—2(x + )7L
(c) Prove that the formula in (a) can also be written in the form

2 _ n RN B
“’“”(x) 1 lt 1 1 —t I+t dt
27i c\21t—x 1—x 1+x t—x’
where x # +1 and C’ is a contour encircling the point f = x
in the positive sense but not the points # = =£1. The functions

(1—=t/1—x)*and (1 +1¢/1+ x)# are assumed to be reduced to 1
fort = x.
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(d) Lett — x = w, and establish the representation

272 @HBED (] 4 B (1 — x)* PP ()

gw)eN WD gy,
C/

= 2ni
where
1
1 —1
f(w, x) = log (wrxd Dlwtx )’
2w
_ (—w—x  @txt D2
gw) = W+ x — )@ rprD/2 wl—a=pF)/2

The integration path is the steepest descent curve passing through the
relevant saddle points. For x € (0, 1), we write x = cos f with

6 € (0, %n) The two saddle points of f(w, x) are located at

w4 = £+/1 — x* = +i sin 6. Show that

a—1 B—1
g(w+) — 2(d+ﬂ—3)/26—otﬂi/2—ﬂi/2<Sin %0) (COS %0) e—i@/z’

. _ie—Gi
eNfwix) eN(Jz’ f”(w+,x) _ — —.
2 sin 70 cos 50

From these, deduce the asymptotic formula (4.6.11).
10.19 Use Exercise 8.8 of Chapter 8 to show that

F(c)F(1+v) 1 n
F , —V, C; = t V(t)dt
@+, v, ¢ %) I'(c+v) 2711/ gt)e
where
1+1¢ (1 4+r)=¢
h(t) =log ——m8 = — 72
O =log i 89T s —xns

and C comes from 400 to 0 along the upper edge of the cut [0, co) and
returns along the lower edge. Use the steepest descent method to derive
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the asymptotic formula
Fa+v,—v, c;x)
_ 11:((;3)111);% Re[evm'i%-i-a—c‘x%—%ca _x)%c—%a—}
x (VE+ivT=x) " (Vx —ivT=x)" | [1+ 007 D].

Deduce (8.2.12) from the last equation.
Use the change of variables

1
1=,/— =
ax+2cxs

to show that the integral in Exercise 6.3 of Chapter 6 is equal to

1 1
1\ 2¢%2
<—ax+§cx> fexp —alog I—L
' (—a+%c) N
1
1 2 e
+ —ax+t§cx s¢s “ds,

D=

where C’ is the image of C. Show that the quantity inside the braces is

1 1
1 2 1 X 172
—ax—i—zcx s—; —F—i—O —a—l—ic
and

11
1 272¢
M(a,c;x) =T(c) (—ax + Ecx)

1 , 112
X —/ NMBg(s)ds |14+ 0 |:—a+—c:| ,
2mi lold 2
1 2
where N = (—ax + %cx)2, f(s) =s5s—1/sand g(s) = e /> 57¢,
The saddle points are at &=i. Show that the contribution from the saddle
pointats =1 is

L@ 1. Ll
Zﬁe ax 2CX

Deduce from this the asymptotic formula (6.1.10).

PN
wI—

¢ 1 1
exp{i |:(2cx — 4ax)% — Ecn + ZJ{H .
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1021 (a)

(b)

Asymptotics

Use Exercise 8.9 of Chapter 8 and (5.5.6) to prove that for
Re (b + x) > 0, the Meixner polynomial

B Tx+1DIB) 1

ch rb+x) 2mi

tb+x—1
X L m [1 — (1 —C)t]ndt,

mn(-x;b5 C) =

where C is a counterclockwise loop through ¢ = 0 that encloses
t = 1. Therefore

mp(no; b, c) =

()n —F(x + DG L/ —tbq e MO gt
c’ rb+x) 2mwijct—1 ’

where
x=na, f(@)=—alogr+alogt—1)—log[l—(—o)].

Show that for 0 < ¢ < 1, fixed x (i.e. « = O(n~")) and large n, the
phase function f(¢) has two saddle points

co o

~

t.;,_""l—

)

l1—c l—c

in the interval (0, 1). Note that for large n (i.e. small «), the two
saddle points are well separated. Deform the contour in (a) to run
from ¢ = 0tor = ¢4 through 7_ and with arg(t — 1) = —m, and
from 75 in the lower half-plane Im# <O to 7, = 1/1 — ¢, where the
integrand vanishes; from 7, the contour runs in the half-plane

Imt > 0O to ¢4, and returns to the origin with arg(t — 1) = m; see
the figure below.
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Denote the sum of the integrals along [0, 7] by /1 and the
remaining portion of the contour by /,. Show that

bO)n T(x + DHI(D)
c’ '+ x)

my(na; b, c) = (11 +12),

where

: t+ tb+x—1
[ = ey / [1—(—c)]"dr,
T 0 (1 _ t)x+]

1 1+) th+x—1 n
I =— —— 1 = (1 —o)t| dt.
27 oni /H G- LA en]
With x = no, show that

; ty b—1
I = _ sinmx /‘ + t_e—nf(t) i,
0

T 1—1t

where
f(@) = —alogt +alog(l —1) —log(l — (1 —o)1).

This function has the same saddle points as the phase function
given in (a). Note that on the interval (0, 7 ), this function has only
one saddle point which occurs at r = ¢_. Furthermore, as « — 0,
this point coalesces with the endpoint r = 0. In fact, this point
disappears when o = 0, since the function log(1 — (1 — ¢)¢) has
no saddle point in the interval (0, 7). Thus, the steepest descent
method does not work. Show that the integral

oo 0
/ Y™ g — / e—n(s—cc logs)ds
0 0

has the same asymptotic phenomenon as /1, namely, the phase
function ¢ (s) = s — « log s also has a saddle point (i.e. s = «)
which coincides with the endpoint s = 0 as « — 0. This suggests
the change of variable + — s defined implicitly by

f(t) =—alogs+s+ A,

where A is a constant independent of ¢ or s. Show that to make the
mapping ¢ — s one-to-one and analytic in the interval 0 <t <1,
one should choose A so that t = 7_ corresponds to s = «, i.e.,
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A= f(t-)+aloga —a.

This gives

sinrx _ S+ o
L =—— "¢ ”A/ h(s)sPt*—le™5 s,
44 0

where

nesy — (! O

s)= |- P
s 1 —tds

and s is implicitly defined via the equation

g(t) = —alogs + s + A by substituting = 7 and s = 5.
(d) Show that the function t = 7(s) defined in (c) satisfies

dt 1
ds = = Jap )’

Furthermore, the integral /; in (c) has the leading-order
approximation

sin T x

(b
I~ =S oy LO )
T

nb+x

as n — 0o, uniformly with respect to « € [0, p], cp > 0. Deduce
from this the asymptotic formula (5.5.14):

rb+n)'(x+1) sinmwx
_c”(l —c)y thpbtx g

mn(-xs b» C) ~

The derivation of this formula, as presented in this exercise, is due
to N. M. Temme (private communication).
10.22 By following the same argument as in Exercise 10.21, prove the
asymptotic formula for the Charlier polynomial C, (x; a) given in
(5.3.12).

10.7 Summary

10.7.1 Hermite and parabolic cylinder functions

The equations

y x2 1
u (x):FZu(x)+ (v+§) ux)=0
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are equivalent to

TsinA(x —y) 5
it A dy,
1 yu(y)dy

u(x) = up(x) :I:/
0
with solutions
u(x) = lim u,(x),
m—0Q
where u_;(x) = 0 and

YsinA(x —y)

um (x) = uo(x) ifo 1

For the parabolic cylinder functions D,

1
22" 1 1 1 o1 .
up~ —=Izv+ = cos EWT coskx+s1n§vn sin Ax

Jr \2° "2

1
ZEVF ! +1 cos| 4/ +1 !

= — —V - vV — X — -V |.
JT 2 2 2 2

The gauge transformation Hy,(x) = e%xzhn (x) gives the equation
R (x) — x% hy(x) + 2n 4+ 1) hy(x) = 0,

and leads to the asymptotics of the Hermite polynomials

1 1
1. 24(nNH2 1 1 1
H,(x) =22" L)leﬂxz |:cos(v2n +1x— 51171) +0 (n 2

(nm)4

10.7.2 Confluent hypergeometric functions

YVun_1(y)dy, m=0,1,2,..

365

The Liouville transformation, followed by a gauge transformation and a

change of variables, converts the confluent hypergeometric equation
xu'xX)+(c—x)u'(x) —aux)=0
to

V@) + v PGl Vi IO S S
(Z)-i-z (Z)+< - ) (Z)—m (2),

a perturbation of Bessel’s equation, and leads to the integral equation

1

— ) 2 = 5. A2
V(z)_Jv(z)—i-)//(; G V@)L, y = G,
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where G (z, ¢) is the Green’s function

Y, (2)h() — L(2)Y,(2)

M TG AG)

The solution is
V(z) = lim V,(2),
m—0Q
where V_;(z) = 0 and
z
Vin(2) = Jy(2) +J// Go(z, )¢ Vo1 (©)de, m=0,1,2,...
0

This leads to the asymptotic results

11
r 1 §72¢ 1
M(a,c;x) = © <§cx — ax) e2*

N3
1 1 1
cos( v2ex —dax — —cr+ -7 |+ 0| la|"2 ) |:
2 4
(‘ +3)
2€ 1 1.1
Ula,c;x)~ x372¢e2"

1 1
X cos(«/Zcx —dax — Ecn +am + Zr{) .

As a corollary, the Laguerre polynomials

CR

L) = —

M(—n,a+ 1; x)
have asymptotics

11 1
2241 1 1 1
lea)(x) = enﬁ |:cos<2\/nx — Eom — Zn) +0 (n 2):| .
297%

10.7.3 Hypergeometric functions, Jacobi polynomials

After changes of variables and a gauge transformation, the hypergeometric
equation has the form

1" — 4o’
w”(0) + TR w(0)
1 -4  1-4p2 (@+p+17?
+[ TR +A+T} w(®) =r @) w®).
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This can be converted to a perturbation of Bessel’s equation by a change of
scale and a gauge transformation, leading to

. 1, (c—1)2
V(Z)+ZV(Z)+[1_ - }V(z)=

R(2) V(z)
—_ .

This can be solved as above with
') -
Vo) = —= ' Je—1(2),

V2

giving the asymptotics

1
F (a + v, —v,c; sin? <§9>>

[ (¢) cos (v@ + %a@ - %cn + %n) +0 (™)

%—F(a—c)

JT (v sin %9)0_% (cos %9)

as v — +o0. The asymptotics of the Jacobi polynomials are a corollary: as
n — 0o,

PP (cos0) =

10.7.4 Legendre functions

Asymptotics in v for the Legendre functions P, and Q, on the interval
—1 <x <1 follow from the asymptotics of the hypergeometric function. For
the interval 1 < x < 00, we use

(=m +v+ Doy
(), n
/” (sina)?" da
X
0

(cosh® — sinh 0 cosa)m+1+v’

P} (coshf) = (sinh 6)"

(em+ v D
1
2"(3),
/Oo (sinh a)zm do
o (cosh@ + sinh@ cosha)m+1+v’

Q"' (cosh@) = (—1)" (sinh )"
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The principal contributions come where the denominator is smallest. Ignoring
terms of lower order, we change variables near « = 0 and are led to

1
M7 e(m+1+v)0

0 1
: : / e 't 2dt, B =esinh6,
B" 2(m 414 v)"t2 70

which leads in turn to

P (cosh 6 Le)e 1 ’"110{ 14+ v}~
cos =——=m+14+v _2[4— (m—l— —i—v*)].
v ) V2r sinhe( )
A similar computation leads to
Q%' (cosh 6)
1
e_(U“LE)@ﬁ 1
=(-D)"—"m+1+)"2 [1+0(m+1+u‘1>].
+/2 sinh 6 { }

10.7.5 Steepest descents and stationary phase

These are methods for obtaining asymptotics of integrals of the form

I\ = / D (1) dr.
C

If the functions are holomorphic, one seeks to deform the contour so that Re ¢
has one or more strict local maxima; the main contributions to the integral
come at these points.

Starting from the generating function for the Laguerre polynomials and
applying Cauchy’s theorem and a change of variables, we obtain an integral
of the form

L@ (x) = an/ﬁi /Cexp[ﬁ()tﬁ - t)} f (%) dr.

For x > 0 the main contributions come near the points s = =i /x. Changing
variables near these points leads to integrals of the form

00 1 foo
/ eV gy — (nx)fz/‘ e ds = ﬁl

—o0 o0 (nx)4
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and to asymptotics

1

1 1
x cos(2«/nx - ST = Zn)

-
B —
7
ISP

S
o —
7
ISP

Q
o —

LY (x) =

If the phase function ¢ is purely imaginary, one expects the principal
contribution to the integral to come from points where ¢’ = 0; elsewhere there
is cancellation due to rapid oscillation. In the integral

1 L )
Jv(x) — Z/ elx sin 6 —iv6 do,
C

changes of variables near the critical points & = £/2 lead to integrals of the

form
00 1. 5
/ e:lzztxu du

—00

and to asymptotics

V2 1 1 i
Jy(x) = Nz cos(x — Evn — Zn) + O(x )

as x — +00.

10.8 Remarks

Some asymptotic results for special functions are treated in detail by Olver
[222]. The book by Erdélyi [81] is a concise introduction to the general
methods. For more detail, see Bleistein and Handelsman [32], Copson [58],
van der Corput [293], and Wong [318]. Asymptotic expansions for solutions
of general ordinary differential equations are treated by Wasow [304]. We
have not touched on another powerful method for asymptotics, an adaptation
of the steepest descent method known as the Riemann—Hilbert method; see
Deift [67].

The method used in Sections 10.1-10.3 and in Exercise 10.12 goes back
at least to Carlini in 1817 [40]. In the mathematical literature it is some-
times called the Liouville or Liouville-Green approximation [120, 187]. In
the physics literature it is called the WKB or WKBIJ approximation, refer-
ring to papers by Jeffreys [145], and by Wentzel [312], Kramers [165] and
Brillouin [35], who also developed connection formulas. The method was
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adapted by Steklov [268] and Uspensky [291] to obtain asymptotics of classi-
cal orthogonal polynomials.

The method of steepest descents is an adaptation of the method of Laplace
that we used to obtain the asymptotics of the Legendre functions. It was
developed by Cauchy and Riemann, and adapted by Debye [66] to study the
asymptotics of Bessel functions.

The method of stationary phase was developed by Stokes [275] and Kelvin
[152] for the asymptotic evaluation of integrals that occur in the study of fluid
mechanics.
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Elliptic functions

Integrating certain functions of x that involve expressions /P(x), P a
quadratic polynomial, leads to trigonometric functions and their inverses. For
example, the sine function can be defined implicitly by inverting a definite
integral:

sin 6 ds
o =/ B
0 V1 —s2

Integrating functions involving expressions /P (x), where P is a polynomial
of degree 3 or more, leads to new types of transcendental functions. When the
degree is 3 or 4 the functions are called elliptic functions. For example, the
Jacobi elliptic function sn (1) = sn (u, k) is defined implicitly by

snu ds
= . 11.0.1
! /o V= s — k2s2) ( )

As functions of a complex variable, the trigonometric functions are periodic
with a real period. Elliptic functions are doubly periodic, having two periods
whose ratio is not real.

This chapter begins with the question of integrating a function
R (Z, m) where R is a rational function of two variables and P is a
polynomial of degree 3 or 4 with no repeated roots. The general case can be
reduced to

P(z) = (1—zH(1 -k,

We sketch Legendre’s reduction of the integration of R(z, W) to three
cases, called elliptic integrals of the first, second, and third kinds. The elliptic
integral of the first kind is (11.0.1), leading to the Jacobi elliptic function snu
and then to the associated Jacobi elliptic functions cn u, dn u.

371
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Jacobi eventually developed a second approach to elliptic functions as
quotients of certain entire functions that just miss being doubly periodic, the
theta functions. After covering the basics of theta functions and their relation
to the Jacobi elliptic functions, we turn to the Weierstrass approach, which is
based on a single function g (1), doubly periodic with double poles.

11.1 Integration

Unlike differentiation, integration of relatively simple functions is not a more
or less mechanical process.

Any rational function (quotient of polynomials) can be integrated, in prin-
ciple, by factoring the denominator and using the partial fractions decompo-
sition. The result is a sum of a rational function and a logarithmic term. Any
function of the form

p(z.vV/P())
q(z.vVP@)’

where p and g are polynomials in two variables and P is a quadratic polyno-
mial, can be integrated by reducing it to a rational function. In fact, after a lin-
ear change of variable (possibly complex), we may assume that P(z) = 1 — z2.
Setting z = 2u/(1 + u?) converts the integrand to a rational function of u.

This process breaks down at the next degree of algebraic complexity: inte-
grating a function of the form (11.1.1) when P is a polynomial of degree 3 or
4 with no multiple roots. The functions obtained by integrating such rational
functions of z and /P (z) are known as elliptic functions. The terminology
stems from the fact that calculating the arc length of an ellipse, say as a function
of the angle in polar coordinates, leads to such an integral. The same is true for
another classical problem, calculating the arc length of a lemniscate (the locus
of points the product of whose distances from two fixed points at distance 2d
is equal to d?; Jacob Bernoulli [26]).

In this section we prove Legendre’s result [183], that any such integration
can be reduced to one of three basic forms:

dz 22dz / dz
VP@)' VPQ@)' (1+az®2) JPQ@)
The omitted steps in the proof are included as exercises.
The case of a polynomial of degree 3 can be reduced to that of a polynomial

of degree 4 by a linear fractional transformation, and conversely; see the
exercises for this and for subsequent statements for which no argument is

f@) = (11.1.1)

(11.1.2)
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supplied. Suppose that P has degree 4, with no multiple roots. Up to a linear
fractional transformation, we may assume for convenience that the roots are
+1 and 1/k. Thus we may assume that

P(z) = (1 - 22)(1 = k*2%).

Suppose that r(z, w) is a rational function in two variables. It can be written
as the sum of two rational functions, one that is an even function of w and one
that is an odd function of w:

r(z,w) = % [r(z, w) +r(z, —w)] + % [r(z, w) —r(z, —w)]

=rn (z, wz) + rz(z, w2) w.

Therefore, in integrating r(z, w) with w? = P(z), we may reduce to the case
when the integrand has the form »(z)«/P(z), where r is a rational function
of z.

At the next step we decompose r into even and odd parts, so that we are
considering

frl(zz) \/P(z)dz—i-/rz(zz) VP(2)zdz.

Since P is a function of z2, the substitution s = z2 converts the integral on the

right to the integral of a rational function of s and +/Q(s) with Q quadratic. As
for the integral on the left, multiplying numerator and denominator by +/ P (z)
converts it to the form

R(z%) dz
VPR’

where R is a rational function. We use the partial fractions decomposition of
R to express the integral as a linear combination of integrals with integrands

Z211
Ju(z) = , n=0,=%I1,4%2,...;
! VP@)
1
K,(z) =K, (a,z)= , a#*0, m=1,2,3,...
m( ) m( ) (1 +a22)mm ;é

(This is a temporary notation, not to be confused with the notation for cylinder
functions.)

At the next step we show that integration of J,42, n > 0, can be reduced
to that of J,+1 and J,,. This leads recursively to the first two cases of (11.1.2).
The idea is to relate these terms via a derivative:
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[z”’“ \/%]/ = @n+ PR + 22+ LD

2 VP(@)
_Qn41DZP(2) + 52T P(2)
B VP(z)
B (21’1 4 3)](2 Z2n+4 —Qn+ 2)(1 4 k2)Z2n+2 + (21’1 + 1)Z2n

VP (2)

= @2n+3)k* Jppr — Qn +2)(1 4+ k%) Jug1 + Cn+ 1) Jy.

Therefore, up to a multiple of z2"T1/P(z), the integral of J, 1, is a linear
combination of the integrals of J,,+1 and J,,. The same calculation can be used
to move indices upward if n < 0, leading again to Jy and J;.

A similar idea is used to reduce integration of K, to integration of Ky,
k < m, together with Jy if m = 2 and also J; if m = 1:

[z P() ]_ VP@ 2P'(2) _ 2maz’JP()
(A +az2y" | — (I +az>)™ 21 +az)"JP) (1 +az2)ym+!

_ PR +az?) + 32P'(2)(1 + az?) — 2amz* P(z)
B (1 + az>)m"+1/P(z)

(11.1.3)

The numerator in the last expression is a polynomial in z> of degree 3. Writing
it as a sum of powers of 1 + az?, we may rewrite the last expression as a
combination of K11, K, Kp—1, and K,,,—» if m > 3. For m = 2 we have
K3, K3, K1, and Jy, and form = 1 we have K», K1, Jy, and J;. This completes
the proof of Legendre’s result.

This result leads to the following classification: the elliptic integral of the
first kind

Z dé-
F(z)y=F(k,z) = ; (11.1.4)
e /o V=) -k
the elliptic integral of the second kind
z 1— k2§2
o =Ek = [ (11.15)
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the elliptic integral of the third kind

Z dé-
M(a, 2) = M(a, &, >=f (116
) Tl e ST k)

Note that the integrand in (11.1.5) is just Jo(¢) — szl(g“).

11.2 Elliptic integrals

We begin with the properties of the elliptic integral of the first kind

F(z) =F(k,z2) (11.2.1)

[ s
o VA=) —k%?)

The parameter k is called the modulus. For convenience we assume that
0 <k < 1; the various formulas to follow extend by analytic continuation to
all values k # +£1.

Since the integrand is multiple-valued, we shall consider the integral to be
taken over paths in the Riemann surface of the function /(1 — z2)(1 — k2z2).
This surface can be visualized as two copies of the complex plane with slits
on the intervals [—1/k, —1] and [1, 1/k], the two copies being joined across
the slits. In fact we adjoin the point at infinity to each copy of the plane. The
result is two copies of the Riemann sphere joined across the slits. The resulting
surface is a torus.

The function /(1 — z2)(1 — k2z2) is single-valued and holomorphic on
each slit sphere; we take the value at z = 0 to be 1 on the “upper” sphere
and —1 on the “lower” sphere. The function F is multiple-valued, the value
depending on the path taken in the Riemann surface. The integral converges
as the upper limit goes to infinity, so we also allow curves that pass through
infinity in one or both spheres.

Up to homotopy (continuous deformation on the Riemann surface), two
paths between the same two points can differ by a certain number of circuits
from —1 to 1 through the upper (resp. lower) sphere and back to —1 through
the lower (resp. upper) sphere, or by a certain number of circuits around one
or both of the slits. The value of the integral does not change under homotopy.
Taking symmetries into account, this means that determinations of F can differ
by integer multiples of 4K, where

/1 dz
K = ,
0 V(1 =221 —k%z2)

(11.2.2)
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or by integer multiples of 2i K', where
Uk dz
V@D -k

Here the integrals are taken along line segments in the upper sphere, so that K
and K’ are positive. In fact, 4K corresponds to integrating from —1 to 1 in the
upper sphere and returning to —1 in the lower sphere, while 2i K’ corresponds
to integrating from 1 to 1/k along the upper edge of the slit in the upper sphere
and back along the lower edge of the slit.

The change of variables
7= l /1 — k/2€-2
k

in (11.2.3) shows that the constants K’ and K are related by

K =

(11.2.3)

d¢

1
K = = K (),
/o VA =) - k22 ©

where k' = /1 — k2 is called the complementary modulus. Because of these
considerations, we consider values of F to be determined only up to the
addition of elements of the period lattice

A ={4mK +2inK', m,n=0,+1,+2,...}.
It follows from the definitions that
Fk,1)=K, Fk,1/k)=K+iK'.
Integrating along line segments from 0 in the upper sphere shows that
F(k,—z) =—F(k,z).

Integrating from 0 in the upper sphere to 0 in the lower sphere and then to z in
the lower sphere shows that

F(k,z—) =2K — F(k, z+), (11.2.4)

where z+ and z— refer to representatives of z in the upper and lower spheres,
respectively.

Integrating from O to 1/k in the upper sphere and then to O in the lower
sphere and from there to z in the lower sphere shows that

F(k,z—) =2K +2iK' — F(k, z+). (11.2.5)
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Integrating along the positive imaginary axis in the upper sphere gives

e ds
F(k, o0) =i ) 11.2.6
(k. 00) l/o VA + 52 + k2s2) ( )

The change of variables

¢
Ji-e

S =
in the integral in (11.2.6) shows that

F(k,00) = iK(K) = iK' (11.2.7)

Three classical transformations of F' can be accomplished by changes of
variables. Let k; = (1 —k")/(1 4+ k). The change of variables

2

=) =0+t T2

in the integrand for F (k1, -) leads to the identity

k ®(2) dc
1, (p(Z) / \/(1 2)(1 k2 2)

_ +k’>/' a
B o V(I =1 - k22

This is Landen’s transformation [173]:

F(ki,z1) = (1 + k') F(k, 2); (11.2.8)
1 -k 1—z2
k= —0), =0 +k)z, | ——.
=TT O (1+k)z =2

Now take k1 = 2+/k/(1 + k). Then the change of variables

_ (4Kt
=e0= 1+ k2

in the integrand for F (ky, -) leads to the identity

2k (14k)z

F(ky, =(+k Fk,z); ki =—, =—.

(ki,z1) = (0 +k) F(k,2); ki T T Tk

This is known as Gauss’s transformation [104] or the descending Landen
transformation.

(11.2.9)
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These two transformations lend themselves to computation. To use (11.2.9),
let ky = 24/k1 /(1 + k1); then

, k)’
ky=0-k)/(1+k)=—"7.
(1+ k1)

Continuing, let k,,+1 = 2+/k, /(1 + k). So long as 0 < ky < 1 it follows that
the sequence {k,} decreases rapidly to zero, so k, — 1. If, for example,
|z1] <1, the corresponding sequence z, will converge rapidly to a limit Z,
giving

Flki,z) = [[a+k) ™ F(1, 2),

n=1

where

F(l.2)= lim F(k.2) = tanh~! 7. (11.2.10)

Similar considerations apply to (11.2.8) and lead to an evaluation involving
F(0,z)= lim F(k,z) =sin"' z. (11.2.11)
k—0

The change of variables

is
=
V1 —s2
in the integrand for F (k, -) leads to the identity
x/A/ 14x2 ds
F(k,ix) = i/ .
0 V=2 — k2s2)

This is Jacobi’s imaginary transformation:

X
F(k,ix)=iF (k’, —)
V14 x2

or equivalently

iFt,y)=F K, 2. (11.2.12)
N
Our final result concerning the function F' is Euler’s addition formula [87]:
VP VP
Fleox) + Fk,y) = F (k, YW TyvPOO) (11.2.13)
1 — k2x2y2
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where as before P(x) = (1 — x2)(1 — k2x2). To prove (11.2.13) it is enough
to assume that 0 < x, y <1 and that we have chosen a parametrized curve
{(x(t), y())} with y(0) = 0 and x(T) = x, y(T) = y, such that

F(k,x(®)) + F(k, y(t)) = F(k,C1), constant. (11.2.14)

Differentiating with respect to ¢ gives

x/ /

+—2 =0
VPx)  JVP(y)

(We are abusing notation and writing x and y for x(¢) and y(¢).) We follow an
argument of Darboux. After reparametrizing, we may assume

X)) =/ P(x®), y@)=—/P(®). (11.2.15)

As often, it is helpful to consider the Wronskian W = xy’ — yx’. Differentia-
ting (11.2.15) gives x” and y” as functions of x and y and leads to

W = xy// _ yx// — 2k2xy(y2 _ x2)'
Using (11.2.15) again,
W () = ()2 = (yx')” = (¢ = ) (1 — k2x2y?).
Thus
W2 () 22007
T et LGl SR

SO

x(OVP@) + y(O)VPx(1)
1 — k2x(1)2y(1)? B

Taking r = 0in (11.2.14) and (11.2.16) shows that

C,, constant. (11.2.16)

Cy = x(0) = Cs.

This proves (11.2.13). The case x = y is known as Fagnano’s duplication for-
mula [93]. Fagnano’s formula inspired Euler to find the full addition formula;
see Ayoub [16], D’ Antonio [61].

The definite integrals over the unit interval

! dt VT = k22 dr
K (k) = , Ek)= —_—,
® /0 VA =2)(1 = k22) ® /0 V112
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are known as the complete elliptic integrals of the first and second kind,
respectively. They can be expressed as hypergeometric functions:

11 11
K@) =2F(= 2 1:k2), E@=ZF(-= 2. 1:42): 1217
2" \22 2 22

see Exercise 8.11 of Chapter 8.

11.3 Jacobi elliptic functions

The integral defining F is analogous to the simpler integral

/x dt

0 V1—12

This is also multiple-valued: values differ by integer multiples of 2. One
obtains a single-valued entire function by taking the inverse:

/Sinu dt
u = .
0 1—12

Jacobi defined the function snu = sn (u, k) by

snu dé-
= . 11.3.1
! /o VA=) = k2 ( :

It follows from the discussion in Section 11.2 that sn is doubly periodic, with
areal period 4K and a period 2i K"

sn(u+4K)=sn(u+2iK’) =snu.

Moreover, sn is odd: sn(—u) = —snu. It follows that sn is odd around
7z =2K and around z = iK’. The identity (11.2.4) implies that sn is even
around z = K. It follows from this, in turn, that sn is even around z =
K +iK’. Note that a function f is even (resp. odd) around a point z = a if
and only if f(z + 2a) = f(—z) (resp. f(z + 2a) = —f(—2z)).

In summary:

snu =sn(u+4K) =snu+2iK")
=sn(2K —u) =sn QK +2iK' —u)

—sn(—u) = —sn (4K —u) = —sn 2iK' — u). (11.3.2)
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Because of the periodicity, it is enough to compute values of snu for u in
the period rectangle

M= {u]|0=<Reu<4kK, 0 <Imu<2K'}. (11.3.3)
The various calculations of values of F' give
sn (0) =sn(2K) = 0; (11.3.4)
sn(K) = —sn(3K) = 1;
sn(iK') = —sn (2K +iK') = o0;
sn(K +iK')=—sn(3K +iK') =k~

It follows from (11.2.6) and (11.2.7) that as t — +o00,

K — Fir) ./00 ds i
iK' — F(it) ~i — =,
. ks?2 ket

or, setting ¢ = —1/kt,
PR 1
sn(iK' +ie) ~—.
ike

Therefore sn has a simple pole at u = i K’ with residue 1/k. Consequently, it
also has a simple pole at u = 2K + i K’ with residue —1/k.
Differentiating (11.3.1) gives

sn/u =+/1 —sn2uv/'1 — k2sn2u. (11.3.5)
This leads naturally to the introduction of two related functions

cnu =+ 1—sn2u, (11.3.6)
dnu = v'1 — k?sn2u.

The three functions sn, cn, and dn are the Jacobi elliptic functions.

The only zeros of 1 — sn 2 (resp. 1 — k%sn?) in the period rectangle (11.3.3)
are at K and 3K (resp. K + iK' and 3K + iK'). These are double zeros, so
we may choose branches of the square roots that are holomorphic near these
points. We choose the branches with value 1 at # = 0. The resulting functions
are, like sn itself, meromorphic in the complex plane.

Since sn is even or odd around each of the points 0, K, 2K, iK', and
K + iK', it follows that the functions cn and dn are each even or odd around
each of these points. Since neither function vanishes at u = 0 or u = 2K, they
are even around 0 and 2K. Similarly, cn is even around K + iK'’ and dn is
even around K. Since cn has a simple zero at u = K and a simple pole at



382 Elliptic functions

u = iK', it is odd around these points. Similarly, dn is odd around iK' and
K +iK'. It follows that cn has periods 4K and 2K + 2iK’, while dn has
periods 2K and 4i K’. Therefore cn is even around u = 2K and dn is even
around u = 2i K’. (See the exercises.)

Combining these observations with the computations (11.3.4), we obtain
the following:

cnu =cn(u+4K)=cn(u + 2K +2iK')
=cn(—u) = —cn (2K —u) = —cn QiK' — u); (11.3.7)
dnu =dn(u+2K)=dn(u +4iK') =dn (2K — u)
=dn(—u) = —dn 2iK' —u) = —dn 2K +2iK' — u).
We have established most of the values in the table

0 K 2K 3K iK' K+iK' 2K+iK' 3K+iK’

sn [0 1 0 -1 oo k! 00 —k!
en |1 0 —-1 0 oo —ikk™! 00 ik'k~!
dn |1 ¥ 1 kK o0 0 00 0

It follows from (11.3.5) and (11.3.6) that

sn’(u) = cnudnu; (11.3.8)
cn’(u) = —snudnu;
dn’(u) = —k*snucnu.
Since
snu=+1—cnu = %\/1 —dn?u
and

1
dnu =+v1—k®>+k?cn2u; cnu= Evk2 — 1+ dnZu,
it follows that cn and dn can be defined implicitly by the integrals
enu /(1= ¢2)(1 — k2 + k2¢2)

u =

(11.3.9)

o= a
R )
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From the point of view of the Jacobi elliptic functions, the Landen transfor-
mation, the Gauss transformation, Jacobi’s imaginary transformation, and the

addition formula take the following forms.
The identity (11.2.8) is equivalent to

sn (u, k) cn (u, k) 1 -k
1+ Kk =0 +k) ————""2 k= )
sn ([1+KkTu, k) = (1+K&) an (. k) =T
It follows that
dn?(u, k) — k'
1+ k) =0 +k) —————
en ([1+&Tu, ki) = (1 +K&) Zdn )
dn?(u, k) + k'
dn([1 +KJu, ki) = (1 — k') —————2——.
n ([1+KTu, ki) = ( ) a0
The identity (11.2.9) is equivalent to
(14 k)sn (u, k) 2Vk
l+klu k)= ——""""" |k =—0.
sn (1 +Klu. ki) I+ ksn2a k) T 14k

It follows that

cn (u, k)dn (u, k)

o ([1 +k]u,k1) - 14+ ksn2(u, k)’

1 —ksn?(u, k)
dn ([1 —i—k]u,kl) = m

The identity (11.2.12) is equivalent to

. _sn (u, k')
sn(iu, k) =i ————.

cn (u, k')

It follows that
. 1

cn(iu, k) = ——;

cn (u, k')

dn (i, k) dn (u, k)

n(u k) =——.

" cn (u.k")

The addition formula (11.2.13) is equivalent to

snucnvdnv +snvenudnu

s (u +v) = 1 — k2sn2u sn2v

(11.3.10)

(11.3.11)

(11.3.12)

(11.3.13)

(11.3.14)

(11.3.15)

(11.3.16)
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It follows that

cnucnv —snusnvdnudnv

cn(u+v) = [~ 207 sn2v ; (11.3.17)
dn (u + v) = dnudnv —k*snusnvenucnv
1 — k%sn2u sn2v
These formulas imply the product formulas
2 2
sn(u—i—v)sn(u—v):%; (113.18)
1 —sn?u —sn?v + k%sn2usn?v

en(u +vyen(n —v) = 1 — k2sn2u sn2v

A commonly used notation for reciprocals and quotients of the Jacobi
elliptic functions is due to Glaisher:

1 1 1
ns=—, nc=—, nd=—;
sn cn dn
sn sn cn
sc=—, sd=—, cd=—;
cn dn dn
cn dn dn
cs=—, ds=—, dc=—.
sn sn cn

To complete this section we note that the change of variables ¢ = sns
converts the elliptic integrals of the first, second, and third kinds, (11.1.4),
(11.1.5), (11.1.6) to

—1

sn Z
F(z) = f ds =sn"'z; (11.3.19)
0

sn~lz sn~'z
E(z) = / (1 - kzsnzs) ds = / dn?(s) ds;
0 0

1

sn-'z ds
M 2) =/
0

1+asn2s’

11.4 Theta functions

The Jacobi elliptic functions are examples of the general notion of an elliptic
Jfunction: a function f that is meromorphic in the complex plane and doubly
periodic:
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f@2) = fz+2w)) = f(z+2w),

with periods 2w; # 0, such that w;/wi is not real. Such a function is deter-
mined by its values in any period parallelogram

Haz{ZIZ:a—i-Zsa)l—}—Zta)z, Oss,t<1}.

If f is entire, then it is bounded on a period parallelogram, therefore bounded
on the plane, and therefore constant, by Liouville’s theorem. Otherwise it has
at least two poles, counting multiplicity, in each I1,. To see this, note first that
by changing a slightly we may assume that there is no pole on the boundary.
Periodicity implies that the integral over the boundary C, of I, vanishes:

f f(@)dz=0.
Ca

Therefore the sum of the residues is zero, so there are at least two simple poles
or one multiple pole.

A non-constant elliptic function takes each complex value the same number
of times in each I1,. To see this, suppose that f does not take the value ¢ on
the boundary and has no poles on the boundary. Again, periodicity implies that

e f'(@)
2ri Je, f(2) —¢

But the integral is equal to the number of times (counting multiplicity) that f
takes the value c in I1,, minus the number of poles (counting multiplicity) of
f in I1,. By continuity this number is independent of ¢, and by varying a we
may ensure that any given value c is not taken on the boundary. The Jacobi

dz =0.

elliptic functions illustrate this. For example, in the period rectangle (11.3.3)
sn takes the value zero twice, takes the values 1 and —1 once each but with
multiplicity two, and has two simple poles (¢ = 00).

One consequence of the Weierstrass factorization theorem is that any func-
tion meromorphic in the plane is a quotient of entire functions. Since a doubly
periodic entire function is constant, a non-constant elliptic function cannot be
the quotient of doubly periodic entire functions. However, it can be expressed
as a quotient of entire functions that are “nearly” periodic. The basic such
function is a theta function.

Up to a linear transformation of the independent variable, we may consider
the periods of a doubly periodic function to be 1 and t, with Im 7 > 0. Thus
the basic period parallelogram is

N={z|lz=s+17, 0<s,1<1}, (11.4.1)
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with oriented boundary I". Following Jacobi, we look for an entire function ®
that has period 1 and comes close to having period t:

OG+1)=0(); O@+1)=10a() (),

where a is entire, nonzero, and has period 1. This amounts to requiring that
a be a constant times an integer power of ¢*7. If ® has no zeros on I, the
number of zeros in IT is

1 e dt = / /1“ / / e (C)
i Jr©@) 0 2w I+t O(i)

141 1+7 ® (;)
27i / / / / ®(C)

1 1 7
a(s)ds

2wi Jo a(s)

Thus the simplest choice is a(z) = ¢ e~>'Z, which implies a single zero in
each period parallelogram. With this choice we would have

O+ 1) =0(); OG+1)=ce2m@(). (11.4.2)

To construct such a function, we note that for ® to have period 1, it must have
the form

oo

0@ = Y ap@™ p) ="

n=—oo

Now p(z+ 1) = ¢q p(z) where g = q(t) = /™7, so the second equation in
(11.4.2) implies

ay q2” =cdpy. (11.4.3)
Taking ¢ = —1 and ap = 1, we find that ®(z) should be given by

00
O(z) = Z (_l)n p2n qn(nfl)’ p= ein’z’ q= einr' (11.4.4)

n=—oQ

The assumption Im v > 0 implies that this series converges very rapidly,
uniformly on bounded sets. Therefore ® is an entire function and

O+ 1) =0@); O@E+1)=—e"70(). (11.4.5)
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It follows from (11.4.4) that

OO)= Y (=1)'g"" P (11.4.6)

n=—oo

and replacing n by —m for n < 0 shows that ®(0) = 0. By construction, ®
has no other zeros in I1. The properties (11.4.5) and ®(0) = O characterize ®
up to a constant: if W were another such entire function, then W/ ® would be a
doubly periodic entire function, thus constant.

Suppose that an elliptic function f with periods 1 and t has zeros
{ay,as, ..., ar} and poles {b1, by, ..., by} in II, repeated according to mul-
tiplicity. If any lie on the boundary of I, we may translate slightly so that they
lie in the interior. The residue theorem gives

1 2 f(2)

2ri Jr f(2)

Because of periodicity,

1 [ zf(2) 1/1+f fl(2)dz [1 4 f’(z)dzi|
- | ———dz=| - | +T|- S
iJr fQ@) i J1 f (@) i Jige [

dz=(ai+ay+--+ag) — (by + by + -+ by).

Each integral in brackets is the change in the argument of f along a segment.
Periodicity implies that the change is an integer multiple of 2. Therefore

(@ +ar+---+a) —br+by+---+bp) €A, (11.4.7)
where A is the period lattice
A={m+nt, mn=0%1,+2,...}

Conversely, suppose that the disjoint sets of points {a;} and {b;} in IT satisfy
condition (11.4.7). Then there is an elliptic function with precisely these zeros
and poles in IT [1] and it can be represented as an exponential times a quotient
of translates of ® [140]. In fact, let

(ar+a+-+a)— b1 +by+---+b) =m+nt.

(Since the a; and b belong to IT, this condition implies that k > 1.) Then

_ ,—2nmiz O(—a)OEZ—a) - -O(z—ay)
f@=e o BB by O —hp (11.4.8)

is the desired function. It is unique up to a constant factor.
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In addition to quotients like (11.4.8), it is convenient to represent elliptic
functions by using the functions

@/ @//

(z) 7@ = (2)
O() O(2)
It follows from (11.4.5) that

Z(z) = - Z(2)>.

Z(z+7) = Z(z) — 27i,
so Z' and linear combinations of translates
aZ(iz—b)+cZz—b)+--+cZ(z—by), cr1tcrt+--+c =0

have period 7 and thus are elliptic functions. Since these are derivatives, they
can be integrated immediately (in terms of functions of ® and its translates
and derivatives). Note that Z has a simple pole at each lattice point, while for
m > 1 the derivative Z"" is an elliptic function with a pole of order m + 1 at
each lattice point.

This leads to an integration procedure for any elliptic function f. We may
suppose that f has periods 1 and 7. If f has a pole of order k > 2 at z = b, then
there is a constant ¢ such that f(z) —cZ (k_l)(z — b) has a pole of order <k
at z = b. Thus the integration problem can be reduced to the case of functions
f that have only simple poles. Suppose that the poles in IT are by, . . ., b,, with
residues B, ..., B,. We know that >~ 8 ;i = 0, so there is a linear combination
of translates of Z that has the same poles and residues in IT as f. It follows that
the difference of f and this linear combination of translates of Z is constant.

The function ® has exactly one zero in the period parallelogram IT, at z = 0.
This fact and the properties (11.4.5) imply that the zeros of ® are precisely the
points of the lattice A. It follows that

1
®<z+§r>=0

if and only if z =m + (n — %)r for some integers m and n, or equivalently

p?q*"~! = 1 for some integer n. The product
(0.¢]
l—[ (1 _ pzqzn—1> (1 _ p—zqzn—1> . p=pQ),
n=1

converges for all z and has the same zeros as G)(z + %t) SO

S} <z + %r) =c(z,7) ﬁ (1 - pzqz”_l) (1 - P_zqz”_l) . (11.49)
n=1
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where ¢(z, T) is an entire function of z. It can be shown that ¢(z, ) = G(7)
is independent of z and can be evaluated as a product involving powers of
g = ¢'™7 (see the exercises). The result is one version of Jacobi’s triple product
formula

o0

1
® <Z + Er) _ l_[ (1 _q2n> (1 pzqzn 1) (1 p—zqzn 1)
n=1
(11.4.10)
This implies another version

o
0@ =[] (1 - q2") (1 PPgn- 2) (1 p_2q2") (11.4.11)

n=1

11.5 Jacobi theta functions and integration

According to the results of the preceding section, the Jacobi elliptic functions
can be expressed as quotients of translates of ®, after a linear change of
variables. As we shall see, it is convenient for this purpose to introduce the
Jacobi theta functions. These are normalized versions of ® and of translations
of ® by half-periods:

1

91<z)—z—®<z>—z Z( Dy p2lg(=2)’, (115.1)
‘l‘ 1 s 1\2

02(z) = " <z+§>:n;oop2n1q(n—§);

93(z)=®<z+ +—r> Z p q

04(2) =®<z+ r) Z (-1 p*q n?

(There are various other notations and normalizations; see Whittaker and
Watson [315].) Note that because of the factor p‘l, 01 and 6, are periodic
with period 2, not 1. Also, 61 is an odd function of z, while 65, 63, and 64 are
even functions of z.
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The triple product formula (11.4.10) implies corresponding formulas
for the 0;:

61(2) = 247 sin(r2) ]O_O[ (1 - qz") (1 — pzqz") (1 — p‘zqz”) ;

n=1

0:(z) = 2qélt cos(wz) 10_0[ (1 _ an) (1 n p2q2n) (1 n pfzqzn) :

n=l1

03(z) = 10_0[ (1 _ q2ﬂ> (1 + p2q2n—l) (1 + p_zqzn_l);

n=

04(z) = 10_0[ (1 _q2n> (1 _ p2q2n71) (1 _ p72q2n71).

The identities (11.4.4) and (11.5.1) lead to the following table of values:

1 1 1 1
O 3 QT §+§T
(n_l)2 A _1 n.n? _1 n2
0 0 g2 ig 4y (=D"q 9 4> q
(n—l)2 —1/4 n2 ' non2
6| 2q 2 0 g 7">q —ig~ %) (=1)"q
2 2 _1 12
6| Yqv Y(='q" g iy q"t? 0
1 1
0 | X (=D g 0 PRED Y L2

Consider now the Jacobi elliptic functions with modulus k, and let T =
iK'/K. The function

01(u/2K)
Oa(u/2K)

is meromorphic as a function of u with simple zeros at u = 0 and u = 2K and
simple poles at u = i K’ and u = 2K + iK', and has periods 4K and 2i K'. It
follows that it is a multiple of sn u, and conversely:

01(u/2K)

=C ——.
T /2K
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Each side of this equation may be evaluated at u = K, and this determines the
constant C. Similar arguments apply to cn and dn. The results are:

1o (u/2K)
snu = \/_ 94(u/2K) (11.5.2)
\/PGz(u/ZK)
cnu =,[— ———;
k 64(u/2K)
5 03(u/2K)
dnu = \/k_—94(u/2K)'

Jacobi obtained a large number of formulas relating products of translations
of theta functions, having a form like

OG+w)O—w)=c10E+a)OE+a)Ow +az) O(w + ag)
+ 00w+ a1) Ow +a2) O(z + az) O(z + as),

where the a; belong to the set {0, 5175 ‘L’, 2 + 5 r} The constants are chosen so
that the quotient of the right side by the left side is a doubly periodic function
of z, for any given w, and the zeros of the denominator are cancelled by the
zeros of the numerator. Extensive lists are given in Whittaker and Watson [315]
and Rainville [236].

A deeper result is Jacobi’s remarkable identity

01 = 1 620304. (11.5.3)

(The factor 7 is due to the normalization we have chosen here.) See [12, 315].
The normalizations of the Jacobi theta functions have the consequence that
each one has the form

00
. 2.
G(Z, ‘L’) — 2 : an e2(l‘l+£‘)l7‘[z e(n—i—c) lJ'[‘[,

n=—0oo

for some value of ¢, and therefore is a solution of the partial differential
equation

0:2(z, 1) = 4mib. (2, T).
If we take as variables x = z and t = —it/4m, this is the heat equation

Vi = Vxx. (11.5.4)

The theta functions are periodic in x. Periodic solutions of the heat equation
can be obtained in two different ways, a fact that provides an approach to
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obtaining Jacobi’s imaginary transformation (11.2.12) or (11.3.14), (11.3.15)
in terms of theta functions.

The fundamental solution for the heat equation on the line, i.e. the solution
Y of (11.5.4) that has the property

lim / vix—y.0) f(y)dy = f(x) (115.5)

t—0+
for every bounded, continuous function f is
e—xz /4t
Janr’

see the exercises. One way to obtain the fundamental solution for the periodic
problem is to periodize ¥, which gives

Yx,t) = (11.5.6)

o0 e—(x+n)2/4t —x2/4t o0

e
o 4t Amt o

—nx/2t —n2/4t (1157)

A second way to find the periodic fundamental solution is to expand in Fourier
series (or to separate variables), which leads to

]

Z eZninxe—4nzrr2t; (11.5.8)

n=—oo

see the exercises.

Let .
) ix b4
z=x, t=4int, z1=—=——,
4t T
i 1 . .
— _ __ Jint _inm
T = = ——, q=e N q1 =e .
4t T

Then the equality of the two expressions (11.5.7) and (11.5.8) for the periodic
fundamental solution takes the form

i 5 —mzz/ Z )
p@%q" el pql,
n=—00 n=—00
or
b3(217) eﬂ/te( 2| 1) (1159)
7|T) = — ===, 3.
} N . T T

where the notation makes explicit the dependence on the parameter 7.
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Finally, let us return to the integration problem of Section 11.1. We have
seen that the integrals to be evaluated are

F(z) =sn _lz;
—1

E@) = f dn() de:
0

snlz snlz 2
H(a,z)=/ d—gzzsn_lz—a/ M
0 1+asn?¢ 0 1+asn?¢

It follows from previous results that the residue of dn at u = i K’ is —i. Also,
dn is odd around i K’, so dn 2 is even around i K’ and it follows that

1
dn?( K" +u) = —— + O(1).
u
The adapted theta function 6 (u) is defined by
0(u) = 04(u/2K) = O((u +iK')/2K).

Jacobi’s Z function is
0'(u)

Z(u) = o)

The residue at i K’ is 1, so
1
Z'(iK 4+u) = —— + 0.
u
Since Z' is elliptic and its only poles are at the lattice points, it follows that
dn?—Z'isa constant, which is customarily written £/K . Thus

¢'(sn~'z) E
Ex)= —— L+ —sn !z
(2) o(sn12) +esnTz

Since sn ~'1 = K and 0'(K) = 0, it follows that the constant E is
1 2,2
1—k
E=E()= / —id;
0 1-¢

the complete elliptic integral of the second kind.
For the elliptic integral of the third kind we use the addition formula

Z(u)+Z(v)—Z(u+v):kzsnusnvsn(u—i—v). (11.5.10)

This is proved in the usual way, by establishing that the two sides are elliptic
functions of u with the same poles and residues, and that they agree at u = 0.
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A consequence of this and (11.3.16) is that
Z(u—v)—Z(u+v)+2Z()

= k’snusnv [sn(u + v) 4+ sn(u — v)]

, snvenvdnvsnu

=2k . 11.5.11
1 —k%sn2vsn2u ( )

Finding I1(a, z) reduces to finding

2
/ Sn“u du
1+asnZu
Ifa =0, —1, co, or —k? the integral can be reduced to integrals of the first

and second kinds. Otherwise we choose b such that @ = —k?sn2b. Up to
multiplication by a constant, we are left with

/sn1z2k2 snbcnbdnbsn’u
0 1 —k%sn2bsnZu

on — 1

- / ) [Z(u —b) — Z(u +b) +2Z(b)] du
0

B O(w — b) o
= log |:—6’(w n b)i| +2Z(bh)w, w=sn" z.

11.6 Weierstrass elliptic functions

We return to the general notion of an elliptic function: a meromorphic function
f with periods 2w;, 2w>, where we assume that Im (w2/w;) > 0. As noted
earlier, unless f is constant it has at least two poles, counting multiplicity, in
the parallelogram

IM=TIl(w1,w) = {ulu =25 w1 + 2t wo, 05s,t<1}.

Thus in some sense the simplest such function would have a double pole at
each point of the period lattice

A = Awr, @) ={2n101 + 2nw2| ny,ny = 0, +1, £2, ... },

and no other poles. A consequence is that for any complex ¢, f(u) = ¢ would
have exactly two solutions u#, counting multiplicity, in IT.
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We show below that there is such a function, the Weierstrass g function
@ (u) = o (1, A), which is even and has the property

1
P =W o) =—+0u’) as u—0. (11.6.1)
u

This condition determines g uniquely, since the difference of two such func-
tions would be a bounded entire function that vanishes at the origin. The
function g satisfies a differential equation analogous to the equation (11.3.5)
satisfied by Jacobi’s function sn. The property (11.6.1) implies that (p')? —
463 is an even elliptic function with at most a double pole at u = 0, so there
are constants g> and g3 such that

©)? =49 — 20 — &3. (11.6.2)

Let w3 = —w1 — ws. Since g is even with period 2w;, j =1, 2, 3, it is even
around wj, and therefore o (o ;) = 0, and it follows from this and (11.6.2) that
ej = g (wj) is aroot of the cubic

O(1) = 41> — gat — g3. (11.6.3)

The function g (1) — e; has a double root at w;, j = 1,2 and at u = —w3 =
w1 + wz, j = 3. Since each of these points is in I, it follows that the ¢; are
distinct. Therefore, they are simple roots of Q. It follows that

e1+er+e3 =0;
4(ezez + eze +ejer) = —go;

derere; = g3.

Any elliptic function f with periods 2w1, 2w, can be expressed as a rational
function of g and the derivative g’. To see this, suppose first that f is even. If
the origin is a pole of f, we may subtract a linear combination of powers of
g so that the resulting function g is regular at the origin. The zeros and poles
of g in IT can be taken to be +ay, ..., *a, and %b1, ..., £b, respectively,
repeated according to multiplicity. The product

n
1—[ o) —pa))
Lo —pb)
has the same zeros and poles as g, so g is a constant multiple. Thus f is a
rational function of . If f is odd, then f = gg’ where g = f/g’ is even.
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A second representation of elliptic functions can be obtained by using the
Weierstrass zeta function ¢, which is characterized by

() =—pw), ¢(—u)=-¢w. (11.6.4)

Since g is periodic with period 2w/, the integral

u+2w;j
—/ P (s)ds =2n;
u

is a constant. It follows that
Cu~+2w;j) = ¢(w) +2n; = {(u) + 20 (w)). (11.6.5)

Setting u = —w; shows that n; = ¢{(w;).
Suppose now that f is an elliptic function with periods 2w; and distinct
poles ay in IT. Let ¢ be the residue at ag; then ) ¢ = 0. The function

gu) = fw) =) c¢(u—a)

has no simple poles, and

gu+2w)) = g) —2n; Y cx = g(u).

Therefore g has only multiple poles and is, up to an additive constant, a linear
combination of derivatives of translates of ¢. Thus

f)y=C+Y alu—a)+ Y cut™ w—ap).
v>0

This reduces the problem of integrating f to the problem of integrating ¢. It
is convenient at this point to introduce the Weierstrass sigma function o (u),
which is characterized by the conditions

2 —¢ lim o) _

o u—0 U

1.

Then an integral of ¢ is logo.
Since ¢(s) — 1/s is regular at the origin we may define

o(u) =u exp/u {g(s) — l} ds.
0 N

The integrand is odd, so the integral is even and o is odd. It is not difficult to
show that o is entire, with a simple zero at each point of A. Equation (11.6.5)
implies that the derivative of

U(M+2a)j) B u+2w;
IOgT —/u é‘(S)dS
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is 2n;, so
o(u+2w;
log% =2nju+cj, c;constant.
Since o is odd, taking u = —w; shows that ¢; = log(—1) + 25w}, so
o(u+2w;) = —e*UT0D g (y), (11.6.6)

Thus o is analogous to the theta function ©.

The function o allows a third representation of an elliptic function f, this
time as a quotient of entire functions. Suppose that the zeros and poles of f
inITareay,...,a, and by, ..., b,. As noted at the beginning of Section 11.4,
w =) (aj — b;) belongs to A. Therefore we may replace a; by a; — w and
assume that ) _(a; — bj) = 0. The function

n

o(u—aj)
gu) = U P
j=1
has the same zeros and poles as f and is doubly periodic by (11.6.6). Therefore
f is a constant multiple of g.
The function g has an addition formula. Given u and v in IT such that

© () # g (v), determine constants such that

') —B=Apm), ') —B=Ap®).
Then
OB
o) —p )
The function ' — B — Ag has a unique pole, of order 3, in II, so it has
three zeros in I1. The sum of the zeros is an element of A (see the argument
leading to (11.4.7)). By construction, u and v are zeros, so —(u + v) is also a
zero. Therefore p (1), g (v), and o (1 4+ v) = g (—u — v) are three roots of the
cubic Q(t) — (Ar + B)?. For most values of u and v these roots are distinct,
so their sum is A2 /4:
1 ’ 2
pm+m=%[gﬂLiﬂ2]—pwywxw (11.6.7)
o u) — o (v)
Up to this point we have been assuming that there is a function g with the
property (11.6.1). To construct g we begin with the (formal) derivative
, 2 2
) = Z (p—u)d Z QCmwy + 2nwy — u)3’

peEA m,n=—o0

]

(11.6.8)

The series converges uniformly near any point not in A and defines a function
that is odd, meromorphic, has a triple pole at each point of A, and has periods
2w and 2w;. Near u = 0,
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2
§') = ==+ 0(1).
u

Therefore we may define a function g by

LT, 2
50('4)2—24‘/ |:K9(S)+—3j| ds
u 0 S~

1
=+ Z [ s —2]. (11.6.9)

PEA, p#0 P
This is an even meromorphic function that satisfies (11.6.1) and has a double
pole at each point of A. The function g (u + 2w;) has the same derivative, so

o+ 2w;) —pu)=cj, constant.

Since  is even, setting u = —w; shows that the constant is zero. Thus g has
periods 2w; and is the desired elliptic function.
Similarly we may define

w=r+[[5-p0|a=1+ ¥ [k
R S AL R u—p p p?

PEA, p#0
and
" 1
logo (u) = logu +/ |:§(s) — —] ds
0 N
u u u?
= logu + Z [log(l——)—i———i-ﬁ]
peh, p£0 p p p
SO
u u u?
o(u)=u l_[ (1——) exp(——i—F).
peh, p£0 p 4 p
11.7 Exercises
11.1 Show that letting z = sin 6 converts the integral of (11.1.1) to the

integral of a rational function of sin 6 and cos 6. Show that setting
u = tan (%9) converts this integral to the integral of a rational

function of u.
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11.2 Consider an integral [ r(z, v/Q(z)) dz where Q is a polynomial of
degree 3 (resp. 4) with distinct roots.

(a) Show that there is a linear fractional transformation (Mobius
transformation), i.e. a transformation z = ¢(w) = (aw + b)/

(cw + d) that converts the integral to one of the same type,

[ ri(w, v/ Qi(w))dw, with Oy of degree 4 (resp. 3). Hint: one
can take Q1(w) = (cw + d)* Q(¢(w)), and ¢(oc0) may or may not
be a root of Q.

(b) Show that if Q has degree 4, there is a linear fractional
transformation that converts the integral to one of the same type
but with the polynomial (1 — {2)(1 — k2§2). Hint: map two roots
to £1; this leaves one free parameter.

11.3 Compute the constants in the representation (11.1.3) of K3 in terms of
integrals of K1, Jo, J1.

11.4 Verify that the indicated change of variables leads to (11.2.8).

11.5 Verify that the indicated change of variables leads to (11.2.9).

11.6 Verify (11.2.10) and (11.2.11).

11.7 Verify (11.2.17): let t = sinf and integrate the series expansion

of the resulting integrands term by term, using Exercise 2.2 of

Chapter 1.

11.8 Show thatas & — 0+, F(k,14+¢) ~ K — i«/ﬂ/k/. Deduce that

1 — sn? has double zeros at K and 3K .

11.9 Show thatas e — 0, F(k, 1/k +¢) ~ K + iK' — «/2ke/k’. Deduce
that 1 — k2sn 2 has double zeros at K + iK' and 3K + iK'

11.10 Suppose that a function f(z) is even (resp. odd) around z = a and
even (resp. odd) around z = b. Show that it has period 2(b — a).

11.11 Suppose that a function f(z) is odd around z = a and even around
z = b. Show that it has period 4(b — a).

11.12 Use (11.3.10) to obtain (11.3.11).

11.13 Prove that sn (u, k1) in (11.3.10) has periods 2K (1 + k),
2iK’(1 + k).

11.14 Use (11.3.12) to obtain (11.3.13).

11.15 What are the periods of sn (u, k1) in (11.3.12)?

11.16 What are the limiting values as k — 0 and as k — 1 of the functions
sn, cn, and dn? (See (11.2.11) and (11.2.10).) What do the formulas
(11.3.10), (11.3.11) reduce to in these limits? What about (11.3.12),
(11.3.13)?

11.17 Use (11.3.14) to obtain (11.3.15).

11.18 Use (11.3.16) to obtain (11.3.17).
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11.19

11.20

11.21
11.22

11.23

Elliptic functions

Show that the Gauss transformation (11.3.12), (11.3.13) is the
composition of the Jacobi transformation, the Landen transformation,
and the Jacobi transformation.

Show that the Landen transformation (11.3.10), (11.3.11) is the
composition of the Jacobi transformation, the Gauss transformation,
and the Jacobi transformation.

Prove (11.3.18).

Use (11.3.16) and (11.3.17) to verify

cnu
sn(u+K)=——;
dnu
k'snu
cn(u+ K) = — ;
dnu
k/
dn(u + K) =
dnu

and find corresponding formulas for translation by i K’ and by
K+iK'.

In each of the following integrals, a substitution like = sn “u converts
the integrand to a rational function of 7 and JO), 0 quadratic, so
that the integral can be found in terms of elementary functions of 7.
Verify the results:

/ d L cosh (224 4 ¢
Snudu = —— COS
k I

1
= log(dnu — kcnu) + C;

2

1
/cnudu = A cos_l(dnu) + C;

1
/dnudu = % sin_l(snu)—i—C;

du (dnu—cnu)
— =log| ———— )+ C;
snu snu

du 1 k'snu+dnu
T o (F2EETTEN ey
cnu k' cnu
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du 1 _1<cnu>+c
—— = —cCo —_— ;
dnu k’ dnu
1 —d
f—cnuduzlog( nu)—i—C;
snu snu
d 1
/ﬂduzlog( Cnu)—i—C;
snu snu
1 d kK
Snudu:— o nu + e
cnu k’ u
d 1
/—nudu=10g< +snu)+c;
cnu cnu
1 k
S g = — —sin! (X)) 4 ¢
dnu kk’ dnu
cnu 1 1+ ksnu
—du = -1 C.
/dnu T °g< dn )+

11.24 In each of the following integrals, a substitution like v = (sn ~!r)?
converts the integrand to a rational function of v and /Q(v), Q

quadratic. Verify

-1 -1 1 —1
sn~ tdt =tsn t—i-%cosh

V1 —kt?
— ) *C

1
=fsn_1f+zlog(\/l—k2t2+k\/1—t2)+c;

1
/Cn_ltdt =ren 't — B cos™! (\/k’2 +k2t2) +C;

V1 —12
k

/dn_ltdt = tdn 't —sin™! (

11.25 Deduce (11.4.3) from (11.4.2).
11.26 Deduce (11.4.4) from (11.4.3).
11.27 Prove that (11.4.8) has period 7.

e

401

11.28 Show that the product in (11.4.9) has period 1 as a function of z. Show
that the effect of changing z to z + 7 in the product is to multiply the
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11.29

11.30

11.31

11.32

11.33

11.34
11.35

11.36
11.37
11.38

11.39

Elliptic functions

product by — p~2¢~". Deduce that the function c(z, 7) = G(1)
depends only on 7.

Show that the function G in Exercise 11.28 has limit 1 as

Imt — +4o0.

Show that

1 1 ad

_ 4n—2
®<Z+§r) —G(t)l—[(1+q" )
n=1
ac 2 ac 2
n=—00 m=—00
Use Exercise 11.30 to show that

G@ _ lo—o[ (1-¢"~ 4) lo—o[( ¢ 4) (1 _q4n—2>
G(47) i 1 —|—q4” 2 5 ’
Show that for |w| <1,
o
H(l—wz”*')z [Tz, (1 —w" )
n=1 l_[n:l (1 - wZn)
Use Exercises 11.31 and 11.32 to show that

G _ Iz (1-4¢*)
G@r) [, (1—g%)

Iterate this identity to get

G _ I (1—4¢*)
G@nt T, (1—g*"2)

Deduce from Exercises 11.28 and 11.33 that G(t) = ]_[Zozl (1 —qgm).
Find the Fourier sine expansion of 0; (expressing it as a combination
of the functions sin(mmz)) and the Fourier cosine expansions of

02, 03, 04.

Use (11.4.10) and (11.5.1) to verify the product expansions of the 0;.
Verify the table of values of the Jacobi theta functions.

Use the tables of values of the Jacobi elliptic functions and Jacobi theta
functions to obtain (11.5.2).

Prove that the quotient

0(2z[27)
O(zlr) O(z + 117)




11.40

11.41

11.42
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is constant. Evaluate at z = %‘L’ to show that the constant is

[T+ 4%/ (1 =g,

Show that the periods T and 77 associated with the Landen
transformation are related by 71 = 2t. It follows that the Landen
transformation relates theta functions with parameter 7 to theta
functions with parameter 27.

Suppose that ¥ (x, t) satisfies the heat equation (11.5.4) and also has
the property (11.5.5), say for every continuous function f that vanishes
outside a bounded interval. Assume that these properties determine
uniquely.

(a) Show that

u(x,z>=/ Y —y.0) fO)dy, 10,

is a solution of the heat equation with u(x, ) — f(x)ast — 0.
Assume that these properties determine u uniquely.

(b) Show that for A > 0, u(Ax, A%¢) is a solution of the heat equation
with limit f(Ax) as t — 0 and deduce that

/ Y(x =y, 1) fOy)dy = u(hx, 3%1)

= / U (x — Ay, A%1) f(Ay)d(Ly),

so ¥ (Ax, A%1) = A"y (x, ).
1
(c) Deduce from (b) that i/ (x, ) has the form ¢t~ 2 F (x2 /t) and use the
heat equation to show that F (s) satisfies the equation

{si + 1} @4F' +F)=0

ds 2
with solution F(s) = Ae /4.

(d) Deduce from the preceding steps that i should be given by
(11.5.6). (The constant A can be determined by taking f = 1 in
(11.5.5).)

Suppose that ¥, (x, 1) is the fundamental solution for the periodic heat

equation, i.e. that ¥, satisfies the heat equation and that for any

continuous periodic function f, the function

1
u(x,r)=/0 Volx — v, 1) F)dy
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11.43
11.44

11.45

11.46

11.47

11.48

Elliptic functions

is a solution of the heat equation with the property that u(x, ) — f(x)
as t — 0. It is not difficult to show that u(-, t) is continuous and
periodic for each ¢ > 0, hence has a Fourier expansion

o]

1
u(x.t) =Y ay(t) e, an(t)=/ u(x, 1) e " dx;
0

n=—oo

see Appendix B.

(a) Assuming that the Fourier expansion can be differentiated term by
term, find the coefficients a,. (Use the condition at r = 0.)

(b) Use the result from part (a) to write u(x, ¢) as an integral and thus
show that v, (x, ) is given by (11.5.8).

Verify (11.5.10) and (11.5.11).

Integrate the Weierstrass zeta function ¢ over the boundary of IT to

show that 2njwy — 2wy = 7i.

Express sn in terms of the Weierstrass g function; the Weierstrass zeta

function; the Weierstrass sigma function.

Show that
1 1+k?
- = LK, iK') + .
sn (u, k)2 o . K, iK) 3
Use Exercise 11.46 to show that any elliptic function with periods 2K

and 2i K’ is a rational function of sn, cn, and dn.

Determine the coefficients of 2 and u* in the McLaurin expansion
(Taylor expansion at u = 0) of g (1) — 1/ u?. Use this to show that the
coefficients go, g3 in (11.6.2) are

1 1
g2=060 ), 3 om=140 ) o
PEA, p#0 P PEA, p#0 p

11.8 Summary
11.8.1 Integration

If P(z) is a polynomial of degree 3 or 4 with simple roots, the problem of

integrating a rational function of z and P(z) can be reduced to the case

P(z)=(1-20 -k, kK #£1,
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and then to the case of elliptic integrals of the first, second, and third kinds:

F(z) = F(k,2)

_/Z d¢ .
o JO=oHa -k

E(Z)—E(k,z)—/(; ”ﬁd{,
z dé—

n(,>=n(,k,>=/ .
L Y S B s vy gy =7

11.8.2 Elliptic integrals

Assume for convenience that 0 <k < 1. The complementary modulus k' is
~/1 — k2. The elliptic function F(z) = F(k,z) is multi-valued, the value
depending on the path of integration in the Riemann surface of P(z). Starting
from a value F(z), the set of all values is

{F(2) +4mK +2niK'|m,n =0, %1 £2,...},

where K = K (k) is given by the integral

/1 dz
K:
0 V(1 =221 —k2z2)

and K’ = K (k). Thus values of F are determined only up to addition of
elements

A= {4mK+2inK/|m,n=0,:|:1,:|:2,...}.

With this convention, F is an odd function: F(—z) = —F(z). Particular
values:

Fk,)=K, Fk,1/k)=K +iK', F(k, 00)=iK'.
Landen’s transformation:

F(ki,z1) = (1 +k') F(k, 2);

1 -k 1-2?
kj = ——, =(1+kK —_—.
=ire O 1+ )z,/l_k2Z2
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Gauss’s transformation:
F(ki,z1) = (1 +k) F(k, 2);

27k (U +k)z

=% = .
Tl YT T2

Jacobi’s imaginary transformation:

iFtk,y)=F K, —2_].
l—y2

Euler’s addition formula:

Fk,x)+ Fk,y) = F <k x\/P(y)-Fy«/P(_x))

1 — k2x2y2
where as before P(x) = (1 — x2)(1 — k2x2).

The complete elliptic integrals can be expressed as

b4 11 b4 11
Kky==F (=, =, LK); Ek==F(-=, = 1;k).
®=73 (22 ) ® =73 <22 )

11.8.3 Jacobi elliptic functions

The inverse of the multi-valued function F is the single-valued function sn
defined by

snu dé-
u= .
(ﬂ VA=) -k
Related functions cn and dn are defined by

cnu =+v1—sn2u, dnu=+1-—k%sn2u,

or implicitly by the integral formulas

1 dé— .
e /(1= ¢ (T =K+,

u =

“= /1 4
dnu \/(1 _ 4-2)(4-2 _ k/2)
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The derivatives satisfy

sn’(u) = cnudnu;
cn’(u) = —snudnu;

dn’(u) = —k*snucnu.
Periodicity and related properties:

snu =sn(u-+4K)=snu+2iK');

=sn(2K —u) =sn (2K +2iK' — u);

= —sn(—u) = —sn (4K —u) = —sn iK' — u);
cnu =cn(u+4K) =cn(u+2K +2iK');

=cn(—u) =—cn(RQK —u) = —cn iK' — u);
dnu =dn(u+2K)=dn(u +4iK') =dn QK — u);

= dn(—u) = —dn iK' —u) = —dn 2K + 2K’ — u).

Particular values:

0 K 2K 3K iK' K+iK' 2K+iK' 3K+iK’

sn [0 1 0 -1 o0 k! 00 —k~!
en |1 0 -1 0 oo —ikk! 00 ik'k!
dn |1 K 1 k' 00 0 00 0

Landen’s transformation relates moduli k and k; = (1 — k') /(1 + k'):

sn (u, k) cn (u, k)

sn (1 +KDu, ki) = (1 +k') P

dn?(u, k) — k'

cn ((1 +k/)u, kl) = (1 +k/) m,

dn?(u, k) + k'

dn ((l +k/)u, kl) =(1- k/) m
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Gauss’s transformation relates moduli k and k| = 2+/k/(1 + k):

(14 k) sn (u, k)
sn ((1+ku, ky) = T4ksn2(u, k)

en (u, k) dn (u, k)
en ((1+Ku, ki) = Ttksnlu k)

1 —ksn2(u, k)

dn ((1 + ku, kl) = l—l—Tz(uk)

Jacobi’s imaginary transformation:

7k/
sn(iu, k) =1i M;
cn (u, k')
(i, ) = ——
cen(iu, k) = ——;
cn (u, k')
dn (u, k'
dn (i, by = 300K
cn (u.k')

Addition formulas:

snucnvdnv 4+ snvcnudnu

sn(u +v) = 1 — k?sn2usn?v
__cnucnv —snusnvdnudnv,
on (u +v) = 1 —k2sn2usn?v ’
dnudnv —k*snusnvcnucnv
dn(u +v) =

1 —k2sn2usn2y
These imply the product formulas

(44 v)sn | sn2u — sn2v
snw+v)ysn(u—v)= ————

1 —k%sn2usn2v
2

2

1 —sn2u —sn?v + k%sn2usn’v

cn(u+v)en(u —v) =

’

1 — k%sn2usn2v

and also
cnu
sn(u+ K)=—;
dnu
k' snu
cn(u+ K) = — ;
dnu
k/
dn(u +K) =

dnu’
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Glaisher’s notation:

1 1 1
ns=—, nc=-—, nd=-—;
sn cn dn
sn sn cn
sc=—, sd=—, cd=—;
cn dn dn
cn dn dn
cs=—, ds=—, dc=—.
sn sn cn

409

The change of variables { = sns converts the elliptic integrals of the first,

second, and third kinds to

sn !

sn Z
F(z) = / ds =sn” !z
0

-1 sn—1

sn- 'z sn 7
E(z) = / (1 —k2sn2s) ds =/ dnz(S) ds;
0 0

-1

snoz ds
(a, z) =/
0

1+asn2s

Integrals (see the exercises):

1 d
/snudu = % cosh™! < Z/M +C>

1
= % log(dnu — kcnu) + C;

1
/cnudu = % cosfl(dnu) + C;

1
/dnudu = % sin_l(snu) + C;

du dnu —cnu
— =log| ——— ) + C;
snu snu

du 1 k'snu 4+ dnu
—=—log| ——— )+ C;

cnu k' cnu
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snu
d k'

/‘snu 1Og<nu+ >—|—C,

cnu cnu

1

—du—lg( +S“”> Jor

cnu cnu
/snu 1 . [kenu

—_ = ——sin C;

dnu kk' dnu

/cnud 11 1+ ksnu LC
_— = — |0 — .
dne T K %\ dna ’

1 V1 — k22
/sn_ltdt —tsn lr+ E cosh™! (—) +C

k/

=fsn’1t+% log(\/l — k22 4+ kv/1 —t2) +C;
/cnfltdt =ten "l — % cos™! (\/k’2 +k2t2> +C;

1—1¢2
dn_ltdt:tdn_lt—sin_l< 3 )+C.

11.8.4 Theta functions

An elliptic function is a meromorphic function that is doubly periodic:

@) = f(z4201) = f(z+2w), Im <%> > 0.

w1
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If not constant it has at least two poles, counting multiplicity, in each period
parallelogram

I'Iaz{z|z=a+2sa)1+2ta)2, 0§s,t<1},

and takes each complex value the same number of times there. Any such
function is the quotient of entire functions that are “nearly” periodic. A basic
such function with periods 1 and 7, Im 7 > 0, is the theta function

o0

O(z) = O(z]r) = Z (—1Y" p(z)2 gD,

n=—0o0
p(z) — einz’ g = eint’
which satisfies

O+ 1D =0():; O(+1)=—720().

Jacobi’s triple product formula:

O(z) = ﬁ (1 _ an) (1 B p2q2n72> (1 B p*ZqZ"),

n=1

If an elliptic function f has zeros {aj, az, ..., ai} and poles {by, b2, ..., by}
in IT, repeated according to multiplicity, then

(ar+ar+---+a)—br+ba+---+bp) €A,
where A is the period lattice
A= {m+nr|m,n=0,:|:1,:i:2,...}.
Conversely, given such points with
(a1 +ay+---+a)— (b1 +b2+---+by) =m+nr,

there is, up to a multiplicative constant, a unique elliptic function with these
zeros and poles:

O(—a)O@E—a2) - O —a)

_ ,—2nmiz
f(Z) =e @(Z—bl)G)(Z_bz)@(Z_bk)
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Elliptic functions can also be represented using

@/
Z=—.
(C]
Any elliptic function with periods 1 and 7 is a linear combination of translates
of Z and its derivatives.

11.8.5 Jacobi theta functions and integration
The Jacobi theta functions are

1

1\2
91(Z)—l—®(z)—l Z( " p! ( 5);

n=—0oo

@ =0 (245 +57) = S g

n=—0oo

64(2) = ®<z+—f> Z (—1)"pg"

n=—0oo

See [315] for various notations and normalizations.
Product formulas:

61(2) = 247 sin(r2) ]O_O[ (1=a) (1= p2%>) (1= p72™);

n=1

02(z) = 2q711 cos(z) 10_0[ (1 _ q2") (1 n p2q2n) (1 n p—Zan) :

n=1

93(Z)=lo_o[(1_ )(1+p22” 1)(1+p22" 1)’

n=1

e¢]

04(2) = l—[ (1 _q2n) (1 p2g?— 1) (1 P22 1)

n=1
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Some values

413

1 1 1 1
0 3 37 3 tat
(n_l)Z ; -1 n,n? - n?
01 0 g2 g3y (-1)'q 9 4>q
1 1
0| Yq" 2" 0 gAY g —ig i Y (=)™
2 2 _1 1
6] Xq" Y=gt gAY ¢t 0
2 2 1 1
b4 | Y (=D"g" >q" 0 g Ay q" 2

The Jacobi elliptic functions in terms of 6;:

oy L O@/2K)
~ VK 04(u/2K)’
\/PQQ(M/ZK)
cnu =, — ————;
k 04(u/2K)

= 03(u/2K)
dnu = \/16_—04@{/2]()'

For identities of the form

OCz+w)BOEZ—w)=c1OE+a)OE+a)Ow+az) O(w + ayg)

+ 0w+ ay) O(w + ax) Oz + a3) Oz + aq),

where the a; belong to the set {0, % %t, % + %r}, see [236, 315]. For Jacobi’s

identity

9]/ = 11 0,030y,

see Whittaker and Watson [315], Armitage and Eberlein [12]. (The factor r is

due to the normalization we have chosen here.)

Each of the Jacobi theta functions is a solution of the partial differential

equation

QZZ(Z5 T) = 47Ti9f(za T)a
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leading to Jacobi’s imaginary transformation:

batel) = Tt (‘5‘ B l) |
=it Tl T
Jacobi’s Z-function:
0’ (u) -
Z(u) = ) 0(u) = 04(u/2K) = O((u +iK")/2K).

Elliptic integrals of the first and second kind:

F(z) = sn~lz;

E(z) =

1 1_k2§-2

Finding the elliptic integral of the third kind, I1(«a, z), reduces to finding

v sn2udu O(w — b)
SHA _c og | DO oz wh
/0 I +asnu {Og|:9(w+b)i|+ ()w}

where

where
1
w = sn_lz, a = —kzsnzb, C=————.
2k*snbcnbdnb
11.8.6 Weierstrass elliptic functions
Let

A= {2n1a)1 + 2nows | ny, Ny =0,:|:1,:|:2,...}

be the period lattice associated with the periods 2wi, 2wy, with Im (w2 /w1)
> (. The Weierstrass g function

1
pW=23t 2 [(u - p)? ?}
PEA, p#0
is an even meromorphic function with periods 2w and 2w;. It has a double

pole at each point of A and

1
pu)=—+0w?) as u—0.
u
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Differential equation:

) =49 — g2 — g3,

where
1 1
g2=60 I gz=140 ) 2
PEN, p#0 PEA, p#0
Let w3 = —(w1 + w2). The values ¢; = p (w;), j =1, 2, 3, are distinct and

are the roots of Q(¢) = 413 — g2t — g3, S0

e1 +ex+e3=0;

4(ezes + ezer +erez) = —g;
4ererez = g3.
Related functions are the Weierstrass zeta function
R
PEA, p#0

and the Weierstrass sigma function

2
o= T (=5) o0 (G 5z)

PeEA, p#0

characterized by
g =—p@), ¢(—u)=—t);

o'(u) o)
o) L), L}ER)T =1L

Any elliptic function f with periods 2w; can be written as

) =ri(p @) +r2p @) o' W),

where the r; are rational functions. It can also be written in the form

f)=C+Y acw—a)+ Yy etV w—a,

v>0
and thus the integral can be expressed using translates of o, ¢, and derivatives
of ¢. The function f can also be written as the quotient of entire functions

n

fay=AJ]

j=1

o(u—aj)
ou—bj)
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Addition formula:

o' ) — p'(v)

2
p(u)—p(v)] — e =p).

[@(u+v)=%[

11.9 Remarks

The history and theory of elliptic functions is treated in the survey by Mittag-
Leffler, translated by Hille [206], and in the books by Akhiezer [6], Appell
and Lacour [11], Armitage and Eberlein [12], Chandrasekharan [42], Lang
[174], Lawden [178], Neville [214], Prasolov and Solovyev [233], Tannery and
Molk [282], Temme [284], Tricomi [288], and Walker [301]. (The extensive
survey of results in Abramowitz and Stegun [3] is marred by an idiosyncratic
notation.)

There are very extensive lists of formulas in Tannery and Molk [282].
Akhiezer [6] discusses the transformation theory of Abel and Jacobi. Appell
and Lacour [11] give a number of applications to physics and to geometry.
Chandrasekharan [42] has several applications to number theory, Lawden
[178] has applications to geometry, while Armitage and Eberlein [12] have
applications to geometry, mechanics, and statistics. The book by Lang [174]
covers a number of modern developments of importance in algebraic number
theory. By now the applications to number theory include the proof of Fermat’s
last theorem by Wiles and Taylor; see [283, 316]. Applications to physics and
engineering are treated by Oberhettinger and Magnus [221].

The theory of elliptic functions was developed in the 18th and early 19th
centuries through the work of Euler, Legendre [184], Gauss [105], Abel [1],
Jacobi [139, 140], and Liouville [188], among others. Abel and Jacobi revolu-
tionized the subject in 1827 by studying the inverse functions and developing
the theory in the complex plane. (Gauss’s discoveries in this direction were
made earlier but were only published later, posthumously.) For an assessment
of the early history, see Mittag-Leffler [206] and also Dieudonné [69], Klein
[155], Stilwell [273]. Liouville introduced the systematic use of complex
variable methods, including his theorem on bounded entire functions.

The version developed by Weierstrass [311] later in the 19th century is
simpler than the Jacobi approach via theta functions [142]. Mittag-Leffler
[206], Neville [214], and Tricomi [288] use the Weierstrass functions rather
than theta functions to develop the theory of Abel and Jacobi. On the other
hand, the work of Abel and Jacobi generalizes to curves of arbitrary genus, i.e.
to polynomial equations of arbitrary degree. A classic treatise on the subject is
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Baker [19]; see also Kempf [154] and Polischuk [232]. Theta functions have
become important in the study of certain completely integrable dynamical
systems, e.g. in parametrizing special solutions of the periodic Korteweg-de
Vries equation and other periodic problems; see Krichever’s introduction to
[19] and the survey article by Dubrovin [72].






Appendix A: Complex analysis

This section contains a brief review of terminology and results from complex
analysis that are used in the text.
If z = x + iy is a complex number, x and y real, then

z=Xx-4iy=r cosf +ir sinf :reie, Z=x—1Iy,
where r = v/x2 + y? is the modulus |z| of z and 0 is the argument arg z of z.
The logarithm

logz =logr +i6
is multiple-valued: defined only up to integer multiples of 27ri. The power
7% = exp(a logz)

is also multiple-valued, unless a is an integer.

Typically, one makes these functions single-valued by restricting the
domain, usually by choosing a range for the argument. The resulting domain
is the complex plane minus a ray from the origin. Examples:

C\ (00,0l ={z: - <argz <7}
C\ [0, +00) = {z: 0<argz <27'[}.

This is referred to as choosing a branch of the logarithm or of the power. The
principal branch is the one with argx = 0 for x > 0.

A region is an open, non-empty subset of the plane which is connected:
any two points in the set can be joined by a continuous curve that lies in the
set. A region Q is said to be simply connected if any closed curve lying in
Q2 can be continuously deformed, within €2, to a point. The plane C and the
disc {z : |z| < 1} are simply connected. The annulus {z : 1 < |z| < 2} and the
punctured plane C \ {0} are not simply connected.

419
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A function f(z) is said to be analytic or holomorphic in a region 2 if the
derivative

fz+h)— f(2)
h

exists for each point z in €. An equivalent condition is that for each point zg
in €2, the function can be represented at nearby points by its Taylor series: if
|z — zo| < &, then

f'@) = lim

_ F(z)
o n!

oo
f@ =) az—20)", an
n=0
Conversely, a function that is defined in a disc by a convergent power series can
often be extended to a larger region as a holomorphic function. For example,

1
n
= E =, 1,
/@ n_OZ 1—2 lz| <

extends to the complement of the point z = 1. This is an example of analytic
continuation.

It can be deduced from the local power series representation, using con-
nectedness, that if two functions f and g are holomorphic in a region 2 and
coincide in some open subset of 2 (or on a sequence of points that converges
to a point of 2), then they coincide throughout 2. This is one version of
the principle of uniqueness of analytic continuation. This principle is used
several times above, often in the following form. Suppose functions u(a, x),
Jj = 1,2, 3, are holomorphic with respect to a parameter « in a region 2 and
satisfy a linear relation

uz(a, x) = Ai(a)ui(a, x) + Az(a) uz(a, x)

with holomorphic or meromorphic coefficients. Then to determine the coeffi-
cients A; throughout €2, it is enough to determine A; on a subregion €21 and
A3 on a subregion €2;. (In the cases encountered here, the form of a coefficient
throughout €2 is clear once one knows the form on any subregion.)
A function f that is holomorphic in a punctured disc {0 < |z — zo| < &} is
said to have a pole of order n at zg, n a positive integer, if
f(z)ZLZ), 0<|z—z0l <e,

(z—z0)"
where g(z) is holomorphic in the disc |z — zo| < € and g(z¢) # 0. An equiva-
lent condition is that (z — z¢)" f(z) has a nonzero limit at z = zg. The function
f is said to have a removable singularity at z = z if it has a limit at z = z¢.
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In that case, taking f(zo) to be the limit, the resulting extended function is
holomorphic in the disc.

A function f that is holomorphic in a region 2 except at isolated points,
each of which is a pole or removable singularity, is said to be meromorphic
in Q. In particular, if f and g are holomorphic in €2 and g is not identically
zero, then the quotient f/g is meromorphic in 2.

A basic result of complex analysis is the Cauchy integral theorem: suppose
that C is a closed curve that bounds a region €2, and suppose that f is holomor-
phic on €2 and continuous up to the boundary C. Then the integral vanishes:

/ f(2)dz=0.
c

A typical use of the Cauchy integral theorem occurs in Appendix B: the
integral

00 o
/ e~ W2 gy (A.0.1)
—0o0

is independent of y. To see this, take values a < b for y, and consider the
integral of this integrand over the rectangle Cr two of whose sides are
{x+ia : |x|] < R}and {x +ib : |x| < R}, oriented counterclockwise. By
Cauchy’s theorem the integral is zero. As R — oo the integral over the vertical
sides approaches zero, while the integral over the other sides approaches

*© ia)?)2 * ib)2)2
/ ef(x+m) / dx _/ e*(X‘H )=/ dx.
—00 —00

Therefore the integral (A.0.1) is independent of y.

One can use the Cauchy integral theorem to derive the Cauchy integral
formula: suppose that C is oriented so that 2 lies to the left; for example,
if C is a circle oriented counterclockwise and 2 is the enclosed disc. Then for
any z € €2,

[ f©
f(Z)_zni ct¢—z2

de.

A consequence is Liouville’s theorem: a bounded entire function f is con-
stant. (An entire function is one that is holomorphic in the entire plane C.)
To see this, observe that the Cauchy integral formula for f can be differentiated
under the integral sign. The derivative is

1
£ = )

“amidec-2
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We may take C to be a circle of radius R > |z|, centered at the origin. Taking
R — oo, the integrand is 0(1/R2) and the length of the curve is 27 R, so
| f'(z)| is at most O(1/R). Therefore f'(z) =0 for every z € C, so f is
constant.

The Cauchy integral formula is one instance of the residue theorem. Sup-
pose that f has a pole at zg. Then near z it has a Laurent expansion

a—n al—n a—1
@ (z—z0)"  (z—2z0)"! Z—20

+ap+ai(z—z0) +--.

The residue of f at zg, denoted res(f, zo), is the coefficient a_; of the
1/(z — zp) term in the Laurent expansion:

1
res(f, z0) = a_i =2—f f@)de,
Tl JC

where C is a sufficiently small circle centered at zg.

Suppose as before that C is an oriented curve that bounds a region <2 lying
to its left. Suppose that f is meromorphic in 2 and continuous up to the
boundary C, and suppose that the poles of f in Q are zy, ..., 2. Then the
residue theorem says that the integral of f over C is 2mi times the sum of
the residues:

/ f(2)dz =2mi[res(f,z1) + -+ +res(f, zm)]-
c

Suppose that f has no zeros on the boundary curve C. Then the quotient
g=f'/f is continuous on the boundary and meromorphic inside. It is easy
to see that if zg is a zero of f with multiplicity m, then the residue of f'/f
at zo is m. If zg is a pole of order n, then the residue of f'/f at zg is —n.
Therefore the number of zeros (counting multiplicity) minus the number of
poles (counting multiplicity) enclosed by C is

1 1@

2ri Je f(z)
In particular, if f is holomorphic in the enclosed region, then this integral
counts the number of zeros.
The first use of the residue theorem in the main text is in the proof of
Theorem 2.2.3, where we evaluated

=y
. 0<Rez<l. (A.0.2)
c 1+t

Here C was the curve from 400 to 0 with argt = 27 and returning to +o00
with argr = 0.
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This is taken as a limiting case of the curve Cg, where the part of C
with# > R > 1 is replaced by the circle {|¢| = R}, oriented counterclockwise,
and the part with O < ¢ < 1/R is replaced by the circle {|t| = 1/R}, oriented
clockwise. (This is a typical example of how the Cauchy integral theorem, the
Cauchy integral formula, and the residue theorem can be extended beyond our
original formulation, which assumed a bounded curve and continuity of the
integrand at each point of the boundary.) The residue calculus applies to each
curve Cpg, and the contribution of the integration over the circles goes to zero
as R — 0o, so the value of (A.0.2) is 27ri times the (unique) residue att = —1.
With our choice of branch, the residue is exp[i(z — 1)7w] = —exp(izm). On the
other hand, over the first part of C the value of ¢* differs from the value on the
second part by a factor exp(2miz). This gives the result

o [ de ;
(1— ezf”Z)/ = —2mi '™,
0

141

A linear fractional transformation or Mobius transformation is a function
of the form

az+b

f@) = cz+d’

ad — bc # 0.

It may be assumed that ad — bc = 1. The inverse and the composition of
Mobius transformations are Mobius transformations, so the set of Mobius
transformations is a group. Given any two ordered triples of distinct points
in the Riemann sphere S = C U {oo}, there is a unique Mobius transformation
that takes one triple to the other. For example, the transformation

az —azo -2

f@Q)=———, a=

Z—22 21 — <20

takes the triple (zo, z1, z2) to (0, 1, 00), and its inverse is

22(z1 — z0)w + (22 — 21)20
g(w) = .
(z1i—zo)w+2z220—21

The group of Mobius transformations that permute the points {0, 1, co} is
generated by the two transformations

—z+1 1 0z+1

z—>1l—z= , T o=
0z +1 z z+0

and consists of these two transformations and

z 1 1
z—>2z, I—>—, I— , z—>1——-.
z—1 11—z b4
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The Weierstrass factorization theorem, mentioned in Chapter 11, implies
that for every sequence of points {z,} in the complex plane with limit oo, there
is an entire function that has zeros (repeated according to multiplicity) at these
points and no others. In particular, if f is meromorphic in C and /4 is chosen
so that its zeros match the poles of f, then g = fh is entire. (More precisely,
g has only removable singularities, so when they are removed it is an entire
function.) Thus f = g/h is the quotient of two entire functions.



Appendix B: Fourier analysis

This section contains a brief account of the facts from classical Fourier analysis
and their consequences that are used at various points above.

Suppose that f(x) is a (real or) complex-valued function that is absolutely
integrable:

oo
/ | f(x)]dx < oo. (B.0.1)
—00
The Fourier transform fis defined by

\/%_n/ e ¥ f(x)dx, &eR.

The condition (B.0.1) implies that fis bounded and continuous. It can also be
shown that f(x) — 0 as |x| — oo, so fis uniformly continuous.

A particularly useful example is f(x) = exp(—%xz), which is its own
Fourier transform:

fE) =

_152

1 / e % e_%xz dx = ¢’

V2 J—oo V2

To see this, take z = x +i& in the integral on the right, so that it is an

integral over the line {Imz = &}. By the Cauchy integral theorem, the path
of integration can be changed to the real line, so

1 .
o2 OHE? g

_ = _ 12
e ¥, 2" dx = e2x dx = e 25,

IR &

(See Appendix A.) Extensive tables of Fourier transforms are given in [220].
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If g(&) is absolutely integrable, then the inverse Fourier transform is
defined by

g(x) = \/%_rr /Z e*g(E)de, x eR.

The argument just given shows that exp(—%&‘ 2) has inverse Fourier transform
exp(— %xz) .

The terminology “inverse Fourier transform” is justified as follows.
Suppose that f is a bounded, uniformly continuous, and absolutely integrable
function, and suppose that its Fourier transform fitself is absolutely inte-
grable. We show now that (f)v = f:

1 [ . oo
fx)=— / ¢ [ f e Y f(y) dy] dé. (B.0.2)
21 J - —0o0

We introduce a convergence factor exp(— % (85)2), e >0

/maﬁ[/me4ﬁf@nw]ﬁ

0o poo 1, .0
:mf /ewwvwfww&
—00 —0o0

e—0

The convergence factor allows us to change the order of integration. By what
we have just shown about the function exp(—3£°2),

L7 genemgeo? ge - L [T e 50 4
2 J_ o 2 J_ o e
1 (x—y)?
= e — =G — ).
e 27_[ Xp[ 282 8(-x )’)
The functions {G} are easily seen to have the properties
Ge(x) > 0; (B.0.3)
(0.¢]
f G:(x)dx =1;
—00
lim Gs(x)dx =0, §>0.

e—0 |x|>8
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According to the calculations above,

1 0 00 )
L[ i U e"ysf(y)dy} dt — f(x)

21 J - -0
=lim | Gelx = [fO) = f0)]dy. (B.0.4)

The assumptions on f and the conditions (B.0.3) imply that the limit of (B.0.4)
is zero.

The Fourier inversion result used in Section 7.7 is the two-dimensional
version of this result. The preceding proof can be adapted easily, or the result
can be proved in two steps by taking the transform in one variable at a time.

Proof of Theorem 4.1.5 Suppose that w is a positive weight function on the
interval (a, b) and

b
/ >l w(x) dx < oo, (B.0.5)
a

for some ¢ > 0. Note that this implies that all moments are finite, so orthonor-
mal polynomials { P, } necessarily exist. Given f € sz, let

Fo6) = (f Pr) Pr(x).
k=0
Then form < n,

Ifa = full>= D 1 PO

k=m+1

By (4.1.10)

SIS POP < 11 < o0,

k=0

so the sequence { f;,} is a Cauchy sequence in L%]. Therefore it has a limit g, and
we need to show that g = f. For any m, (f,, Pn) = (f, Py) for n > m, and
it follows from that (g, P,,) = (f, Py), all m. Thus h = f — g is orthogonal
to every P, and, therefore, orthogonal to every polynomial. We want to show
that 2 = 0 or, equivalently, that hw = 0.

Extend h and w to the entire real line if necessary, by taking them to
vanish outside (a, b). Note that |hw| is absolutely integrable, by the Cauchy—
Schwarz inequality, since it is the product of square integrable functions |/|/w
and \/w. By (B.0.5) the Fourier transform
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H(E) = hw(§) = —iX6 () w(x) dx

1 o0
LY, 27 J—00
has an extension to the strip {|{Im&| < c}. Moreover, H is holomorphic in the
strip, with derivatives

d"H o
0) = (=) / x"h(x) wx)dx.
dz" o0

Since h is orthogonal to polynomials, all derivatives of H vanish at z = 0.
Since H is holomorphic in the strip, this implies that H = 0 and therefore the
inverse Fourier transform Aw is 0. (]

In Section 4.8 we used the Riemann-Lebesque lemma, in the following
form: if f is a bounded function on a finite interval (a, b), then
b
lim cos(Ax) f(x)dx =0.

A—>+00 Jq

Suppose first that f is differentiable and that f and f’ are continuous on the
closed interval [a, b]. Integration by parts gives

sin(Ax)
A

=oxh.

b b 1 b
f cos(Ax) f(x)dx f(x)‘ _X/ sin(Ax) f/(x)dx

For general f, given & > 0 choose a continuously differentiable function g
such that

b
/ [f(x) —gx)|dx < e

and apply the previous argument to g to conclude that

b
/ cos(Ax) f(x)dx| < 2e

for large A.
In Section 11.4 we tacitly used the finite interval analogue of the Fourier

inversion result, namely that the functions
en(x) =¥ =1 (x)", n=0,%1,+2,...,

which are orthonormal in the space LZ(I ), I =(0,1) with weight 1, are
complete in this space. Define

G (x) = ¢y 4" cos® (x) = ¢, 2" [cos 2mx + 1]" = culer + ey +2)",
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where ¢, is chosen so that fol G,(x)dx = 1. The G, have period 1, are non-
negative, and satisfy the analogue of (B.0.3):

1-6 1
lim G,(x)dx =0, 0<d< > (B.0.6)

n—oo 8

It follows that for any continuous function g with period 1, the sequence

1
gn<x)=/0 Gulx — ) g(3) dy

converges uniformly to g. Now G, is in the span of {ej}|k|<n, SO gy is a linear
combination of these functions. It follows that any function 4 in L>(I) that is
orthogonal to each ey is also orthogonal to each g,. Taking limits, 4 is orthog-
onal to each continuous periodic g. The function / itself can be approximated
in L? norm by continuous periodic functions, so ||h||2 = (h, h) = 0. As in the
proof of Theorem 4.1.5, this implies that the {e,,} are dense in L?(I). Note that
in this case, since the functions {e,} are complex-valued, we use the complex
inner product

1
(/. 9) =/0 £ 30 dx.

The Fourier expansion of f € L?(I) takes the form

> 1
f= E a, ey, a,=(fe,) = f £ (x) e—2nnix dx.
0

n=—0oo

The partial sums

o) =" ay

m=—n

converge to f in L2(I) norm. They can also be shown to converge to f at any
point at which f is differentiable, by an argument similar to the arguments
used in Section 4.8.






Notation

B(a, b), beta function, 5, 20

I'(a), gamma function, 5, 19

I' (e, z), complementary incomplete
gamma function, 35

y (a, z), incomplete gamma
function, 35

¢(z), Riemann zeta function, 40

¢ (u), Weierstrass zeta function, 398

©(z), theta function, 386

9j (u), Jacobi theta functions, 389

o (u), Weierstrass o -function,
396, 398

®(a, c; x), Kummer function, 190

¥ (x), psi function, 33

W (a, c; x), Kummer function,
second kind, 194

& (1), Weierstrass g function,
395, 398

(a)n, shifted factorial, 5, 19

Ai (x), Airy function, 245

Bj,,, Bernoulli numbers, 31

Bi (x), Airy function, 245

C(x), Fresnel integral, 199

C \)) (x), Gegenbauer (ultraspherical)
polynomial, 122

Cy, (x; a), Charlier polynomial, 164

Ci(z), cosine integral, 199

cn (u), Jacobi elliptic function, 381

Dy (x), parabolic cylinder
function, 217

dn (u), Jacobi elliptic function, 381

Ei(z), exponential integral, 199

erf (z), error function, 35

erfc (z), complementary error
function, 35

F(a, b, c; x), hypergeometric
function, 267

1F1(a, ¢; x), Kummer function, 190

plglay,an,...,ap;cy,¢p,...,¢q; %),
generalized hypergeometric
function, 265

H, (x), Hermite polynomial, 107

7P (x, N), Chebyshev—Hahn
polynomial, 174

ng’)(x), Hankel functions, 234

Hey, (x), Hermite polynomial, 112

I,,(x), modified Bessel function, 237

Jy(x), Bessel function, 223

K, (x), modified Bessel function, 237

Ky (x; p, N), Krawtchouk
polynomial, 167

k,(lp )(x, N), Krawtchouk
polynomial, 167

sz, weighted L2 space, 59, 84

Lf,a) (x), Laguerre polynomial, 113

M (a, c; x), Kummer function, 190

M., Whittaker function, 206

My (x; b, ¢), Meixner polynomial, 170

mp (x; b, ¢), Meixner polynomial, 170

Py (x), Legendre polynomial, 120

Py (x), Legendre function, 307

P/ (2), associated Legendre
function, 318

P,ﬁa’ﬂ)(x), Jacobi polynomial, 117

0, (z), Legendre function,
second kind, 309

Q' (z), associated Legendre
function, 318

QO (x; a, B, N), Chebyshev—Hahn
polynomial, 174
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S(x), Fresnel integral, 199
Si(z), sine integral, 199
sn (1), Jacobi elliptic function,
380
Ty (x), Chebyshev polynomial, 122
U (a, c; x), Kummer function,
second kind, 193

Notation

U; (x), Chebyshev polynomial, second kind,
122, 124

W (u, v), Wronskian, 63

Wi, (x), Whittaker function, 207

Yy (x), Bessel function, second kind, 225

Yum (0, @), surface harmonic, 304

Z(u), Jacobi Z function, 393
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(a)y, shifted factorial (Pochhammer symbol),
5,19

addition formula
Bessel functions, 239
Gegenbauer, 240
Graf, 240
Charlier polynomials, 166
Euler, 378
Hermite polynomials, 109
Krawtchouk polynomials, 169
Laguerre polynomials, 115
Legendre, 307
Meixner polynomials, 172
Weierstrass g function, 397
Airy
equation, 222, 245, 354
functions, 244-7, 261-2
integral, 246, 262
analytic continuation, 420
analytic function, 420
asymptotic expansion, 8

basic hypergeometric series, 299
Bernoulli
numbers, 31
polynomials, 48
Bessel
equation, 77, 221
functions, 222-44, 253-60, 266, 350, 351
addition formula, 239
first kind, 223
modified, 237-8, 258
second kind, 225
third kind, 234
inequality, 97

beta function, 5, 20-1, 50
evaluation, 21
incomplete, 287

Binet formula, 30

boundary conditions, 67

Cartesian coordinates, 74
Cauchy integral
formula, 421
theorem, 421
Charlier polynomials, 158, 164-6, 181-3
Chebyshev polynomials, 70, 1224,
148-9
first kind, 122
second kind, 124
Chebyshev—Hahn polynomials, 160, 173-6,
186-8
Christoffel-Darboux formula, 95
comparison theorems, 65, 66
complementary error function, 35
complementary incomplete gamma function,
35,54
complementary modulus, elliptic, 376
complete elliptic integrals, 380
completeness, 97
confluent hypergeometric
equation, 1, 4, 57,78, 189, 190
functions, 116, 190-202, 211-16, 339-43
contiguous, 199-202
second kind, 194
contiguous
confluent hypergeometric functions, 199
hypergeometric functions, 276
coordinates
Cartesian, 74
cylindrical, 76
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coordinates (cont.)
parabolic cylinder, 76
spherical, 75
cosine integral function, 199
Coulomb
wave equation, 78, 207
wave functions, 78, 207-8, 219-20
wave shift, 208
cylinder functions, 77, 221-63
cylindrical coordinates, 76

descending Landen transformation,
371,383
difference operator
backward, 156
forward, 156
second-order, 157
diffusion equation, 74
Dirichlet kernel, 96, 106, 126
Chebyshev polynomials
first kind, 123
second kind, 124
Hermite polynomials, 106
Jacobi polynomials, 106
Laguerre polynomials, 106
Legendre polynomials, 121
Dirichlet-Mehler representation, 308
discrete Chebyshev polynomials, 160
discrete Rodrigues formula, 161
discriminant, 106
doubly periodic, 380
duplication formula
Fagnano, 379
Legendre, 26

eigenfunction, 67
eigenvalue, 67
elliptic
integrals
modulus, 375
functions, 384
Jacobi, 3804, 406-10
Weierstrass, 3948, 414-16
integrals, 372-80, 404—6
complementary modulus, 376
complete, 380
first kind, 374
second kind, 374
third kind, 375
error function, 35
complementary, 35
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Euler
addition formula, 378, 383
identity, 270
integral representation, 271
numbers, 49
polynomials, 49
product formula, 22
reflection formula, 24
Euler’s constant, 24
exponential integral function, 199
generalized, 46

Fabry transformation, 352
Fagnano duplication formula, 379
Fourier

inverse transform, 426

transform, 241, 425
Fourier—Bessel expansion, 250
Fresnel integrals, 199
function of second kind, 133
functional equation

gamma function, 19

zeta function, 42

gamma function, 5, 19-33, 50-3
Binet formula, 30
complementary incomplete, 35, 54
duplication formula, 26
functional equation, 19
incomplete, 35, 53
multiplication formula, 27
reflection formula, 24

gauge transformation, 58

Gauss
formula, 46
hypergeometric function, 267
multiplication formula, 27
summation formula, 272
transformation, 377, 383

Gegenbauer
addition formula, 240
polynomials, 70, 122

generalized exponential

integral, 46

generalized hypergeometric
equation, 265
function, 265
series, 164, 174

generating function, 102
Bessel functions, 239
Charlier polynomials, 165
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Chebyshev polynomials
first kind, 123
second kind, 124
Hermite polynomials, 108
products, 111
Jacobi polynomials, 118
Krawtchouk polynomials, 168
Laguerre polynomials, 114
Legendre functions, second
kind, 324
Legendre polynomials, 120
Meixner polynomials, 172
Glaisher’s notation, 384
Graf’s addition formula, 240
Green'’s function, 86

Hahn polynomials, see Chebyshev—Hahn
polynomials
Hankel
functions, 233-4, 237, 2567
loop, 25
transform, 241
harmonic
function, 300
polynomial, 301
heat equation, 74, 391
Helmholtz equation, 75
Hermite polynomials, 68, 101, 104-13, 126-9,
140-3, 337-8
holomorphic function, 420
homogeneous equation, 58
Hurwitz zeta function, 45
hypergeometric
equation, 2, 57, 78, 264, 307
generalized, 265
functions, 11, 120, 125, 168, 171, 267-86,
291-8, 343-5, 380
contiguous, 276
generalized, 265
operator, 70
series, 265, 290-1
basic, 299
generalized, 164

incomplete
beta function, 287
incomplete gamma function,
35,53
complementary, 35, 54
inner product, 59, 84, 94, 154
irregular singular point, 352
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Jacobi
elliptic functions, 3804, 406—10
imaginary transformation, 378, 383
polynomials, 70, 101, 104-6, 116-20,

130~1, 145-7, 345

theta functions, 389-94, 412—14
triple product formula, 389
Z-function, 393

Kelvin functions, 252
Krawtchouk polynomials, 159, 16770, 1834
Kummer
functions, 116, 189, 190-202, 211-16,
339-43
identities, 192

Laguerre polynomials, 69, 101-6, 11316,
129-30, 143-5, 343, 349-50
Landen transformation, 377, 383
descending, 377, 383
Laplace
equation, 75
transform, 136
Laplacian, 74
Legendre
addition formula, 307
duplication formula, 26
equation, 300
functions, 77, 307-18, 328-31, 346-8
associated, 300, 318-23, 3314
second kind, 309
polynomials, 70, 120-2, 147-8
Lerch’s theorem, 45
linear fractional transformation, 423
Liouville
theorem, 421
transformation, 60
Liouville-Green approximation, 369
Lommel’s equation, 244

Mobius transformation, 423
Macdonald functions, 262
Meixner polynomials, 159, 170-3, 185-6
meromorphic function, 421
method

of stationary phase, 350

of steepest descents, 348

of successive approximations, 61
modulus, elliptic, 375

complementary, 376
multiplication formula

gamma function, 27
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normal solutions, 352
operator, differential, 58

parabolic cylinder
coordinates, 76
functions, 78, 189, 202-5,
216-18, 337
Parseval equality, 98
period
lattice, 376
parallelogram, 385
rectangle, 381
periodic, doubly, 380
Pfaff identity, 269
Pochhammer symbol, 5, 19
Poisson representation, 231
Poisson—Charlier polynomials, see Charlier
polynomials
pole, 420
psi function, 334, 53

g-orthogonal polynomials, 153
quantized harmonic oscillator equation, 75

recursive equation, 3
reflection formula, 24
residue, 422
theorem, 422
Riemann
hypothesis, 56
zeta function, 40-3, 55-6
Riemann-Lebesgue lemma, 428
Rodrigues formula, 100
discrete, 161
Hermite polynomials, 101, 107
Jacobi polynomials, 101, 117
Laguerre polynomials, 101, 113

saddle point, 349

Schrodinger equation, 75
Selberg integral, 36, 54

shifted factorial, 5, 19

sigma function, Weierstrass, 396
sine integral function, 199
Sommerfeld representation, 233
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Sonine integral formula, 252
spherical

coordinates, 75

functions, 300-34
spherical harmonic equation, 77,

303, 318

stationary phase, method of, 350
steepest descents, method of, 348
Stirling’s formula, 30
Sturm comparison theorem, 65
successive approximations, method of, 61
surface harmonics, 3007, 3267
symmetric operator, 59

Tchebycheff, see Chebyshev
theta functions, 384-9, 410-2
Jacobi, 389-94, 412-14

transformation
Liouville, 60
gauge, 58
triple product formula, 389

ultraspherical polynomials, 70, 122
unitary equivalence, 60

Wallis’s formula, 43
wave equation, 74
Weber functions, see parabolic cylinder
functions
Weierstrass
elliptic functions, 394-8, 414-16
factorization theorem, 424
sigma function, 396
zeta function, 396
weight function, 59
weighted L2 space, 84
Whittaker
equation, 189, 205
functions, 205-8, 218-20
WKB or WKBJ approximation, 369
Wronskian, 63

zeta function
Weierstrass, 396
Hurwitz, 45
Riemann, 40-3, 55-6
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